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PREFACE. 


I N the first edition of this treatise the subject of Attractions 
-vras presented only in its gravitational aspect. This limitation 
was formerly customary, when electricity was less studied than 
now, but the result has become somewhat unsatisfactory. When 
lecturing on the subject the Author found that some of the most 
striking examples of Attraction were those derived from the 
theory of electricity. While it was impossible wholly to pass 
these over, it appeared that the interest in them was sensibly 
diminished if they were discussed without explanations of their 
meaning. Examples on the attractions of thin layers of matter, 
subject to what appeared to be arbitrary laws, seemed to have 
no real applications. 

For these reasons a selection has been made of those pro- 
positions in Magnetism and Electricity which appeared most 
forcibly to illustrate the theory of Attraction. These have been 
joined together, with brief introductions, so as to form a con- 
tinuous story which could be understood without reference to 
any other book. 

These illustrations have been so far separated from the rest 
of the volume that any portion of them may be omitted by a 
reader who desires to confine his attention chiefly to gravitational 
problems. 

Some theorems, which it was not deemed expedient to include 
in the text, have been shortly discussed in the notes at the end 
of the volume. These are not always closely connected with the 
theory of attractions, yet, being natural developments of the text, 
will probably assist the reader in following the argument 
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PREFACE. 


The general arrangement of the gravitational part of "At- 
traction” has been only slightly altered. New theorems have, 
however, been introduced and the demonstrations of some of the 
old ones simplified. 

The second part of this volume is on the stretching and 
bending of rods. The investigation of the stretching, and 
consequent thinning, of a rod is founded on Hooke's law. The 
fact that (with certain restrictions) the stress couple is pro- 
portional to the bending is assumed as an experimental result 
and applied to determine the bending of rods and springs under 
various circumstances. The problem, when put into this form, 
is properly included in a treatise on Statics. Although this 
chapter is not a treatise on the theory of Elasticity, it did not 
seem proper wholly to omit the theoretical considerations by 
which the truth of the fundamental law is confirmed. Accordingly 
some simple examples which had been briefly discussed in the 
last edition have been retained. ' 

The theory of Astatics occupies the third part of this volume. 
It was discussed with suflScient fulness in the first edition and 
only very slight alterations have now been made. 

A separate index to each of the three chapters has been given. 
So many results are included under the head of Attraction that 
it was found impossible to mention them all without unduly 
lengthening the list. It was also necessary to classify some 
theorems only under one heading. 

Finally, I desire to express my thanks to Mr J. D. H. Dickson 
of Peterhouse for the very great assistance he has given me in 
correcting most of the proof-sheets and for his many valuable 
suggestions. 


Peterhouse, 

Deceuiber, 1901. 


EDWARD J. ROUTE. 
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ATTBAOTIONS. 

Introductory remarks. 

1. Iiaw of attraction. If two particles of matter are 
placed, at any sensible distance apart, they attract each other with 
a force which is directly proportional to the product of their 
masses and inversely proportional to the square of the distance. 

Let m, m' he the masses of two particles, r their distance 
apart ; if jF be the mutual attraction which each e.'icrts upon the 

other, then F is given by the equation F= k . 

If f he the acceleration produced by the attraction of m at the 
distance r, then f = k^. 

The quantity k is called the constant of attraction. Its magni- 
tude depends on the particular units in which the masses m, m', 
the distance r and the force F are measured. To avoid the 
continual rccuiTeuce of this constant running through every 
equation, it is usual to so choose the units that « = 1. When this 
is done the units are called theoretical or cLstronomioal units. 

Putting K = 1 in the equations, we see that when m and r are 
both unity the acceleration f is also unity. We infer that the 
astronomical unit of mass is that mass which, when collected into 
a particle, produces by its attraction at a unit of distance the unit 
of acceleration. The expression for F shows that the unit of force 
is the attraction which a particle whose mass is the astronomical 
unit of mass exerts on an equal particle at a unit of distance. 

To avoid the continual repetition of the same set of words, wo 
shall use the phrase attraction at a point to mean the attraction 
on a unit of mass collected into a particle and jplaced at that point. 
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It is convenient to nse different systems of units for different purposes. The 
astronomical units should be used in analytical investigations. In any numerical 
applications vre may choose such units of space and time as we may find eonveuient, 
and then introduce into our formulaj the factor k with its appropriate value. 

It may bo noticed ihat in using different units for different purpo'es we are 
following the analogy of other mathematical sciences. In practical trigonometry 
we measure angles in degrees, in theoretical trigonometry we adopt that unit by 
which our analytical formula! are most simplified. Also in algebra we have one 
base in logaiithms lor use in Calculations and another for theoretical investigations ; 
and so on through all the sciences. 

2. Numerical estimate. To obtain a numerical c.stimatc 
of the magnitude of iho force of attraction, we must detcruiine hy 
e-Kiicrimcnt the mutual attraction of some two bodies. We may 
exhibit the result in either of two form.s: (1) we may determine 
the value of « when the units of space, mass, &c. have boon 
chosen; (2) we may determine the magnitude of the astronomical 
unit of mass by expressing it as a multiple of some other known 
mass. 

The two bodies on which the experiment should be tried are 
obviously the earth and some body at its surface. Regarding the 
earth as a sphere, whose strata of equal density are concentric 
spheres, it will be shown further on that its attraction on all 
extenial bodies is the same as if its whole mass were collected 
into a particle and placed at its centre. If then m be the mass 
of the earth and a its radius, the acceleration of a body at its 
surface is Kvija^. Let g be the acceleration actually produced by 
the attraction of the earth on any body placed at its surface. We 
thus form the equation K'm/a^ = g. 

Several expcriment.s have been made to determine the mean 
density of the earth. One of those is the Cavendish experiment, 
but there have been others conducted on different plans. The 
result is that the mean density has been variously estimated to 
be from oj to 6 times that of water. According to Bailj’s 
repetition of the Cavendish experiment the ratio is 5 67. Repre- 
senting this ratio by 0, we learn that the attraction of a sphere 
of water, of the same size as that of the earth, will produce in a 
body, placed at its surface, an acceleration equal to g/0. 

3. To find Ihe value of k when the units of space, mass, and time are the 
centimetre, the gramme and the second. Since the mass of a cable centimetre of 
water is one gramme nearly, the mass m of a sphere of water of the same size as 
the earth is iva^ giammes, where the radius a is measuied in centimetres. By 
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the experiment jnet aesoribed ^ = 3 ; taking S=5-67i 9=981 (see Vol. i. Art. li), 

tl“ p 

R Bp 1 

we nna k = . — s= rr?: ; — • 

4ira/3 1643 x IQ-* 

If therefore the attracting masses are measured in grammes and the distances 
in centimetres, the expression for P with this value of k gives the attraction in 
dynes. 

Let m be the mass, measured in grammes, of a particle which produces by its 
attraction at the distance of one centimetre a unit of acceleration. Then in is the 
astronomical unit of mass. The formula gives l=ic»i, .'. w = 13 13 x 10* 

grammes. 

Let F be the force measured in dynes which one astronomical unit of mass 
exerts on another at the distance of one centimetre. The formula F=iKmm'lr- 
gives i'=l/* since m=m' and niK=l. The force F is 1543 x 10* dynes. 


4 . To find the value of k when the units of space and time are the foot and the 
second, and those of mass and force are the pound and the poundal. Since the weight 
of a cubic foot of water is the same as that of 7 = 6 ! pounds nearly, the mass m of a 
S])here of water of the same size as the earth is ^iraPy, where the radius a is measured 


in feet. By the experiment just described ^ = If we take 11 =20920000 feet 

d* p 

this gives 

If therefore the attracting masses are measured in pounds and the distances in 
feet, the expression for F with this value of k gives the attraction in poundals. 

The astronomical unit of mass, when the foot and tlie second are the units of 
space and lime, is 93 x 10' pounds and the astronomical unit of force is 93 x 10' 
poundals. A poundal is roughly equal to the weight of half an ounce. See Vol. i. 
Art. 11. 


6 . Dimensions of k and m. When the unit of moss is arbitrarily chosen the 
attraction f of a particle of mass m on a particle of equal mass is FeeKiifiJr^ It 
follows that the dimensions of <t are the same as FV‘/jr’ or where F, L, u, t 

stand for force, length, mass, and time. When the factor k is omitted the dimen- 
sions of astronomical mass include those of k and become the sumo as those of 
/iK^ or, which is the same tbing, or Lifi^t~K This also follows at once from 
the formula F=ni‘lr\ These dimensions are the same as those of the electrostatic 
measure of electricity. See Maxwell’s Electricity, Acts. 41, 42. 

6 . Ex. 1. Prove that the mass of the particle which at the distance of one 
centimetre from a particle of equal mass attracts it with the force of one dyne is 
3928 grammes. Everett’s Units and Physical Constants. 

Ex. 2. Show that a cubio foot of water, collected into a particle, attracts an 
equal particle placed at the distance of one foot with a force equal to the weight of 
1/(8 X 10 ®) pounds. 


7. Iiaw of the direct distance. There are other laws 
besides that of the inverse square which may govern the attraction 
of bodies in special cases. Some of these will be mentioned as we 
proceed. But the most useful is that in which the attraction 

1—2 
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varies as the distance. In this case the attraction of two 
particles, each on the other, is represented by F = mm'r, where 
m, mi are their masses, and r, the distance between them. 

8. When the attraction obeys the law of the direct distance, 
the resultant attraction of any body at any poinc is found at 
once by using Art. 51 of Vol. I. Let 0 he any point, Aj, A^, 
&c. the positions of the attracting particles; let ttii, m^, &c. bo 
their masses. The component attractions at 0 are then given by 
X = 1mx = x%m, Y=y2m,, Z=z1m, where x, y, z are the 
coordinates of the centre of gravity of the body or system of 
attracting points. 

It immediatelj follows that the resultant attraction at 0 is the 
‘'.inie as if the whole mass Xm of the attracting system were 
collected into a single particle placed at the centre of gravity. 
The resultant force on. a particle at 0 tends therefore towards the 
centre of gravity of the attracting system, and is pi'oportional to the 
distance of the attracted point from it. 

9. In what follows, when no special law of force is mentioned, 
it is to be understood that the law meant is that of the inverse 
square. This is often called the Newtonian law. 

When the law of attraction is said to be f{r), it is meant that 
the mutual attraction of two particles whose masses are to, to' 
placed at a distance apart equal to r is mmfif). 

Attraction of rods, discs, &o. 

10. Attraction of a rod. To find the attraction of a 
imijonn thin straight rod AB at any external point P. 

Let TO be the mass of a unit of length, then to is called the 
line density of the rod. Let p be the length of the perpendioulai' 
PFf from P on the rod. Let QQ' be any element of the rod, 
NQ = x-, let also the angle NPQ=9, then x=piaa.d. 

The attraction at P of the element QQ' is 

mdx _ md (p tan 6) _ mdd 
PQ^ {p seedy ~ p ’ 

Let X, Y he the resolved attractions at P parallel and perpen- 
dicular to the length AB. Let the angles NPA, XPB be a, B, 
I d6 . m , 

X =Jm — sm ff = — (cos a — cos B) 


then 


( 1 ). 
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Y = cos ^ ^ (sin /8 — sin a) (2). 



11. Substitute - for cos a, cos their values obtained from 
the triangles PNA, PNB ; the resolved attraction parallel to the 


rod takes the useful form 


_ _ m m 
^~Pl'~PB- 


It should be noticed that this is the attraction at P of the rod 
AB resolved in the direction from A towards B. 


12. Describe a circle with centre P and radius PN and let 
the portion GB included between the distances PA, PB represent 
a thin circular rod of the .same material and section as the given 
rod AB. 

The attraction at P of the element RB' of the circular rod is 


therefore 


m . RR' 
~PW 



dff 

=m — . 
P 


But this has just been proved 


to be the same as the attraction of the element QQ’. Thus each 


element of the rod AB attracts P with the same force as the 


corresponding element of the rod CD. The resultant attraction of 
the straight rod AB is therefore the same in direction and magnitude ' 


as that of the circular rod CD. 


13. The resultant attraction at P of the circular rod CD 


must clearly bisect the angle CPD. It 
immediately follows that the direction of 
the resultant cuttractim ai P of a straight 
rod AB Insects the angle APB. 

To find the magnitude of the resultant 
attraction at P of the cfrcular arc GD, we 
draw PE bisecting the angle GPD. Let 
the angle any I’adius PR makes with PE 
be -^jr. Let '2y be the angle GPD. Since 
RR'=pdifr the attraction of the whole 
circular arc when resolved along PE is 




0 ATTEA0TI0N3. [ABT. 15 

f COS Tfr’ = — . 2 ain 7, Llie limits of the integral being i/f = - 7 

J P‘ P . „ , 

and i/r = 7. 2'ke magnitude F of the resultant aUraotion at P of 

, , T, . 7 CT 2m . APB 

a straight rod AB is given by F— — sm — ^ — . 

14. When the rod AB is infinite in both directions the angle 
APB is equal to two right angles. The resultant attraction of an 
infinite rod at any point P is equal to ^mjp, and it acts along the 
directimi of the perpendicidar p drawn from P to the rod. 

This proposition leads to a useful rule which helps us to find 
the attraction of any cylindrical surface or solid which is infinitely 
extended in both directions. We pass a plane through the 
attracted point P perpendicular to the generating lines and 
cutting the cylinder in a cross section. If the attracting body 
be composed of elementary rods of line density m, each of these 
attracts P as if a mass 2m were collected into its cross section and 
the law of attraction were changed to the inverse distance. The 
attraction of the whole cylinder is then equal to that of this cross 
section. If the cylinder be solid and of volume density p, the 
cross section is an area of surface density 2p ; if the cylinder is a 
surface of surface density <7, the cross section is a curve of line 
density 2cr. The same rule will apply to a heterogeneous cylinder 
provided the density along each generator is uniform. 

Three laws of attraction are therefore especially useful. These 
are (1) the law of the inverse square. (2) that of the inverse 
distance, and (3) that of the direct distance. 

15 . Wlieu the point P moves abont and comes to the other side of the 
attracting rod J B, crossing AB prodnoed but not paosing through any poxtiou of 
the attiacling lod, the components X, 7 remain continuous functions of the 
cooidinates of P, and 'will continue to represent the component attractions. When 
P lies in AB produced I takes the singular form 0/0, but it is evident that it 
changes sign thiongh zero. The rosnltent attraction is then given by (3) which 
is free from singularity. 

When P passes thiough the material of the rod the case is somewhat different. 
■When P approaches the thin rod, the angles g and a become ultimately Jw and 
-Jir, the 7 component becomes infinite while X remains finite. The attraction 
IS ihticfore ultimately perpendicular to the rod and finally changes sign through 
infinity. When P is inside the indefinitely thin rod the 7 component is zero by 
symmetry and the X component represents the attraction. 

In the preceding analysis we have regarded the linear dimensions of the 
transverse section of each element QQ' as infinitesimal when compared with the 
distance from P. This however is not true for any material rod when P approaches 
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very closely to any point of it. Tho rod (or at least the portion which is near to P) 
must then he regarded as a cylindrical solid. 

16 . Ex. 1. If two forces be applied at P acting along AP, Ph taken in order, 
and each equal to m/p, prove that their resultant is equal in magnitude to tlio 
attraction of the rod AD and acts in a direction perpendicular to that attraction. 

Ex. 2. The sides of a triangle are formed of three tliin uniform rods of equ.-tl 
density. Provo that a particle attracted by the sides is in equilibrium if placed at 
the centre of the inscribed circle. 

If one side of the triangle repel while the other two attract the particle, prove 
that the centre of an escribed circle is a position of equihbriniu. [Math. T.] 

This follows at once Irom Art. 12. Draw straight lines fruiu the centre I of the 
inscribed circle to the corners A, V, G of the triangle, cutting the circle in A', If, C. 
Tho attractions of the sides AB, BO, CA are the same as those of the arcs A'B', 
B'C, G'A', that is their resultant attraction is the same as that of the whole circle 
on the centre. This attraction is clearly zero. 

Ex. 3. Four uniform straight rods of equal density form a quadrilateral, and 
their lengths are such that the sum of two opposite sides is equal to tho sum of the 
other two opposite sides. Find the position of equilibrium of a particle under the 
attraction of the fonr sidos. 


Ex. 4. Every particle of three similar nniform rods of infinite length, lying in 
the same plane, attracts with a force varying inversely as the square of the distance ; 
prove that a particle will be in equilibrium if it be placed at the centre of gravity of 
the triangle ABC enclosed by the rods. [Math. Tripos, Idoi).] 

The attractions at P aro perpendicular to the sides of the trlenglu and thcrofure, 
when P is in equilibrium, their magnitudes ore proportinnol to thosi’ sides. Hence 
by Art. 14 tho areas APB, BPO, GPA are equal and therefore P is the centre of 
gravity. 


Ex. 5. A particle is placed at any point P on the bisector of the angle C of a 
triangle. Show that the direction of the resultant attraction of the three sides at P 

bisects the angle APB and is equal in magnitude to 2m f - - - | sin — , where a 

\'Y U.J 2 

and 7 are the perpendiculars from P on the sides PC, AB respectively. 

Describe a circle centre P to touch the sides AG, BC. Tho resultant all motion 
of these two sides is equal and opposite to that of the arc of the circle which lies 
between the straight lines AP, BP on the side remote from 0 (.4rt. 12). 


Ex. 6. Two uniform parallel straight rods AB, CD attract each other: show 
that the components of their mutual atlmction, respectively perpendicular and 
parallel to the rods, are 


Y=^(BG-BB-AC+AD), 


X= mm' log 


BC' + nC AD' + AD 


' AG' + AG' DIJ'+IID' 
where C', D' are the projeotions of G, D on the rod AB, p tho distance between tho 
rods, and m, m' the masses per unit of length. 


Ex. 7. P is a particle in the diagonal AG of a square AUCD, and within the 
square ; show that the attraction of the perimeter of the square upon P is equal to 
OP 

il . — pn ^ ; where M is tho mass of the perimeter, 0 the centre of the square. 

[Trim Coll., 1««2.] 

Ex. 8. Let the finite rod AB be produced both ways to infinity and let the 
portion beyond A attract and the portion beyond B repel P, the portion between A 
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and B exerting no foroe at P. Prove that the reaultant force at P bisects the angle 

, . , , 2wi APB 

external to APB and is equal to — cos — . 

p i 

Describe a circle, centre P, to touch AB and intersect PA in O andPP produced 
in H. The resultant foroe at P is therefore equal to the attraction of the arc CII. 
Art. 1-2. 

Ex. 9. The law of attraction of a uniform thin straight rod is the inverse 
Kill power. Prove that the components of attraction at a point P parallel and 
peipendionlar to the rod are ‘respectively 


i_), 

K-1\P.(*-1 PP“-V 



(cos dB, 


the latter integral can be found by a formula of reduction in the usual way. 


Ex. 10. The law of attraction of a cylinder infinitely extended in both 
directions is the inverse xth power. Prove that the attraction at a point P is 
equal to that of the cioss section provided (1) the law of attraction of the section 
is the inverse (k - l)th power and (2) ratio of its density to the cylindrical density 
is 2f(cosd)*~*(W, the limits being 0 to ^ir, (see Art. 14). 


17. Curvilinear rods. The method by which the attraction 
of the straight rod B is replaced by that of the circular arc GD 
in Art. 12 may be extended to other curves. 

Two curvilinear rods AB, CD are so related that if any two 
radii veciores OAG, OBD are drawn, the attractions of the inter- 
cepted arcs AB, GD at the origin 0 are the same in direction and 
magnitude. It is required to find the relation between the densities 
of the rods. 

Since the attractions are equal for all arcs, they are equal for 

infiiiitesiinal arcs. Let OQR, OQ'R' 

be two consecutive radii vectore.s ; ds, 

ds’ the arcs QQ', RR’ ■, m, m’ the 

masses at Q, R per unit of length. 

Tlieu if the law of attraction is the 

inverse aith power of the distance we 

, mds m'ds' 

have = - , - , 

tpK jfK f 

where r = OQ, r = OR. If (f), <f)' be the angles the radius vector 
OQR makes with the tangents at Q and R, this gives 

m _ m' 

r*"* sin <^ ~ r'*'”* sin ^ 

The densities of the curvilinear rods at corresponding points 
must therefore he proportional to r^'^sin^. 
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If the law of attraction be the inverse sqnare, two curvilinear rods in one plane 
equally attract the origin, if the densities at covrespondiug points in the two rods 
are }>roportional to the perpendiculars from the origin on the tangents. 

IB. If the two cuncs are so related that each is the inverse of the other, we 
have OQ.OJi = OQ' .OR'. A circle can therefore be deseribed about the (pradii- 
lateral Qifii'Q'. In the limit when QQ', UR' become tangents this gives 
sin0=sin0'. It also k= 1, we see that ni=}«'. It follows therefore that when 
the law of attraction is the inverse distance, any ciuvilinear rod and its iurerso, 
if of equal uniform line density, equally attract the origin. 

19 . Ex. 1. Let the law of attraction be the inverse distance and let P be any 
point attracted by a uniform straight rod AB. Draw PxV perpendicular to the rod 
and describe a circle on PN as diameter. Prove that the attraction ul A B at P is 
the same as that of the corresponding arc CD of the cirolc intercepted between the 
straight lines PA, PB, if the line densities are equal. Compare Art. 12. 

Ex. 2. Two rigid and equal semicircular arcs of matter with uniform section 
and density ore hinged together at both extremities. The matter attracts according 
to the law of gravitation. If equal and opposite forces applied along the line join- 
ing the middle points of the semicircles keep them apart with their planes at right 
angles, the magnitude of each force will be 4i»-log(l+,^2), where ni is the mass of 
unit length of arc. [Math. Tripos, 1874.] 

20. Soma inverse problems. Ex. 1. A unilorin rod is bent into the form 
of a curve such that the direction of the attraction of any are PQ at the oriyin 0 
bisects the angle POQ. Show that the curve is either a straight line or a circle 
whose centre is 0. 

The data lead to the differential equation j psin tf=lan g^^oos 0. The 

limits of the integrals being 0 and B. The eqnati'on may be solved by differ- 
entiation. 

Ex. 2. Find the law of density of a curvilinear rod of given form that the 
diiection of the attraction at a given point 0 of any arc PQ may bisect the angle 
POQ. If the law of attraction be the inverse ath power of the distance, the result 
is that the line density m at P must be proportional to pr*“* where r=OP and p is 
the perpendicular on the tangent at P. 

Draw any circle, centre 0, intersecting OP, OQ in G, D. The attraction of CD 
(regarded as a uniform rod) at 0 is by bj'pothesis the same in direction as that of 
PQ and may (by giving CD the proper density) be made the some in magnitude 
also. Include the additional elements QQ', DD'. It is clear that unless their 
attractions at 0 are equal the attraction of PQ' cannot coincide in direction with 
that of CD'. The attractions at 0 of corresponding elements of the two rods are 
therefore equal. Hence as in Art. 17 the density m at every point of PQ varies as 
prs-s^ q'lie proposition may also be proved analytically as indicated in the last 
example. 

Ex. 3. A uniform rod is bent into a curve such that the direction of the 
attraction at the origin of any arc PQ posses through the centi’e of gravity of the 
arc. Prove that, either the law of attraction is the direct distance, or the curve is a 
straight line which passes through the origin. 

Ex. 4. If any uniform arc of an equiangular spiral attract a particle placed at 
the pole, prove that the resultant attraction acts along the line joining the pole to 
the intersection of the tangents at the extremities of the aro. 
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Prove also tbot if any other given curve poasesa this same property, the law 
UL dp 

of attraction must be F— , 
p*dr 

wherep is the perpendicular drawn 
from the attracted particle on the 
tangent at the point of which the 
radius vector is r. 

Reversing the attracting forces, 
we may regard the rod as acted 
on by a centre of lepnlsive force. 

Since the resultant foice on any 
arc FQ acts along OT, where T 
is the intersection of the tangents 
at P and Q, we may resolve that 
foice into two components which act along TP and TQ. It follows that the 
resultant force on any arc P<^ may be balanced by two forces or tensions acting 
along the tangents at P and Q. 

To complete the analogy of the force at P to a tension, we must show that that 
torce is always the same whatever the length of the are PQ may be. To piove 
this let PQ, QR be two contiguous arcs, and let the tangents at P, Q meet in T, 
those at Q, R in U, those at P, R in V. Resolving the forces at T, U, V as before, 
the coinpononts along PT, QT and RU, QV must together be equivalent to the 
components along PV, RV. Vfe have to deduce from this that the comijonents 
along PT and PV are equal. This follows at once by taking moments about U. 

The conditions of equilibrium of the rod ore therefore the same os those of 
a string acted on by a central force. Referring to Art. 474, Vol. i., the tension is 
obviously T =Alp and the force /(r) has the value given above. See the Solutions 
of the Senate House problems for the year 18C0, page 61. The analytical solution 
leads to an interesting differential equation which can be solved without greai 
difficulty. 



21. Attraction of a circular disc. To find the attraction 
of a uniform thin circidar disc at any point in its axis. 

Let 0 be the centre, ABA' the disc seen in perspective ; 
OZ the axis, i.e. a straight line drawn through 0 perpendiculai’ to 
the piano of the disc. Let a be the radius of the disc, m the 
mass per unit of area, usually called the surface density. Let P 



B 
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bo the point at whioh the attraction is required, OP = p, and the 
angle OPA = a. 

Describe an elementary annulus, represented in the figure by 
QQ:. Let a;, ® + dx be its radii, and let 6 be the angle OPQ. The 

resultant attraction of the disc at P 

where the limits of the integral aie x = 0 aud .^■ = a. Since 
x=p tan 6 and QP =p sec 6, we find 

F = 27rnt/sin 6dd = 27rwi (1 — cos a). 


Hero a is the acute angle subtended at the attracted point by the 
radius of the disc. 

It appears from this that the atti-action of a uniform thin 
cii'cular disc at a point P in its axis depends only on the surface 
density and on the angle 2a subtended at P by a diameter of the 
disc. It will be presently seen that if o) be the solid angle sub- 
tended at P by the disc, the attraction is mm, (Art. 26). 


22. From this we deduce the attraction of an infinite thin 
plate or disc by putting a = ^tt. We thus find that the attraction 
of an infinite thin plate at any point P is 'tirm and is therefore 
independent of the distance of P from the plate. 

We also infer that the attraction of a circidar disc of finite 
radius a at a point P on the axis very near the disc is ultimately 
lirm. The attraction is A = /27r(l —pjr) pdp where r = PA, p is 
the density, t the thickness, m = pt, and the limits are p=p to 
p + 1. After integration this reduces to inm, provided pja and 
tja are ultimately zero. 

At first sight it may appear anomaloas that the attraction of an iufinito ifialc 
should be independent of the distance of the particle from the plate, but we may 
understand how it can happen by consideiing what elements of the disc are effective 
in producing the attraction. Bach element of an annulus QQ', whose centre is 0, 
attracts P with a force acting along the straight line joining P to that element, and 
the component of force along PO is obtained by multiplying this attraction by 
cos OPQ. When the point P is near O, this cosine is small and therefore it is only 
the portion of the disc near 0 which exerts any sensible attraction in the direction 
PO. As P recedes from 0, the cosine for each annulus gets larger and the resolved 
attraction becomes greater. Thus the area of effective attraction increases in size 
as the particle lecedcs. At the same time as the particle P recedes from 0 the 
actual attraction of each annulus on it decreases. It follows from the analysis in 
the last article that the increase of effective area just balances the deciease of 
attraction due to increased distance, so that on the whole the attraction is 
independent of the distance. 
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23. If g, g' be the attractions due to gravity on two table- 
lands whose difference of level is x, show that u' ~ 9 ~ 

appi’oxiniatelj , whore a is the radius of the earth. 

To obtain this result, we regard the attraction of the table-land 
as sensibly thr- same as that of an infinite plate, Art. 22. The 
attraction is therefore ^irpx, where p is the density of the table- 
land or flat mountain. If p' be the mean density of the earth, 
its attraction, viz. g', is iirp'a. There are reasons for believing 
that the mean surfice density of the earth is about half the mean 
density of the whole earth ; when therefore the true density of the 
table-land is unknown we may as an approximation put p = \p'. 
The attraction of the table-land is thus approximately ^gxja. The 


attraction of the earth at the altitude x is 



1-2®) 

\a+xj 

aj 


approximately. Adding this to the attraction of the table-land we 
arri\ e at the result given. 


Tlu'> theoiora was fliat uaed by Bongner in hia Figure de la Terre, A abort 
account o£ this treatise ia given in Art. 363 of Todbunter’s History of Attractioiu, 
do. A similar lesnlt is also given by Poisson in Art. 630 of bis TraitS de 
Mfennique. See also Clarke’s Geodesy. It is often called Dr Young’s rule. 
According to Nature, Feb. 10, 189S, a good account of the contiorersy about tbe 
second term of Bouguer’s fuiinula is given by C. B. Putnam in tbe scieutifio work 
of the Bo-, ton paity on tbe sixth Peary expedition to Greenland. Report A. 

Ex Sir W. Siemens invented an in->tiamout to measure tbe depth of tbe sea 
under a sbip on tbs piinciple of balancing gi-avitation by the force of a spring. If 
tbe mc.in siuface density of the caitb be three times that of sea water, and tbe 
mean density of the wbulc eaith five and a half times that of sea water, show that 
at a depth h m the sea, the diiuinntiou of gravity is ^hgja, where a is the radius 
of the c.iith. 


24. Attraction of a Cylinder. Ex. 1. Find the attiaction of a uniform solid 
light oiicular cylinder at a point P on its axis. 

Let p be tlie density of the cylinder, a its 
ladius. Let 0 he the centie of gravity, OP =p. ^ 

Let us Lake as the element of volume the slice 


of the cylinder between two planes drawn por- 
pendicnlar to the axis at distances x and x+dx 
from 0, raeasnied positively towaids P. 

Fiist, letP be outside the cylinder. Let 20 be 
the angle subtended at P by any diameter QQ' 
of the slice, and let PQ^r. Since the mass per 
unit of aica of the slice is m=:pdx, the attiaction 



atPis27rpd.i;(l-cosd) = 27rp(ic^l-?^y But (p-a)s+a»=sa, {x-p)dx=rdr. 
The whole attraction of the cylinder at P is therefore F=2irpj{dx + dr), where the 
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limits of integration are ®= -iAB to x=.^AB and r=PB to r=PA. The rosnlting 
atiraotiou is therefore F=2tp{AB+PA—PB), where AB is any generating line 
and A ie the extremity nearest to P. We notice that AB is equal to the diHei enco 
of the distances from the plane sections passing through A and B, 

Next, let P be inside the cylinder, hut nearer to the plane section A' A than to B'B, 
Since B is the acute angle subtended at P by the radius of the attracting slice, we 
must equate cos d to ± (p - x)It, the sign being different on opposite sides of P, To 
avoid this discontinuity we draw a plane CC perpendicular to the axis so that P lies 
midway between the sections A'A and C'C, The resultant attraction of the matter 
between A'A and G'C at P is thereforo zero. The resultant attraction of the rest of 
the oyhuder is given by F='iirp{GB+PC - PB) 

=2irp(CP+PA-PP). 

Here GB is equal to the difference of the distances of P from the plane sections 
through A and B, measured positively in opposite directions. 

Another Solution. Wc may also find tlie attraction by dividing tho cylinder into 
elementary columns or filaments prjoUcl to the axis. We find that the resolved 
force parallel to the axis is therefore the differcnco between the values of the 
integral jpdajr lor the two plane faces, where r is here tho distance of da from P. 
Since d(r=2rrrdr, and the limiting values oi r for the faces AA', BB' respectively 
are PM to PA aud PN to PB, we easily arrive at the same result us before. 

Ex. 2. Find the ratio of the radius of tho base to tho height of a right circular 
cylinder of given volume to that the attraction at the centre of one of the circular 
ends may be the greatest possible. The required ratio is i^(9->/17). Playfair’s 
problem. See Todhuutor’s Hisiory of Attractions, Art. 1685. 

Ex. 3. A right circular cylinder is of infinite length in one direction and is 
homogeneous, the finite extremity being perpendicular to tho generators. Prove 
that the attraction at the centre of this end is 2Mla, where M is the mass per unit 
of length, and a is the radius. 

If the cylinder be elliptic, of the same density and mass per unit of length as 
before, and of eccentricity e, then the attraction will be n times the former value, 

where 7i=- (l-c«)i / ^ -- - [St John’s Coll., 1887.] 

’T J 0.^1 -easin'- d 

Ex. 4. A solid right circular cylinder of uniform density p stands on the plane 
of xy and is infinite in the positive direction of the axis of z. Show that the z 
component of its attraction at a point P of its base is pi, where I is the perimeter of 
an ellipse haying the base for the auxiliary circle and P for one focus. See Art. 11. 

Ex. 5. A vertical solid cylinder of height A, radius a, and density p, bounded by 
plane ends perpendicular to the axis, is divided by a plane through the axis into two 
parts. Show that the horizontal attraction of either part at the centre of the base is 

2hp log . [Coll. Ex., 1888. ] 

25. Attraction of a Burface. All sections of a uniform 
cone which are of the same thickness, and have their 'plane faces 
parallel to a given plane, exert equal attractions at the vertex. 
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Let AB, A'B' be two thin parallel laminae of the same 
thickness dt. Let p be the density of 
the cone. With the same vertex 0 de- 
scribe an elementary cone cutting the 
laminae in QR, Q'R'. The attractions 
of QR, Q'R' at 0 are to each other as 
their masocs divided by the squares of 
the distances. Since the thicknesses are 
equal, the masses are proportional to the 
areas, and these by similai figures are 
proportional to the squares of the distances OQ, OQ'. Thus the 
attiactions of the elements QR, Q'R' at 0 are equal. Hence the 
attractions of the laminae AB, A'B" at 0 are the same both in 
direction and m.ignitude. 

This being true for all thin laminae must, by integration, be 
also true for all thick sections And in general any two parallel 
dices of the same cone, whether thick or thin, attract the vertex in 
the same direction with forces propoHional to their thicknesses. 

26. As the atti action of the element QR at any point 0 is 
wanted in set oral theorems further on, it is convenient to determine 
an expression for its magnitude. 

Let da be the area of the element QR, m its mass per unit of 
area, r its distance from 0 ; the attraction at 0 is then mda-lr^. 

To simplify this expression, we use the solid angle subtended 
at 0 by the area. Just as in plane trigonometry an angle is 
measured by the arc subtended in a circle of unit radius, so the 
solid angle contained by any cone is moasuied by the surface cut 
off by the cone from a sphere of umt radius with its centre at the 
veitex. 

,Let the elementary cone whose base ia QR intercept on the 
unit sphere an elementary area qr, and let this area be dm, then da 
measures the solid angle subtended at 0. Let if' be the angle the 
normal to the elementary area QR makes with the radius vector 
OQ, then da cos ^p' is the area of a section of the cone made by a 
pl.iiie diawu thiough Q perpendicular to OQ. Hence by similar 
ligiiies da cos •\{r/r'‘ = area qr = da. 

The atti action of the element is therefore mBecyfr.da. If p be 
the pcijieudicular from 0 on the plane of the element, then 
r cos ■\{r=p, and the atti action of the element at 0 may also be 
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witten iu the form mrciw/ji. If r, 6, <l> are the Eulcrian polar 
coordinates of a point refeireJ to any axes with the origin at 0, it 
is clear that dai = sin Oddd<j>. 

27, It follows from this result that the attraction at 0 of an 
eleniont dtr wJien resolved perpendicular to its plane is mda>. 

Hence we may deduce by integration that the attrition iit 0 
of a plane uniform lamina of any form when resolved perpendicular 
to the plane is moo, where m is the mass of a unit of area of the 
lamina, and <o is the solid angle mbfended at 0 by the lamina. 
This theorem is due to Playfair, Edin. Trans. Vol. vi., 1812. 

R\. If I, m, n be the cliu-ction cosines of the lailuis I t, m, n 

vector of an element of a suifaee, and if I, m. n can be ex- dl dm dn 

pressed in terms of two painmeto' s a and t, show that the ' d i ’ da’ da 

normal attraction of the element on the oiigin is Aifadtdt, d' dm dn 

wheie dl, is the thickness of the element and A is the deter- dil * 'db’ dft 

uinant in the uiaigin. [Cains Coll.] 

28. The method explained in Art 17 hy which the attraction 
at the origin of one thin rod may bo replaced hy that of another 
of a more convenient form may be extended to surfaces. 

Let the law of attraction be the iuvei&c /tlh power of the 
distance. Eefcr to the iiguro of Art. 17 and equate the attractions 

of the elementary areas QR, Q'R', we have . 


By Art. 26 da- cos dr = r^doo, hence — — it . 

•' co.« yjr r cos Y 

It follows that, if two curvilinear lununas are so related that 
their masses per unit of area, at points on the same radius vector 
drawn from a point 0, are connected by the above equation, then the 
attractions at 0 of the portions included within any conical surface 
whose vertex is 0 are the same in direction and magnitude. 

For example, if the law of attraction be the iiiveisc cube, the 
attraction at a point 0 of any portion of a thin plane area is the 
"ame in direction and magnitude as that of the coiresponding 
portion of a spherical surface having its centre at 0, and touching 
the plane, the masses per unit of area of the plane and spheiB 
being equal. This corresponds to the theorem in Art. 12, which 
connects the attraction of a stiaight rod with that of a circle. 


29. If the plane area he bounded by an ellipse {the law of 
atts'uction being the inverse cube) the resultant attraction at any 
point 0 acts along the axis of the enveloping cone whose veHex is 0. 
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To prove this we notice that the enveloping cone is a quadric 
cone and that therefore the portion of the spherical surface (centre 
0) enclosed within it is symmetrical about the internal axis of the 
cone. The resultant attraction of the spherical surface at 0 must 
therefore act along that axis. By a known theorem in geometry 
this axis is normal to the ellipsoid which passes through 0 and has 
the given ellipse for a focal conic. 


30. Ex. 1 . Show th.it the attraction at a point 0 of any portion of a thin 
plane disc is the same in direction and magnitude as that of the coiTespondiug 
portion of a spherical surface having for a diameter the perpendicular ON drawn 
from 0 to the pl.me. The two atti acting surfaces are supposed to be homogeneous 
and of equal mass per unit of area. 

Ex. 2. A tetrahedron is constructed of thin metal, the faces being of equal and 
uniform density. Prove that if the law of attraction were the inverse cube of the 
distance, a particle would he in cquilibiiom if placed at the centre of the insciibed 
sphere. See Art. 1C, Ex. 2. 


Ex. 3. Prove that the ratio of the attractions of a solid right cone at the centre 

of the base and at the vertex is — — , the angle at the vertex being a 

— r. 


right auglc. 

Ex. 4. An infinite lamina is bonuded by two parallel straight lines. Prove 
that Its component attiaotions A' and Y respectively parallel and perpendicular to 
its plane are X=2nilogr'lr and Y=2m.S, where r', t are the drstances of the 
attracted point P from the two edges, B the angle theso distances make with each 
other and m the surface density. See Art. 14. 


Ex. 0 . Prove that the resultant attraction of a uniform rectangular plate at a 
point P on its axis is lin 8in~^ (sin a sin /3) where a, p are the angles subtended at P 
by perpendiculars drawn from the centre on the sides and m is the surface density. 
Playfair', Edin. Tram. 1812. 


Ex. 6. Prove that the attraction of a uniform elliptic disc at the focus is 
tl-\/(l-c°)} wliere m is the surface density. 

The attractioii is X=jjmrdO dr cos Bjt^. Describe a circle of arbitrary radius c 
with its centre at the foens : the attractron of the enclosed area is zero. Integrate 
from T=c to the ollrptro rim and from 8=0 to 2jr. In this way we avoid the 
inlimto logr at tho origin. 


31. The soUd of greatest attraction. To find the eolid of revolution of given 
masi which exerts the greatest attraction at a point 0 situated on the axis. 

Lot us trace the surface such that the attraction at the given point O, of a particle 
of given nrasii m placed at any point of tho surfaoo, when resolved along the given 
axrs. is equal to a given constant C. Taking 0 for origin and the given axis as the 

axis of lefereuce, the etiuation of that surface is clearly ^008 0= C. By gi\'ing G 

different vnlnos we obtain a sy'^tem of surfaces. It is evident from the definition 
tliat tUe surface defined by any value of C lies outside that defined by a greater 
value of C. It follows that the resolved attraction of a particle lying on any one 
surface is greater than that of an c^ual paiticle situated on any external surfaces 
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It is evident from the equation that all these surfaces are similar and similarly 
situated, and that they all touch a plane drawn through 0 perpendicular to the 
given axis. 

Let us select that surface whose volume would just contain the given mass. 
The solid of greatest attraction must coincide with the surface thus selected ; for if 
any portion lies outside the selected surface, the attraction would be increased by 
moving that portion into the vacant places within the selected surface and thus 
filling them up. 

The folid of greatest altraction has therefore such a form t)iat the attraction at 
the given point of a given particle placed at any point of the surface ivhen resolved 
along the given axis is always the same. 

The problem of finding the solid of greatest attraction was proposed and solved 
by SilvabeUe. The principle need above, that the resolved attraction must be 
constant over the surface, is due to Playfair, Edin. Trans. 1812. The following 
example is also due to him. 

83. Ex. Supposing the law of attraction to be the inverse xth power of the 
distance, find the form of an infinitely long cylinder so that the attraction may be a 
maximum at an external point. 

Take the point for origin ; pass a plane through it perpendicular to the 
generating lines of the cylinder. Let r be the radius vector of any point on this 
section, S the angle made by r with the direction of the resultant attraction. The 
equation of the curve is included in cos 9= When the law of attraction is 
the inverse square the required cylinder ts light circular. 

33. Attraction of mountains. It is a matter of some 
importance to determine by direct experiment the effect of the 
attraction of a neighbouring mountain on the direction of the 
plumb line. This was attempted by Bouguer in Peru but without 
any great .success. In 1772 Maskehme, then Astronomer Royal, 
proposed to repeal/ the experiment. He pointed out a mountain 
in Yorkshire as suitable for the purpose. He suggested also that 
the defect of matter in the valley between Hel vellyn and Saddleback 
might produce an effect of an opposite character which would be 
sensible. The mountain Schehaliicn in Scotland was finally chosen. 
It is a narrow ridge running east and west in a comparatively flat 
country and is about 2000 feet above the general level. 

Lcty.y' be the horizontal attractions of the mountain at two 
stations north and south. The angular deviations of the plumb 
line from the direction of gravity will then be a —fig, and a = f'/g. 
The meridional distance between the two stations was found by a 
survey over the mountain to be feet. By dividing this by 

the radius of the earth, the difference of latitude of the two stations 
was found to be 42"’9. By observing the zenith distance of the 
same star at both stations the difference of the angles which the 
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dirpotion of the star made with the directions of the plumb line 
at the two stations was found to be 54!"‘6. The difiference between 
these two angles, viz. 11"‘7, is evidently equal to the sum of the 
angular deviations a, a' produced on the plumb lines by the 
attraction of the mountain. 

04 . To fmd tho aitrncHon / at a station A, a contour map of the country iras 
made. This divided into twenty rings hy circles having A for a common 
centre, their radii being in arithmetical progression. These rings were subdivided 
into rectangular spaces by radii veotores drawn from A. The mountain was thus 
theoretically divided into elementary colamns placed on these rectangular bases. 
Let GP be a vortical drawn through the centre of gravity 6 of any base cutting the 
surface of the mountain in P. Lot z be the angle PAG subtended by PG at A. 
The atlraetion of this column is nearly equal to 2msinir/AG and its direction 
bisects the angle PAG, where m is the line density of the column (Art. 13). 

Let r, e be the polar cooidinates of G referred to A as origin and the meridian 
.1,V as axis of j. Let Ar he the difference of two conseoutive radii, and A9 the 
angle between two consecutive isdii veetorea. Then m=/ir.Ar.A9 nearly, where 
H is the density of the column. The resolved attraction of the column along the 
iiieiidian is therefore 

2 fji s z 

A'= — ^co 3 ,^co 85 =/Asm». Ar.Asind 

nearly. The constant fUflercnce Ar was taken to be OKOg feet. The i-adii vectores 
were drawn according to the following law. The first being duected along Iho 
znoridian, the others wore drawn making with the meridian angles whose sines weie 
suecessuely 1/12, 2/12, 3/12, (tc. There were therefore 48 columns over each ring. 
Also A Bin 0 was constant and equal to i/12, It is now evident that the attraction/ 
of the nioantaiu may be found by forming the sum 

Fi u Zi + fciu 23 + sin 23 + ... 

for all the columns and multiplying the result by , Ar. The twenty rings drawn 
round each station included 900 columns. This space was bounded by a ciicle of 
ladius 2^ miles. It was assumed that the attraction of the matter beyond this 
distance might be neglected. 

35. By such processes as these the sum of the two opposite 
attractions at the two stations was found as a known multiple of 
the density /i of the hill. If R be the radius of the earth, p its 
densitj , we have g = ^irpR, Art. 77. We thus have a + a' expressed 
as a known multiple of p/p. By equating this result to the 
circular measure of ll"-7, we find that the mean density of the 
hill is ^ths of that of the earth. 

A geological survey was subsequently made by Playfair to 
discover the average density of the hill. After many corrections 
Hutton gave 4-95 as the mean density of the earth, that of water 
being unity. 
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Other mountains also have been used for this purpose. The 
observations of James and Clarke on Arthur’s Seat gave 5'31G. 
while those of Mendenhall in Japan led to 5'77 as the mean 
density of the earth. 

36. There are two other methods of finding the mean density, 
one by observations in mines and the other by processes analogous 
to the Cavendish experiment. These have been used many times 
and lead to results which differ slightly, in excess or defect, 
from 5^. 

A short history of the older experiments may be found in Airy’s Figure of the 
Barth. Much honeTOr has been done sinee 1S30, the date of this treatise. An 
account of the experiments up to the year 1891 is given in Poynting’s essay on the 
mean density of the Earth. 

37. At the end of a paper on the Schehallien experiment {Phil. Irani. 1821) 
Hatton suggested that one of the great pyramids of Egypt might be used instead of 
a mouutaiu to find the mean density of the earth. He calls to mind the great size of 
one of these, its height being nearly double that of St Paul’s Cathedral. Its regular 
figure and known composition would, ho says, yield facilities in the calculation of 
its attraction. Observations could then be made at four stations, one on each face, 
and these could be placed much nearer to the centre of gravity of the attracting 
mass than was possible in an irregular mountain. Such was his enthusiasm, that 
he declared that even his age of eighty years would hardly prevent him from joining 
an expedition for this purpose. 

33. Ex. 1. The tide in the Bay of Fundy rises 100 feet from low to high water 
mark. It has been proposed to find the demsity of the earth by determining the 
attraction of the tide-wave on a plumb-line at high and low tide on the same 
principle as Maskelyue’s experiment at Schehallien. Supposing the attraction of 
the tide-wave at a point 0 on the shore to be represented by that of the water 
within a cylinder whoso axis is the vertical at O, whose height I is 100 feet and 

31 2r 

radius r, show that the deviation of the plumb-line is o— log ^ , where R is the 

aTrJil) I 

radius of the earth, D its mean density, and r is large compared with 1. 

Show that this expression increases slowly compared with r, and that if r be 
taken between 2 and 4 miles, the deviation to be observed will be about two-fifths of 
a second. This is much smaller than the deviation to be observed in Maskelyne’s 
experiment, which was about eleven seconds. On the other hand the attracting 
mass is a homogeneous body instead of a heterogeneous mountain. 

Ex. 2. The section of a long wedge-shaped mountain is an equilateral triangle 
having BG for base. If F be the point on the face AB at which the horizontal 

attraction is greatest, prove that log =^3 where x=BP, y = CP 

and a is the length of any side of the section. The equation is nearly satisfied 
by a — io. 


2—2 
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The Potential. 


39. Let .di, As, &c. be the positions of any number of fixed 
attracting particles ; mi, mo, &c. their masses. The potential of 
these particles* at any proposed point P is defined to be 

till vu , . 

F= — + — 4- &c. = S— , 

Ti rj r 

whore Vi, r«, Sac. are their distances from P regarded as positive 
quantities. For the sake of distinction this is sometimes called 
the Newtonian Potential. See Art. 9. 

This may be called the geometrical definition of the potential. 
Another definition founded on the principle of work will be given 
a little further on. In discussing the attractions of geometrical 
figures the former is the more convenient for use, but in many 
physical applications the latter will be found the more satisfactory. 

Wo may notice that as the point P moves in space the potential 
is. by the definition, a continuous function of the position of P. 
We must however except the ease in which any one of the 
distances Ti, r,, &c. vanishes or changes sign, for then the term 
/)/ r ceases to represent the potential of the particle from which r 
is measured. The potential is also a one-valued function of the 
coordinates of P. 


40. If m be the mass of any one of the attracting particles, 
A its i) 0 'ition, r its distance from a point P, the potential of m at 
P is m!r. Let F' be any point adjacent to P, and let PP' =ds. 
The difference of the potentials of m at P and P' is then 


1 

ds 



ds = — 


III dr 
P ds 


ds. 


The funetiou now called the Potential was used by Legendre in 17fi4 who 
refers to it when th*.cus4ng the attraction of a solid of revolution. Legendre 
however expressly aioribcs the introduction of the function to Laplace and quotes 
from him the theorem connecting the components of attraction with the differential 
coclhcient, oi the tnnetion. J[. Rianco m the Mivista di J/ntematica, 1893, gives 
quoiatious from List (liisUtut Paris, 1806) and from Baltzer {Geseliichte des Po- 
tenliHfj.. 1878) showing that Lagrange used the same function in 1777 when 
discussing thi^motion of several bodies mutually attracting each other (Academy 
qp Atrfpii, 1777). tier alto '*11 problema Meccanico della figuxa della Terra’’ 
(7cnini. 18301 hi JI. Bianco. The name. Potential, was first used by Green in bis 
PaS'Ii, tup the application of Mathematical Analysis to the theories of Electridiy and 
published m 1828. Green gave many of the theorems on this 
fnncrion now in continual u.>!e, which have been since associated with the 
names of others who have dl-covored them a second time. Gauss also uses the 
name in to. 3 of his memoir on Forces aetiny mcersely as the square of the distance. 
Leiptic 1840, translated in the third volume of Taylor’s Scientijic Memoirs. The 
^ad» may also consult Todhunter’s History, Arts. 790, 1138, and Thomson and 
T,ut s Treatise on Natural Philosophy, Art. 4S ' 
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If 0 be the angle APT, we have coa ^ = drjds. The attraction 

of m at P acts in the direction 

PjI, andisequaltom/r-’; hence 

its resolved part in the direction 

T>TV • yl nr,/ ™ dr 

PP IS — cos APP = — J 

r® ds 

Comparing this with the above 

result we see that if P, P' be * 

two adjacent points, the excess 

of the potential at P' over that at P, divided by the distance PP', 

is equal to the resolved attraction in the direction PP'. 

This, being true for every particle of an attracting system, is 

necesf5arily true for the whole. We have therefore the following 

theorem. If V, V he the potentials of a system at two neighbouring 

points P, P', the attraction at P resolved in the direction PP' in 



vjhich s is measured is the limit of 


V'-V dV 
PP' ~ ds ’ 


So long as the point P ia situated outside the attracting mass the potentials V 
and V' are both finite and this proof is free from ambiguitj. The case in which P 
lies within the attracting mass will be considered a little farther on. 

41. By taking the displacement PP' parallel to the axes of 
O', y, z in turn, we see that the components of the attraction in the 
positive directions of the axes are respectively 

V-IT 7 -^^ 

~ d.r ’ dy’ dz' 

In the same way the components of the attraction in polar 
coordinates may be expressed. Let r, 9, (f> be the polar coordinates 
of any point P, let F, G, H be the components at P in the 
directions in which dr, rdd, r sin 9d(f> are drawn, then 

F = C = ^ F- 

dr’ rdd’ rsinddfl) 

In the theory of gravitation the attraction of one particle on another is taken to 
be mm'/r^ (Art. S), and repulsion is then represented by supposing that the mass 
of one of the particles is negative. In other theories, for example in that of 
electricity, lepulsion is taken as the standard case and then attraction occuis vhen 
the masses have opposite signs. In both cases the geometrical definition of the 
potential is V^’Smjr (Art. 39). 'When therefore repulsion is taken as the standard 
the signs of the forces given above must be changed. Thus the force in the positive 
direction of the axis of x is -dVjdx, and so on. 

42. It appears from this proposition that, when the* potential 
F of a body fixed in space is given, its resolved attractions at any 
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point P can be found by simply differentiating the potential with 
regard to the coordinates of that point. It follows that, if two 
difterent bodies have equal potentials throughout any space, they 
equally attract any particle placed in that space. Thus the at- 
traction of a body is determined by the single function F instead 
of the three components X, V, Z. 

One chief reason for the use of the potential is that a body, so 
far as its quality of attraction is concerned, is analytically given 
by a single function tvifhovt the necessity of stating either- thefonn 
or the structure of the attracting body. 

When the potential is used merely to find the forces, it i.s 
obvious that we may add an arbitrary constant to its value as 
defined in Art. 39. We then have V=1mjr + G, where C is 
the constant added. When the attracting bodies are finite, it is 
cont euient to choose G so that V is zero at an infinite distance ; 
this assumption makes G = 0. When the attracting bodies e.xtend 
to infinity, the potential, as defined in Art. .39, is sometimes found 
to contain au infinite constant. It may then be preferable to 
keep G arbitrary and to absorb into its value all constants not 
immediately required. There is a certain inconvenience in having 
different definitions of the potential for finite and infinite bodies, 
especially when we wdsh to proceed from one to the other as a 
limit. In stating the results therefore for the Newtonian law of 
force we shall adhere to the definition of Art. 39. In special cases 
such a constant may then be added as may most simplify the 
expression for V, 

43. Potential for other laws of force. When the law of 

force is the inverse xth power, the potential is W = — — 2 

K — 1 

We then find by the same reasoning as in Art. 40 that dVjds is 
the resolved force at P in the direction in which ds is measured. 

■\\'hen the law of force is the inverse distance, the potential is 
F = C— 2m log r. This is sometimes called the logarithmic potential. 

44. Work and potential. A definition of the potcutial may 
also be gi\en founded on the principle of work. Referring to the 
figure of Art. 40. let a particle of unit mass travel along the 
elcnientaiy arc PP . It has been already shown that the resolved 
attraction in the direction PP' is dVjds. The work done by the 
attraction is therefore {dVjds) ds. If the particle continue its 
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journey along any curve, starting from some point P and arriving 
at some other point Q, the work done by the attraction is 
fdV = Fa — Fi, where Fj and F, are the potentials at P and Q. 
Thus the excess of the potential at Q over that at P is the work 
done by the attraction on a particle of unit mass as it travels by 
any path from P to Q. 

If the attracting body is finite in all directions, the potential at 
a point P infinitely distant is zero. It follows that, the potential at 
any point Q is the work done by the attracting forces on a particle 
of unit mass, us it travels from an infinite distance along any path 
to the point Q. In the same way the potential at Q is the work 
Avhich must be done against the attraction by some external cause 
to move a unit particle from Q to an infinite distance. 

The several particles of the attracting mass are supposed to 
remain fixed in space while the attracted particle tnakes its 
journey from P to Q. 


45. Level surfaces. The locus of points at which the 
potential has any one given value is called a level surface. It 
is also called an equipotential surface. 

At any point of a level surface the resultant force acts along the 
normal to the surface. To show this, let Pj be a point on a level 
surface, and let Pj be any neighbouring point also on the surface. 
If Fi, Fj be the potentials at these points, the component force 


y r 

in the direction of any tangent PiPj will be the limit of — B-rp 

A jA2 


This is zero since F, = Fo. The resultant force must therefore 


act along the normal at Pj. 


46. Let two neighbouring level surfaces be drawn at which 
the potentials are respectively Fi = c and F 5 = c + Sc. The nomud 
attraction at any point P of either surface is inversely proportional 
to the length of the normal at that point interested between these 
level s'urfaces. To prove this, let the normal at any point Pj on 
the first surface intersect the second surface in Pa. The normal 

• F - F 8c 

force at Pi is then ultimately P= — ■ If* is therefore 

^ i-i a 

evident that F varies inversely as PiPa. 

If a rigid surface were constructed having the form of a level 
surface and coincident with it, it is clear that a particle, placed at 
any point of the surface, would be pulled by the attracting body 
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in a direction normal to the surface. The particle, if placed on 
the proper side, would therefore he in equilibrium. Level surfaces 
are therefore also called surfouies of equilibrium. 

47. A Line of farce is a curve such that the direction of the 
resultant force at any point is a tangent to the curve. It is 
evident that the whole system of level sui-feces is cut orthogonally 
by the system of lines of force. 

48 . Ex. 1. A flee particle placed at rest at any point of a line of force will 
move along tbe cnrve m eucb a diiection that the potential increases. 

Ex. 2. Show chat, if attracting matter be arranged so that the direction of 
the lesnltant attraction at any external point P shall always pass through a fixed 
point 0, the magnitude of the resultant attraction will be a function only of the 
distance OP, and will not depend on the angular coordinates of OP. 

To prove this we notice that the level surfaces are spheres, because the normal 
at every point P passes through 0. Hence the potential is a function of r only, 
Art. 45. 


49. Potentials of rods. To find the level surfaces and the 
potential of a thin vmiform straight rod AB at any point P. 

It has already been proved that the direction of the attraction 
of a rod AB at any point P 
bisects the angle between the 
distances PA, PB (Art. 13). 

It follows from Art. 45 that 
the level surfaces are prolate 
spheroids having their foci at 
the eatremities of the rod. 

To find the potential we notice that at all points on the same 
level surface the potentials are equal. It is therefore sufficient to 
find the potential at some convenient point on each spheroid. 

Let G be the middle point of the rod, 2i! its length, m the line 
density. Let r, r' be the distances of P from A, B. Let 2a and 
e be the major axis and eccentricity of the spheroid, then ae = I, 
2a — » + » . The potential at the extremity of the major axis and 
therefore at any point on the spheroid is 



y _ r mdx a + f , 

the limits of the integral being x = — I to 1. 


r + r' + 21 
r + r'-2l’ 


50. When the rod is infinite in both directions the potential 
IS easily deduced from the attraction abeady found in Art. 14. 
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Since the magnitude of the attraction is Imfp and its direction is 
PN, It IS evident that the potential must be V=G — 2m log p, 
where C is a constant and p is the distance of P from the lod 
We may also deduce this lesult from the expiession foi the 
potential of a fanite lod Suppose the point P to be situated in 
the stiaight line diawn thiough C peipeiidiculai to the lod 

Then i = {1" +p“)‘ = 1 + and we have 

T It 

V = m log : = 2>ft log 2i — 2m logp 

We thus see that the constant G is leally infinite and equal to 
2m log 21 when we adheie to the definition of Ait 39 


51. Es 1 Let the rod AB be produced both wa}S to infinite distances Let 
the poition bejond A attract and that beyond B lepel P, the part between A and B 
exerting no loice Prove that the level surfaces are hvp..iboloids having A and B for 

foci and that the potential at P is m log Piove also that if the noition AB 

IS ev incicent the level surfaces ace right cones and that the potential is 2nt log cot 
where tj/ is the angle of the cone. 

Ex 2 Show that the potential of a thm rod AB at any point P is 
P=mlog(tot JP jIP cotlPBA) 

Ex 3 A thin uniform rod 4B is attracted by a bod} of anv foiin show that 
the Qomponeut of the attraction along the length BA ot the lod is 
where and Vb are the potentials of the body at d and B, and m is the nia«b of 
the lod pel unit of length 

By Art 11 this theoiein is true when the lod is attracted b} a single portule; 
it IS theicfoie true by summation when attracted by any body 


Ex 4 A uniform thin chain AB is enclosed in a smooth curvilinear tube 
which it ]jbt htb, ind is attiacted by a body ot any loim Show that the force 
urging the chain to move in the tube is Hence show that the 

position of equihbiium may be found by equating the potentials of the body at 
the extremities of the chain 

That the foicc depends only on the positions of the extieimties of the chain, 
and not on its length or form, may also be shown by another kind of reasoning 
Let the chain be completed into a ciicuit by un ting two chains in diffen nt tubes 
at their extiemities If the forces wire not equal the chain would begin to move 
round the ciicuit, and thus a perpetual motion would be caused by the mere 
piesencc of an attiactmg body. 

Ex 0 IVlicu the law of atti action is the inicise cube, the potential of a 
uniform thin lod AB at any point P is myftp, where 7 is {lie angle APB, p the 
peipeudiciil 11 fiom P on the lod, and »i is the line density 

When the law lb the invcrbe fourth power, the potential is »i(sinj8-sina)/lp2 
whcie /3, a aio the angles p makes with PB lud P 1 

Ex b A plane lamina is bounded by two parallel straight 1 nes whose distance 
apart is 22 The surface density at any point Q is fi (Qilf where Q 1/, QA are 
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the distances of Q from the bounding straight lines and 2X5= *-3. The law of 
attraction is the inverse nth power of the distance* Prove that the level surfaces 
aro confocal elliptic cylinders having the foci on the bounding straight lines. Find 
also the potential for any cylinder. 

First find the attraction at P of an elementary strip Q whose breadth is dx. Put 
x=p tan e where p=PO is the perpendicular from P to the lamina. The attraction 

A /timMPQ.nmNPQ\^ faose\'^ 
of the strip can then be put into the form - y^^ oilP ■ ai£.'ONP ) ‘ 

where A is a constant and /i=if-3-2X. If then k and X are so related that the 
exponent ^ 1=0 the attraction of the elementary atrip at Q is a symmetrical function 
of the angles PQ makes with PM, PN. The elements on each side of the bisector 
of the angle MPM will then equally attract P. The direction of the attraction 
therefore bisects the angle MPN. The magnitude of the attraction is found by 
resolving along the bisector and the potential by using the method of Art. 49. 
In this proof the plane PMQN is taken to be perpendicular to the boundaries. 


sa. Ex. A number of infinite straight attracting rods are arranged at equal 
distances on the surface of a circular cylinder of radius a. If n be the number of 
rods, til the mass of each per unit of length, prove that their potential at any point 
P is given by V=G—m log {r*“ — 2u“)’* cos nfl + a-'*) , 

where r is the distance of P from the axis of the cylinder and ff the angle r makes 
with a plane through the axis and one of the attracting rods. 

By making n infinite while the whole mass is given, show that the potential of 
a uniform thin cylindrical shell at the point P is C - 4traM log o or C - 4vaM log r 
according as P is inside or outside the cylinder, the mass per nnit of area being M. 

These expressions follow from Art. SO by using De Moivre’s property of the 
circle. 

These results are of considerable interest because they help os to understand 
how the potential of a thin cylindrical shell is a disoonlinuous function of the 
coordinates, being constant at all points within the cylinder and depending on 
the logarithm of the distance from the axis at points outside. Supposing the 
number of rods to be very great but not infinite, the potential at any point P is 
represented by a continuous function of the coordinates of P, i.e., as P travels from 
the interior to the exterior through the interstices between the rods the potential is 
always the same function of the coordinates. When P is inside the cylinder, r/a is 
less than unity, and by expanding the logarithm in powers of r/o we see that 


V=C-2mn log a + 2m 



COB 770+ Ac. 


It follows that when n is large the potential is sensibly constant thronghont the 
interior except in the immediate nelghbonrhood of the surface of the cylinder on 
which the rods lie. When P is outside, afr is less than unity and by expanding 

the logarithm in powers of o/r wo find F=0-277(7ilogr+27n f-VoosnS + Ac. It 


appears that, except in the immediate neighbourhood of the surface of the cylinder, 
the potential when n is large does not sensibly differ from 0 - 27 B 7 i log r at any point 
outside. 


As n increases, the small space within which the potential differs from the first 
term of these series gels continually less, and in the limit is zero, so that we may 
say that the potential is constant throughout the interior of the cylinder and, except 
for C, varies as the logarithm of the distance throughout external space. 
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53. Potentials of discs and cylinders. To find the poten- 
tial of a circular disc at any point P situated in its a.ins. 

Referring to the figure of Art. 21, the potential at P of the 
annulus QQ' is 2-irmindxjPQ, where x and x + dx are the radii of 
the annulus, and m the mass of the disc per unit of area. If p be 
the pei’pendicular from P on the disc and r the distance PQ, ^^c 
have r* — a:'- + jfj* and rdr = xdx. Substituting, we find that the 
potential F of the disc is F = ^irm / dr = (r, — p), where /’i 

is the distance from P of any point on the perimeter. 

If a be the radius of the disc, we may also write this in the 
form F = 2‘7r7?i {V a? + — p] ■ 

When the radius a of the disc is infinite we expand the 
radical and retain only the lowest power of pja. We thus find 
V= A — Inrmp where A is an infinite constant. 


64. Ez. 1. The law of force being the iiiveree zlh power of the distance, 
prove that the potential of an infinite di&c at a point distant p from its plane is 


2ir/iip“~ 


where G is infinite or zero according as k< 3 or k>S, 


When 


KsS the potential is C-rrmlogp, where O is infinite. 

Ex. 2. Show that the potential of a circular cylinder of density p, radius a, 
and small thickness h at an external iioint P on the axis close to the cylinder is 
2irp/t(a-p), where p is the mean of the distances of P from the two plane faces of 
the cylinder. See Act. 9. 


66. Infinite Cylinders. An indefinitely thin homogeneous 
layer of attracting matter of surface density m is placed on an 
infinitely long right circular cylinder. It is reqaii-ed to find the 
potential and the attraction at any internal or external point P. 

We replace the cylinder by a fine ring of line density m' = im 
which occupies the position of the cross section through P and 
attracts according to the law of the inverse distance, Art. 14. 




Let QR, Q'R' be two chords passing through P and malting a 
small angle dd with each other. Let PQ = u„ PR = Mj, QQ' = ds^, 
RR' = dSi. Let (f) be either of the equal angles OQR, ORQ. 
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The attractions at P of the elements QQ\ BE' are respectively 
m'dsilui and m'dsjut. But since u^dBldsi and u^efdSi are each 
equal to cos ij), we see that each of these attractions is equal to 
m'ddlcos<f>. The attractions are therefore equal. 

If P is inside the circle, these attractions balance each other. 
The resultant attraction of the whole circle is zero. The potential 
is therefore constant and equal to that at the centre. 


56. If P is outside the circle as at P', let 0 = OJP'Q, r' = OP' ; 
then r' smd = a sin <f). The attraction of each of the elements at 
Q and B being m'ddfcos the resolved attraction at P' of the 
whole circle along P'O is 




m'd6 
cos (j> 


cos 6 


- , r co&Bdd 2m'aT . ./sinfF) 
J r “sin“p) r ® j 


The limits of 6 are found by drawing two tangents from P' to the 
circle ; the integral is to be taken from sin 0 = — ajr to + a//. 
Wc therefore find X = Mjr' where M = 2'n-am'. 

The attraction therefore of the ring is the same as if its whole 
mass were collected into its centre. The attraction of the cylindrical 
layer at an external point is the same as if its whole mass were 
equally distnhuted along the axis. 

The potential is deduced from the attraction by integrating 
dVjdr = — Mjr. 'The potential at an external point is therefore 
V = C— M log r. We know by Art. 50 that the constant 0 is 
really infinite. 


67. The attraction of a solid cylindrical shell hounded internally 
and externally by coaxal right circular cylinder's may be deduced 
from the preceding results. 

By dividing the body into elementary cylindrical shells we see 
at once that the attraction and potential at an external point are 
the same as if the whole mass were equally distributed along the 
axis. 

At an internal point the attraction is zero and the potential is 
an infinite constant. 

Lastly, let P be any point in the substance of the shell, r its 
distance from the axis. Let us describe a coaxal cylinder passing 
through P and dividing the whole attracting body into two shells. 
The attraction at P of the outer shell is zero ; the attraction of 
the inner is the same as if its mass were arranged along the axis. 
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The line density is pw(r^ — a^) where a is the radius of the 
inner boundary of the attracting cylinder and p the density. 
The attraction is by Art. 14! 

2‘7rp (r“ — a?)lr. 

58. Heterogenaoiu eylliidar. An indefinitely thin layer of attracting matter 
is placed on an infinitely long cylinder of radius a, so that the surface density m is 
uniform along any generating line but varies from one generating line to another. It 
is required to find the potential at any point P. 

We replace the cylinder by a fine ring, of line denaity m'=s2m, which occupies 
the cross section through P, the law of attraction of the ring being the inverse 
distance, Art. 14. 

Let the plane of the circle be that of ay, the centre 0 being the origin. Let the 
polar coordinates of P be r, ft. Let QQ' be an element of the ring, the angle aOQ 
being 3 ; let g - 

The line denaity m' at Q is some given function of 9, this we expand (using 


Fourier's rule if necessary] in a series of the form 

m'=S(A„ cos nq+ S„ainng) (1), 

where E implies summation for integral values of n from n=:0 to 00. Wo write 
this in the form 

m'= 2 (E„ cos nft + P„ sin mj/) (2), 

where E„=A„eoBn<l>+B„aian<l>, -A„siu n<j>+S„ dob nft. 


The element of mass at Q being m’adf/, and the distance PQ being u, the 
potential at P of the whole circle is 

-Jod(f’m'log«+0= log (o*-2ar cos ^+r®) + (7, 

where the limits ore ^=0 to 2? and C is a constant. 

By writing 2 cos ^=$+1/$ where ( is an imaginary exponential we have 
log (1 - 2 h cos ^ + A“) = log (1 - hi) + log (1 - hji) 

= - 2 {ftcoB^+Jft’coB 2^+ Jft^cos 3\{'f-iito.}. 
This series is convergent when h is less than unity. 

To obtain a convergent series for V, we expand the logarithm in powers of r/a 
or ajr according as P is inside or outside the circle. We therefore write the 
potential in the forms 

F= -Jadf. ^log |l- 2^008!^ + ^^^ j- -Jad^. Y'oga’+Oi 

F=-Jadf.^log |i- 2 ^oob^+^S^"|. - Jod^.ylogT» + 0, 

according as P is inside or outside the circle. 

Suppose first that m'=L'„cosn^. Then by remembering that Jcosn^ cos m^d^=0 
or sr according as m and n are unequal or equal, the limits being 0 and 2tr, we 

easily find that V=E„^ +G 01 E„^ +C according as P is inside or 

outside, except when n=:0. 

Next suppose that m'=P„sinn^, then since JcoBn^Binm^d^=0, the limits 
being 0 and 2w, we find by the same reasoning that the potential at P is constant, 
whether P is inside or outside. 

When 71=0, we have m'=Eg and the potentials take the form -A’,iraloga“+C, 
or — EQ7ralogr®+ C, according as the point P isinside or outside. 
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When the line donsitj at Q is given by a single term of the series (1), it is 
evident from (2) llmt lepieseiUs the line density of the ring at the poirU where the 
radius vector OP cuts the ring. 

Finally, the potential for the whole ring is found by adding together the 
potentials for the separate terms of the series (1). 

Ex. The density of a thin stratum, on a right circular cylinder of radius a, is 
proportional to the distance from a plane through the axis, and its greatest value is 
jD. Prove that the potential at any point P is 2wa‘Dilr’‘ or 27rOf according as P 
is outside or inside, where i and r are the distances of P from the given plane and 
from the axis respectively. 

59. Systems of particles. If a particle of mass mi' travel 
from a position at which the potential is zero along any path to 
any assigned position it is clear from what precedes that the 
work done hy the attracting forces is FiJWi', where F is the 
potential at If a second particle travel from a position 
of zero potential to the position it is clear that the additional 
work is FnVjia', where is the potential at B^ of the same 
attracting forces. 

Generalizing this, let there be two systems of particles ; let the 
masses of the first be «ia, &c., and lot these be situated at the 
points Ai, A 2 , &c. Let the masses of the second be m/, m/, &c. and 
lot these be situated at the points Bi, B^, &c. Let Fj, Fj, &c. be 
the potentials of the first system at Bi, B^, &c. ; Fj', F^', &c. the 
potentials of the second system at A^, A^, &c. Let us also suppose 
that each particle of either system acts on all the particles of the 
other, but docs not attract any particle of its own system. The 
work done by the attracting forces in moving the particles of the 
second system from positions of zero potential to their assigned 
positions is W' = F,mi' + Fsm/ + . . . 

In the same way the work of bringing the particles of the first 
system from positions of zero potential to the positions Ai, .4*, &c. 
under the influence of the attracting forces of the second system is 
W=Vi'7tii+VMs + ... 

If Vij be the distance between the particles ttij, tw/, and 
that between the particles mi', and so on, the values of the 
potentials Fj, Fj' are 


T"i = ? + - + &c., 

rn r^i 




Substituting, we find that each of the expressions W, W' is 


equal to 


'Hhmi , mi»ia m/m.i' mm' 

-- T* a 

Tu Tin Vjj r 
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If the forces were repulsive instead of attractive this formula 
expresses the work the system would do if the particles (under the 
influence of their repulsions) retired to infinite distances. 

This symmetrical expression is called the mutual potential 
energy or the mutual work of the two systems according as the 
standard of force is repulsion or attraction (Art. 41). 

The work done when either system moves from one given 
position to another under the influence of the attractions of the 
other S3'stem is the difiierence of their mutual works in the two 
positions. 1/ both systems are moved, each from one given position 
to another, under the influence of their mutual attractions, it easily 
follows, by moving them one at a time, that the work done is the 
excess of their mutual work in their final positions over that in 
their initial positions. 

60. If the particles are elements of a solid body the argument 
is still the same. Let dv' be an element of the volume of any 
flnite mass M', p' its density, V the potential of any fixed system 
of attracting bodies at the element dv'‘, the work of collecting 
together the mass 21' is fVp'dv'. 

This formula may be put into the form of a rule. To find the 
mutual work of two attracting masses in assigned positions, we 
mxdtiply the mass of each element of one body by the potential of the 
other at that element, and then integi'ote the result throughout the 
volume of the first body. 

61. The particles of a system mutually attract each other and 
are in assigned positions. Supposing them to have been originally 
at distances so far apart that their mutual attractions were zero, it 
is required to find the work done by their attractions as they are 
collected together and brought each into its assigned position. 

Let us suppose that the particles m,, nh, wJn-i have been 
brought into their proper places. We now bring from infinity 
into its place under the attraction of The work is 

oun {— + — +... . Thus vifi is taken once with each of 

^2n 1, nj 

the masses m^, m^, ... m„r-\‘ When we bring in succession mn+i, 
mn+ 2 , &c. from infinity we obtain a similar series for each and 
therefore mn is taken once with each of these masses as it is 
brought in. Thus mn is taken once with every mass except itself. 
If m, m' are the masses of any two particles, r their distance apart 
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in the final arrangement, the work of the attractions when 
collecting the system is Ir = i. 

Let Fi be the potential in the given final arrangement at the 
particle 7 % of all the particles except ; Fj the potential at rtii 
of all the particles except wij and so on. Then 


F: = 




+ h &C., 

^18 


F,= 


r-a Ta 


Let US consider how often the mass ni„ occurs in the expression 
FiHi, + F27nj+ .... It occurs once in Fjmi combined with wii, 
once in Fajn™ combined with mj and so on. Again it occurs in 
F„(i/„ combined with every other mass. Thus on the whole m,, 
occurs twice combined with every other mass. It follows that the 
work of collecting the system is 

W = ^(Fimi+ F2ma + ...) = ^SFm. 

We thus arrive at the following rule. To find Ike work done 
hj! the attractions of a system of particles brought from infinite 
distances to any assigned positions we multiply the mass of each 
element by the potential at that element, integrate throughout the 
volume, and halve the result. 

This rule, when the final sign is reversed, also gives the work 
when the particles move from any assigned positions to infinite 
distances. To find the work when the particles move from one 
assigned arrangement to another, we add together the work 
when taken from the first arrangement to infinite distances and 
the work when brought from infinite distances to the second 
aiTangement. If the system be moved, like a rigid body, from one 
place to another so that the relative positions of the particles in 
the two places are the same, it is clear that no work is done by the 
mutual attractions of the particles. 


62 . In tins investigation we have treated the masses nii, m2i *0. as if their 
linear dimensions were infinitely small compared with their distances apart. In 
the case of a continuous body the portions of matter not in contact can he divided 
into elements so small that the above assumption is correct, but the argument 
might he supposed to fail for two elements which finally become contiguous. 

We notice however that in finding the potential of any solid mass at a point P 
we may omit the matter within any indefinitely small element of volume enclosing 
P if its density is finite. Foi since potential is “ mass divided by distance ” and 
the ma'-s varies as the cube of the linear dimensions, it follows that the potentials 
of similar bodies at points similarly situated must vary as the square of the linear 
dimensions. The potential must therefore vanish when the mass becomes ele- 
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meatary and the distanoe indefinitely small. In applying theTefore the foim 
W=iJ:Vm to a solid hody we write pdv for m and take V to be the potential of the 
whole mass at the element dv. 

In the same way, in finding the potential of a surface at a point P on the 
surface we may omit the element oontignons to P if the surface density is finite. 
For, the potentials of similar areas at similarly situated paints vary as the linear 
dimensions, and are zero when the areas become elementary. 

63. . It appears from the defiuition of potential that its dimen- 
sions are not the same as those of "work. The potential of a particle 
whose mass is m at a point P distant r is m/r. If a particle of 
mass m' is situated at the point P, the mutual potential energy 
or work of these two particles is vim'lr. Tiie dimensions of 
potential are therefore mass divided hy distanoe, those of work are 
mass squared divided hy distance. 

Spherical Surface. 

64. To find the potential of a thin uniform spherical shell at 
any point. 

Let 0 be the centre of the shell, a the radius of either bound- 
ing surface, m the mass per unit of area. Let P be the point at 
•which the potential is required, OP — r. 

Taking on the surface of the shell an annulus QQ' whose axis 
is OP, let the angle 
POQ = 6, and QP = u. 

Since the mass of the an- 
nulus is m . add . lira sin 6 
by Pappus’ theorem (Vol. x. c 
Art. 413), the potential at 
P of the whole shell is 
STTWia’sin OdO 
u 

Since it“ = -f- a® — 2or cos 6, we have tidu = ar sin 6 dO. 

Substituting, we find Y = jf the point P is external 

to the surface as shown in the figure, the limits of u are m = PQ to 

u = PO', i.e. M = r — a to r + a. In this case Y = . If the 

r 

point P is inside the shell as at P', the limits of u are w = P'(7 to 
M = P'0',i.e. u = a — r to a + r. In this case Y — 

a 




B. S. II. 


3 
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If M he the whole mass of the shell, M = 47r?na®, and these 
expressions take the form ^ ^ ~a 

attracted point P lies outside or inside the shell. 

When the point P is at the centre, i£ is constant and cannot be properly tahen 
as the independent variable. But eiuce every element of the attracting mass is 
equally distant from P, it is evident that the potential at the centre is equal to the 
mass divided by the railiua, and this agrees with the above result, 

65. Since the potential is the same at all points within the 
spherical shell, it follows that its difiercntial coefficient with regard 
to each of the cooixlinatea is zero. Thus the attraction of a thin 
uniform spherical shell at an internal point is zero. 

Since a thick shell bounded by concentric spheres may be 
regarded as composed of a sufficient number of thin shells, it 
follows that the attraction of a thick shell hounded by concentric 
spheres at an internal point is zero. 

This theorem is also true for a heterogeneous thick shell provided 
the strata of equal density are concentric spheres. For in this case 
each of the thin shells into which it is analysed is homogeneous. 

66. Since the potential at an external point of a uniform thin 
shell is Mjr, we see that the force at an external point P resolved 
in the direction OP is equal to — ilf/?-®. The attraction therefore 
acts in the direction from P towards Ike centre, and is the same as if 
the whole mass were collected at its centre. 

As before, since a thick shell may be analysed into elementary 
thin shells, it follows that the attraction of a thick shell bownded by 
concentiic spheres or of a solid sphere at any external point is the 
same as if the whole mass were collected into its centre. Also this 
is true for heterogeneous shells provided the strata of equal density 
are concentric spheres. 

These theorems on tho attraction of a spherical shell as well as that of a 
Bpheioid at an mtemal point are due to Newton. 


67. It remains to tind the attraction of a thin uniform shell 
on an elementary area which is part of itself. Let the attracted 
point P be at 0, then GQ = u, r = a, and cos QGO = uj2a. Pro- 
ceeding as before, we find the attraction X at (7 is 
'■ 27r7na” sin 0 d6 




u 


V? 


the limits of u being 0 and 2a. 


w /I f/ir M « 

This gives X = ’2,Trm = \—^. 

is Qt 



SPHEHICAL SURFACE. 


ART. 68] 

The attraction of a thin uniform shell on an element of its surface 
is the same as if half the mass of the shell were collected at its 
centre. 

68. That the attraction of a thin uniform shell bounded by 
concentric spheres at an internal point P is zero, may be shown by 
an elementary geometrical argument which applies also to the case 
of some ellipsoidal shells. 

With P as vertex describe an elementary cone cutting the 
surfaces of the shell in QQ'qq', RR'rr' resjiectively. Let PQ = r, 
Qq = dr \ PR = P, Rr = di''. If dco be the solid angle of the 
elementary cone, the volumes of the elementary solids at Q and R 
will be respectively r^dadr and r'^dcodr'. Their attractions at P 
are therefore pdmdr and pdodr', where p is the density. These 
attractions will balance each other whenever the form of the shell 
is such that the intercepted parts Qq, Rr of the chord qQRr are 
equal. This being true for all chords through P, the attraction of 



every element is balanced by that of the opposite element, and the 
resultant attraction on P is zero. 

When the shell is bounded by concentric spheres these in- 
tercepted parts are evidently equal. The resultant attrition on 
any internal point is therefore zero. 

When the shell is bounded by similar and similarly situated 
concentric ellipsoids the same is also true. To prove this we 
notice that, since the chords parallel to QR have in the two 
ellipsoids a common diametral plane, the chords QR and qr must 
have the same middle point. It follows that the intercepted parts 
Qq and Rr are equal. 


3—2 
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Since a thick shell may be analysed into elementary thin 
shells, it fellows that the attraction of any homogeneous shell 
hounded hy similar and similarly situated concentric ellipsoids 
at any internal point is zero. 

69. If P is on the outside of a thin ellipsoidal shell, bounded 
by similar concentric ellipsoids, we may show by similar reasoning 
that the enveloping cone whose vertex is P divides the surface into 
two portions whose attractions at P are the same in direction and 
magnitude. 

When P is indefinitely close to the outer margin of the shell, 
the infinitely small portion on the nearer side of the polar plane 
exerts the same attraction at P as all the rest of the shell. If the 
thin shell is spherical, the resultant attraction is known to be the 
same as if the whole mass were collected at its centre. Putting m 
for the mass per unit of area, the attraction at P of each of the 
portions on the two sides of the polar plane is 2irm. 

70. We may apply these results to the solid bounded by two 
concentric similar and similarly situated hyperboloids. If one 
sheet attract and the other repel, the attraction on P is zero, 
provided both sheets are on the same side of P. 

Also a paraboloidal shell bounded by two equal paraboloids 
having their axes coincident but their vertices separate exerts no 
attraction at an intern.al point. 

71. If the thin shell is ellipsoidal and P is very close to the 
outer margin, the distance of P from the polar plane is infinitely 
smaller than the linear dimensions of the curve of contact. The 
attraction at P of the portion on the nearer side of the polar plane 
is therefore the same as that of an infinite plate of the same thick- 
ness, sec Art. 22. The attraction at P of each of the portions on 
the two sides of the polar plane is therefore 27rm, where m is the 
mass of the shell in the neighbourhood of P per unit of area. The 
attraction of the whole shell at a point P, just outside the shell, is 
therefore twice that of an infinite plate of the same thickness as 
that of the shell at P, i.e. the attraction is ^Ttm. It also follows 
that direction of the attraction is the same as that of the 
infinite plate and is normal to the shell. This line of argument 
will be more fully considered further on. 

Let a, b, c be the semi-axes of the inner boundary of the shell. 
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•p a perpendicular drawn from the centre to the tangent plane, p 
the uniform density of the shell, then )n = pdp. The volume v of 
the ellipsoid is |7ra’ (hcja?), and the volume dv of the shell (being 
the differential obtained on the supposition that hja and c/a are 
constants) is ifTrhcda and the mass M of the shell is pdv. Also 
since the bounding surfaces are similar daja, = dpjp. The remltant 
attraction of a thin ellipsoidal shell hounded hy similar ellipsoids 

at an external point close to its surface is therefore equal to 
and its direction is •normal to the surface. 


72. Cylindrical elliptic shell. By making one axis of the 
ellipsoidal shell infinite, we deduce that the attraction of any 
homogeneous shell hounded hy similar and similarly situated con- 
centric elliptic cylinders at any inte^-nal point is zei'o. 

Let p! be the mass per unit of length of a thin cylindrical shell, 
and let the infinite axis he c ; then the whole mass of the shell is 
p'c. The resultant attraction at any point just outside is equal to 
pipjcd) and its direction is noi'mal to the surface. 

73. Ez. 1. Prove that, if the attraction of a shell is zero at all intenial points 
and the inner surface is an ellipsoid, the outer surface is a buuilar and similarly 
situated concentric ellipsoid. 

If possible let the outer surface have some other form. Describe a similar 
ellipsoid to enclose and touch the outer surface at some point T, The dillcrence 
between the ellipsoidal shell thus formed and the given shell possesses also the 
property that the attraction is zero. This shell has no thicimess at the point T of 
contact, and the surface density m at T is zero. 

Let P be a point inside this shell very near T, draw a plane through P parallel 
to the tangent plane at T. The attraction of the matter on one side of this plane 
balances that on the other. But the attraction of the matter on one side is 
ultimately zero (being in fact 2ir)n), hence the attraction of the other is nnbalonced 
and the particle P cannot be in equilibrium. [Todhunter’s History, die. Art. 147.S.] 

Ez. 2. If the matter composing a thin shell bounded by concentric spheres 
attract according to the inverse ath power of the distance, prove that the resultant 
force on an internal particle P acts towards or from the centre according as x is 
less or greater than 2. Cavendish, Phil. Trans. 1771. 

The plane section whose centre is P is such that the longer segment PQ of every 
chord QPB of the sphere is on the same side of the plane as the centre of the 
sphere. Since the masses of the elements Q, R are as P(p to PiP, the attractions 
are as PQ^^ to PB?^. The first is greater or less than the second according as 
*<2 or >2. 

Ez. 3. If matter attracting according to the law of gravitation be unifoimly 
distributed upon the oiroumforence of a circle, show that the chord of contact 
of tangents drawn to the circle from any external point divides the circle into 
two arcs, such that the potentials at the point due to each are are the same. 

[Math. Tripos.] 
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74 Potential of an annulus. We may use the method of 
Art. 64 to find the potential of an annulus of a thin uniform 
spherical shell at a point P on its axis. 

Let DD'EE' be the annulus ; let PD = iii, PE = u,, OP = r. 
The potential of an elementary annulus QQ' being the same as 
before, the potential V of the 
whole annulus is 
_ 27r»na f , 2irma , . 

r j r 

since in our case the limits of 

/It 

integi’ation are u = PD and 

u = PE. In the same way the 

mass M of the annulus is 

,, 2Tnna f , nrma,, , 

iidu= («a -«i )* 

r J r ' 

The potential of the whole annulus is F= , . — r . 

^ i («i + «s) 

76. If we suppose the annulus to foim a complete sphere ezoept for two small 
holes no', OA", we have an expression for the potential which applies equally to 
points inside and outside the shell, provided they lie on the axis. Let y be the 
radius of either hole. When P is inside the shell the sum of the distanoes tt, and 
u, differs from the diameter only by small quantities of the order and the 
potential is therefore sensibly constant. When P passes through the hole OO' 
the distance u, has a minimum value equal to ff and then begins to increase 
without vanishing or changing sign. When P is outside the shell the sum of 
the distances Vj and differs from twice the distance of P from the centre by 
quantities of the order j/‘, so that the potential sensibly follows the law of the 
inverse distance. See Art. 39. 

76 . Ex. 1. The internal and external radii of a thin spherical shell of density 
p are a - 1 and a. Prove that the difference of the potentials at two points, one 
inside and the other outside, both close to the surface, is 27rpP, We notice that 
this difference is of the second order of the small quantity t. 

Ex. 2. A thin spherical shell of radius a attracts an internal particle P at a 
distance r from the centre. If the shell he divided into two parte by a plane 
through P perpendicular to the radius the resultant attraction of each part at P ia 

■ {a- {iP - H)i} where yn is the surface density. [Todhunter’s History, 1615.] 

77. A solid sphere. To find the oMraction of a solid uni- 
form sphere at an internal point P. 

Dpscribe a sphere concentric with the given surface to pass 
through P. The attraction at P of the matter between this 
sphere and the given surface is zero ; Art. 6-5. The attraction 
at P of the matter within this sphere is the same as if it were 
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collected at the centre. Art. 66. If r be the distance of P 
from the centre 0, the attraction is where p is the 

density. It follows that the attraction of a solid homogeneous 
sphere at an internal point distant r from the centre is ^n-pr. 

If (x, y, z) ho the coordinates of P referred to the centre as 
origin, X, Y, Z the components of attraction, we have also 
X = — iirpx, Y= — ^'trpy, Z- — ^irpz. 

These are obtained by resolving the resultant attraction, viz. ^Trpr, 
parallel to the axes. 

78. To find the potential of a solid sphere at an internal point P. 

If X and x + dx are the radii of an elementary shell, taken 
within the sphere passing through P, its potential at P is 
^tirpx^^dxjr. Art. 64. In the same way, if y and y + dy are the 
radii of an elementary shell outside the same sphere, its potential 
at P is iirpyHyjy. The potential at P of the whole sphere is 
therefore 

y _ f’’ 4nrpa?dx ^ f" Atirpy^dy 

~Jo r y 

If the density p of the sphere is uniform, this integral becomes 

F=^(3a'-7^). 

If the density is any function of the distance from the centre, 
the integration can bo effected when the function is given. 


79. Ex. 1. A portion of a homogpncoas spherical shell is cut off by a cone 
whose vertex is at the centre and whose solid angle is dw. Show that the 
attraction, per nuit of mass, of the rest of the shell on this portion is 


jrp(6-a) 


ii*+2a& + 3(t- 
}fi+ab + a^ ’ 


where a and b are the internal and external radii of the shell. Hence show that 
when the shell is indefinitely thin the attraction is half that just outside. 

Since the resultant attraction of a body on itself is zero, the attraction of the 
rest of the shell is the same as that of the whole shell. The attraction on the 
f ^TT 7^ ~ 0.^ 

portion included is j f^. — r-drda ; dividing this by the mass attracted, viz. 
Ip \r*- a?) do), we have the result above given. 

Ex. 2. Prove that the pressure per unit of length, on any normal section of a 
spherical shell of mass 31 and radius a, due to the mutual gravitation of the particles 
tends to the limit M^llSrra?, as the thickness of the shell is indefinitely diminished. 

[Math. Tripos.] 

Ex. 3. A solid homogeneous sphere is divided by a plane through its centre 
into two hemispheres. These being placed with their plane faces coincident, show 
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that the force required to puU them apart ia where M is the mass of the 

Sphere and a its radius. 

Ex. 4. The density of a solid sphere varies as the nth power of the distance 
from the centre. Show that the potential at an internal point is 

where p is the density at the sm-faoe and n+2 is positive. 

Ex. 0 . A homogeneous sphere is divided into two parts by a plane QNR 
bisecting OP at right angles, P being any point within the sphere and 0 the 
centre. If a be the radius of the sphere and c=OP, prove that the attraction 
at P of the larger part of the sphere out ofl by the plane QNR is n times the 
attraction at P of the whole sphere, where n=(Sa-e)lic. 

Ex. 6. If I be an external point and 0 the centre of a sphere, prove that the 
sphere on IC as diameter, the sphere with centre X and radius 1C or the polar plane 
of I will divide the sphere into two parts exerting equal attractions at X, accordtng 
as the law of attraction ia the inverse square, the inverse cube, or the inverse fourth 
power of the drstance. [St John’s Coll., 1885.] 

If the law be the inverse nth power, and a radius vector from X as origin cut the 
sphere in Q, R and the dividing surface in S, then 2 (XS)'‘““=(X(3)““"+(XP)“"'* 
except when n=3. The results given follow at once. 

Ex. 7. If a homogeneous solid hemisphere of radius a and density p be referred 
to the centre of the complete sphere as origin, the bounding plane circle as plane of 
zy and the radius of the hemisphere petpendieulsx to the plane of xp as axis of z, 
then the attraction at the origin is along the axis of z and is equal to Trpa. Eurthei 
show that if P be the potential at a point xyz near the origin, then 

V—^rpa?+vpa^ — i7^p{x^+y^+i^^ (within the hemisphere), 
and V=Tpa^+wpaz-^Tp{j!^+y^—2z^ (without the hemisphere). 

[St John’s CoU., 1886.] 

Ex. 8. The potential of a solid hemisphere of radius a and unit density, at an 
external point P situated on the axis at a distance £ from the centre, is 

5 {{?+«=)»-?- 8«U 

the upper or lower sign being iahen according as P is on the convex or plane side 
of the body. The potential at an internal point may be found by subtracting from 
the potential of the complete sphere, that of the missing half. 

Ex. 9. A point P is situated very near to the rim of a thin hemispherical shell 
on a prolongation of a radius of the rim. Prove that the component of attraction 
at P of the shell in a direction perxicndicular to the plane of the rim is ultimately 
2m log So/x, where a is the radius, x the infinitely small distance of P from the 
rim, and jn the surface denaity. 

Ex. 10. Two mutually attracting spheres are placed at rest in a vacuum. The 
ladius of each is one foot and the distance apart (surface to surface) is l/4th inch, 
and the density the same as the mean density of the earth. Prove that they will 
meet in less than 250 seconds. This problem is due to Newton who gave a wrong 
numeiical result. [Todhunter, Bistory, &o. Art. 725.] 

80. Other laws of force. Ex. 1. Let the law of force be the inverse 
icth power of the distance. Let the potential of a thin homogeneous spherical 
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surface at a point P be Vk ot Vk according as P is external or internal. Prove 
the foUowing results 

M {r~ay^*-(r+a]*~* „ M (a - r)®~* - («+ 

*“((c-1)(k- 3)' 2ar * I) (/r-3) ' ’iur 

where Ilf is the mass and a the radius. 

Ex. 2. Prove that the potential of a homogeneous solid sphere of unit density 
at an internal point P distant r from the centre is 

4ir 


r,=7 


((a - r)’“* - (o +r)*“* (o -r)*-* + (a + )•)■*-') 
7^) I 3(5-<c)r J • 


■(»-!)(*- 

To this we add an iniinite constant whan io4. The integral takes another form 
when k=4. 

Ex. 3. Let the law of attraction be the inverse cube. Prove that the potential 
of a thin spherical shell at a point P distant r from the centre is V^' or F, according 
as P is external or uiternal, where 

M , a+r 


M , r+o 




Prove also that the potential of a solid sphere of unit density at an internal point is 

„ ir (a*-T®, a+r . | 

Vss-] — jr— log +ttrl. 

r I 2 ° a~r J 


81 . To find the potential of a shell hounded hy any two non- 
intersecting spheres. 

Let A and B be the centres of the spheres, a and h their radii. 
Let p be the density of the attracting matter which fills the space 
between these spheres. 

The potential at any point P is evidently the difference of the 
potentials of the spheres each regarded as a solid sphere of density 
p. If r, r be the distances of P from A and B respectively, the 
potential at P is 

V=i--P (7 - 7 ) or ^ (3a» - 36= - + ,•'=). 

according as P is outside or inside both spheres. If P lie between 
the spheres 

F=|7rp^3a=-r=-:^). 


82. We may use the same principle to find the attraction of a 
shell hounded hy two non-intersecting spheres. 

Suppose, for example, that the attracted point lies within both 
spheres. The force at P is evidently the resultant of two forces, 
(1) an attraction equal to ^p.PA acting along PA, and (2) a 
repulsion equal to fvrp . BP acting along BP. By the triangle of 
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forces, the resultant of these is equal to ^irp . BA acting parallel 
to BA. Thus the attraction at all internal points is the same in 
direction and magnitude. The attraction at an external point may 
he found in the same way. 

as. Ex. Two spheres touch at a point O, and the spaoe between is filled with 
homogeneous attracting matter. Show that, when the radii differ by an infiuitely 
small quantity, the attractions at two external points, one at 0 and the other at the 
opposite extremity of the diameter through O, are as 1 1 5. What is the ratio if the 
points are inside both spheres? 

84. A theorem of Gauss. The mean value of the potential 
of any attracting system, taken for all points on any spherical sur- 
face, is equal to the potential at the centre due to that part of the 
attracting system which lies outside the sphere plus the quotient of 
the mass inside the sphere by the radius. 

Let dtrbe any element of siuface of the sphere, V the potential 
of all the attracting mass at this element. Let M be the mass 
inside the sphere and M' that outside, and let Fj be the potential 
of the latter at the centre G. Let a be the radius of the sphere, 

then we have to prove that = F, + — . 

Let m be the mass of any particle of the attracting system, and 
let it be situated at a point A. Its potential at any point Q of 
the sphere is therefore m/AQ. The part of the integral JVda- due 
to this mass is thei’efore jmdajAQ. The integral JdajAQ is 
evidently the potential at of a thin stratum placed on the 
sphere, of unit surface density, and is therefore equal to inra^fAC 
or 4'7ra®/a according as the point A is situated outside or inside the 
sphere. 

Taking all the particles of the attracting system, every particle 
m outside the sphere contributes a term 47ra* . mjAG to the integral 
JVda- while every particle m' inside contributes a term ^tra^.m'la. 

We therefore have = 2 + Since F^ is the potential 

of the external mass at the centre of the sphere, the result follows 
at once. 

Ex. Prove that the mean value of the potential of a hody, taken for all points 
equally distiibuted throughout the volume of a sphere which is external to the 
body, is equal to the potential of the body at the centre. This theorem was given 
by Poisson for the component of atti action on any given direction. Oomptea Bendua, 
vol. vn., 1838. 
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85. Heterogeneous spherical shells. The potential of a 
heterogeneous spherical shell may he found by the help of La- 
place’s functions more easily than by any other metliod. Although 
there are several cases of heterogeneous shells whose attractions 
may be found by special artifices, it does not seem useful to stop 
over these when they can all be treated by one comprehensive 
method. We must however postpone the discussion of this 
method until after we have reached Laplace’s equation. In the 
meantime there are some general theorems on heterogeneous 
shells which arc independent of Laplace’s functions, and to these 
we shall now turn our attention. 

86. The potential of a thin heterogeneous spherical shell being 
supposed known ai all internal points, it is required to find the 
potential at all easternal points. 

Let 0 be the centre, a the radius of the sphere. Let P, P' be 
two points on the same radius, one inside 
and the other outside, such that 
OP.OP'^a\ 

The points P, P' are called inverse 
points. Let OP = r, OP" = ?•'. 

Let Q be any point on the surface, 
then since OP .0^ =OQr the triangles QOP, P'OQ are similar. 
It follows that the ratio QPjQP' is constant for all points on the 
sphere, and that this ratio is equal to ajr'. 

Let V, V' be the potentials of the whole shell at P, P'. If m 
be an element of mass at Q, the potentials of m at P and P' ax’e 
respectively mjQP and mjQP'. Since these have a constant ratio 
for all positions of Q and all values of m, the potentials V, V must 

have the same ratio. We therefore have V— V—,. 

r 

If the law of force is the inverBe xth power of the distance, the potentials of 
the mass m at P and P' respectively are in the ratio l/(QP)*“i to 1/(QP')*~^ We 

pi . If the law of force is the inverse distance we find in 

the same way that F'- 1^=3/ log a/r‘ where M is the whole mass of the shell. 

We notice that ttiese theorevu do not require the shell to be homogeneous or the 
sphere to be complete. They apply to any distribations of attracting matter on the 
surface of the sphere. 

Ex. The potential at an internal point of a thin homogeneous shell of radius o 
being V=Mla, prove that the potential V at an external point distant r' from the 
centre is V'=Mlr'. 
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87. A tUeorem of StokcB. Let X, X' be the radial components of the attiao- 
tione at P, P', estimated positively when directed from the centre. Then since 

when the points P, P' approach indefinitely near to the surface r'=a, and this 
equation reduces to Z'+Z= — Vja. 

We therefore have the following theorem. The sum of the inward normal attractions 
at two points on the same radtU8f one just inside and the other just outside a thvn 
heterogeneous spherical shellt is equal to the potential at either point divided by the 
radius. This theorem is given by Sir G. Stokes in his article on the Figure of the 
Earth, and is there proved by the use of Laplace’s functions. 


88. Let y, T' be the components of the attraction at P, P' perpendicular to 
OPP'. Let the radius vector OPP' turn round 0 through an angle dff. Then 

^ ~T'dO ” dtf ■ rde [/) ~ XT') ‘ 

When the points P, P' approach indefinitely neat to the surface we have r'=sy. 

89. A converse problem. To determine the law of force when it it given that 
the attraction of every thin uniform spherical shell at every external point is the same 
as that of an equal particle placed at the centre. Laplace, Mec, CSleste, vol, i. p. 163. 

Let the potential of a particle m at a distance u be >7i/(u). The potential of the 

shell at a point P is Ju/(ii) du, the limits being r— o to r+a or a-r to o+r 

according as P is external or internal, Art. 64. Since the attractions are equal, the 
potentials of the shell and the central point must differ by a quantity independent 


ofn Hence ^^!^(tff(u)du=47rma^f(r) + 2irmaA (1), 

where A may be a function of a but is independent of r. If the potentials of the 
shell and the central point are also to be equal we must have A=0. 

Put uf{u)=F' (u), the equation (1) then becomes 

P (r + a) - P (r - o) =2aP' (r) + Ar (2), 


where r>a. Since the equality is to hold for shells of all radii, we may differentiate 
this equation with regard to a. Differentiate twice with regard to r and twice with 

regard to a, we then have P‘’(r+<i)=P*’(r-o) (3). 

Since r and a are independent variables this equation cannot hold unless each side 
is 11 constant, for if we write r=a, we have P>v(2o)=a constant. We therefore have 

P(r)=o+;8r+7T= + 6r»+er‘ (4), 

where o, /S, y, 8, e are constants. Since (3) has been obtained from (2) by 
differentiation, this value of P(r) may not satisfy (2), Substitute in (2) and we 
find 3=0, A=BaPe. We thus have 

/(«)=|+27'+4eu» (5). 

The only laws of force therefore which can make the attraction of every shell equal 
to that of its central point are the inverse square, the direct distance and any com. 
bination of these. It is unnecessary to include the case in which the potential is 
constant, since the attraction is then zero. If the potentials also are to be equal we 
must have A=0 and therefore 6=0. The potential must then vary as the inverse 
distance. If the potential of m is the force varies as the distance. It is 

easy to prove by direct integration that the potential of the shell cannot be equal to 
that of the central point, but exceeds it by - Jlha*. 
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90. We may abo enquire the Jaw of force when it is given that the attraction of 
every thin spherical sheU is zero at all internal points. 'VI e then find 

F{a+r)-F{a-r)=Ar (6). 

Diffeiantiate twice with respect to r, we find F"{a+r)=F"{a-r]. Since both a 
and r are independent variables, this as before requires that each side shonld be 
equal to some constant /3. We then find 

/(«)=|+/S (7). 


where 2p=A. The only lau> offeree is therefore that of the inverse square. 

91. We have assumed in this investigation that the law of force is required to 
be independent of the radius of the spherical shell. If toe remove this restriction, 
there may he other laws of force which make the attraction of a given shell at all 
external points equal to that of a central mass*. 

To determine these laws we must solve equation (2) without differentiating it 
with regard to a, because a is no longer arbitrary. Since (2) is linear, we follow 
the rule in differential equations and pnt F{r)=er*+Merr^ where the first term 
represents a particular integral introduced to (dear (2) of the term Ar. Substituting 
this value of F{r) in (2) we arrive at the equation eta-e~t*‘=2pa. This equation 
gives all the possible values of p. 

This equation has three roots equal to zero and has no other real values of pa. 
These lead to the value of F(r) given in (4). To find the imaginary roots we put 
pa=a+^t, we then have ooB^.8inha=a, sin/3.cosha=j3. 

By roughly tracing these curves (regarding a and p as coordinates) we find that 
there is an intersection between /3=2nir and (2»+i)«', where n is any integer 
except zero. There is therefore a possible law of potential which however is a 
function of the radius of the spherical surface. 

We may obtain a simpler result if we enquire when the potential of a thin shell 
can be equal to that of a central particle whose mats is /s times that of the shell. 
The right-hand side of (2) must then be multiplied by n and we have A=0. We 
then find ef^-erP*=iiipa. This equation determines p when p has any given real 
value. The law of potential is f{r) — (Bet^+Ge~r*)jr. This law is the same for all 
spheres but the ratio of the central mass to that of the shell depends on the radius. 
That this law of potential satisfies the conditions given above is easily verified by 
actual integration. 

92. Method of differentiation. Let the potential of a 
homogeneous body of density p at any point P, ri, be 
y = ^ (f, rj, f). If we move the body a small distance d^, the 
point P remaining fixed, the potential at P of the body in its new 
position is V—{dVjd^)d^. Let us now constract a composite 
body whose density at any point Q is the difference of the densities 
at Q of the given body in its two positions. Since the boundaries 
are not the same, the composite body consists solely of a thin layer 
of matter placed on the boundary of the given body. The surface 

* It is stated in Nature, No. 1672, Deo. 1899, that Dr Bakker has written a 
paper on this subject in the Proceedings of the Royal Academy of Sciences of 
Amsterdam. The author has not been able to see this memoir. 



46 


ATTEACTIONS. 


[AKT. 93 


density at any point B is p cos -where <j) is the angle the 
outward normal at B makes with the axis of We therefore 
arrive at the following rule ; if cf>(^, 'll , f) is the potential at P 
of a solid homogeneous body, the potential at P of a layer on its 
boundary of surf aee density ^dpcos is — AdV/d^, or, which is the 
same thing, AX where X is the ^ component of attraction at P. 
Here d. is a constant for all elements of the attracting body. 

If the body is heterogeneous, let its density be p' = {x', f, /); 

the interior of the composite body is not now vacant, its density is 
Adp'jdx', while the surface density at ii is, as before, A p cos 
where p is the density at B of the given body. We notice that 
when the density of the given body is zero along the bounding 
surface, the potential of a body of density dp'ldx is dVjd^. 


83. Ex. 1. As an example consider the ease of a homogeneous solid sphere. 
The I components of attiaction at P are or according as P is external 

or internal. Hence these are also the potentials of a surface layer of density pcos 0 , 
or piija it x' is measured from the centre. 

Ex. 2. If V be the potential at P of a homogeneous body, prove that the 
potential at the same point of a thin layer on its surfaoe of surface density 

\ n, V axe the direction cosines of the 
noimal. [Turn the body round the axis of * through an angle 80.] 

Ex. 3. The surface density at any point Q of an infinitely extended plane is m, 
E is a given point distant EO=z from the plane. The potential of the plane at 
any point P on the side of the plane opposite to E is V. Let EQ=r', EP=r and 
let 0 be the angle EO makes with EP. Assuming the first of the following theorems 
deduce the otheis. 

If then 

r“ zr 



2 ^ jl oospl 
2 *r (s'*' r f’ 

J3 _ 3co8 8 , 3cos2 8 -l) 
z'hr zr p I* 

y_2ir Ai+Bg 

3 sr» • 


To deduce the second result from the first we perform the operation — -on 

s5 dz 

both >n and V. The third is similarly deduced from the second and so on. To 
obtain the fomth we refer E to fixed coordinates x, y, z and operate on the first 
with d/dx and djcly. 

The first lesult for a point P on the axis BO produced is obtained by an easy 
iutegiation. It follows by a theorem of Legendre on the attraction of solids of 
revolution {to be pioved presently) that this result being true for a point P on the 
axis is necessaiily also true when P does not lie on the axis. 
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94. Similar solids. Let dv, di/ be the volumes of two 
conesponding elements Q, Q'; p, p‘ their densities; r, r' their 
distances from two corresponding points F, P'. The lines QP, 
Q'P' are parallel and the forces have the ratio pdvfr^ to p'du'jr'\ 
which is the same as the constant ratio pr to p'r'. The resultant 
attractions of similar and similarly situated solids at corresponding 
points are therefore parallel and have the ratio pr to p'r'. 

In the same way the attractions of similar surfaces at corre- 
sponding points are in the ratio of their surface densities. 

Heterogeneous bodies. Let the density of a solid body at any 
point Q be p = i/r (a;, y, z), where i/r is a homogeneous function of 
the coordinates of s dimensions. Let the potential at a point P 
be 

Increase the dimensions of the body and the distance of P 
from the origin 0 in any given ratio 1 : /8. We thus have two 
bodies bounded by similar surfaces S, 8' attracting two points 
P, P' similarly situated. Since the potentials at the points P, P' 
of corresponding elements at Q, Q' are proportional to the masses 
divided by the distances, the potential at P' of the enlarged body 
is = ?). 


Tha poteutial at P' of a thin sbeU bounded bf the surfaces /3 and p+dp may be 
found by differentiating V with regard to on the supposition that the coordiuiites 
of P' (viz. |3$, A’o.) are constant. If we finally put /3 = 1, this shell will become a thin 
layer placed on the surface S. Since d^l(= - dpjp, &c. we have for the potential 



where V=^((, ti, {). Since this shell is bounded by similar surfaces, and its 
density is y, z), its surface density <r at x, y, z, is (x, y, z) dp, where p 

is the perpendicular on the tangent plane. Also if J/, ill' be the masses of the 
original body and the stiatum, M'=M (s + 3) dp. We may substitute for dp one or 
other of these values according as we wish to express the potential in terms of the 
surface density or the mass. 


Laplace’s, Poisson’s and Gauss’ theorems. 

95. Iiaplace’a theoremf. Let (^, y, be the coordinates 
of any particle A of the attracting matter, and let m be the mass 
of that particle. Lot (*, y, z) be the coordinates of any point P. 

* This formula for the potential of a heterogeneous stratum placed on the 
surface of a known body was given by Feirers in Q, J. vol. xiv. 1877. 
t Mecanique Celeste, T. u. 
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Taking the particle vfi apart fix>ni the rest of the matter, its 
potential at P is Vi — mlr, 

where r“ = (® — + + (!)• 


Since 


we find 


dV^ 

= -m — r^, 


dr f. 
d^V^ 


Also, 


dx 
d-V^ 
dxf ■ 


da? 


m , 3rre(i»-f)® 
■^5+ ^ 


m 3m(y-'nY d“Fi_ m 3m(A- 
r* ’ da* ~ r* 


O’ 


Adding these three expressions and remembering equation (1) 
we find 


d*7. d*F, 

da? dy^ da* 


Let now F be the potential of the whole attracting matter at P. 
Then, since F is the sum of the potentials of the several particles, 

d*F d*F d*F 

it immediately follows that = 0. 

In this investigation we have assumed that the point P does 
not coincide with any one of the attracting particles. If it did the 
meaning of the potential of that particle would require some 
further consideration. The theorem has therefore been proved to he 
true only for a point external to the attracting matter. It will be 
presently shown that the right-hand side is not zero when the 
attracted particle forms a part of the attracting mass. 

Laplace’s equation is a differential equation which must be 
satisfied by the potential of every body at all points not occupied 
by attracting matter. If a general solution of the equation could 
be found, that solution would comprise within its compass the 
potential and therefore the component attractions of all bodies. 
d*F d*F d*F 

Laplace’s function -p -p is often written in the 
abbreviated form V-'F. 


88> When the law of attraction ia the inverse jrtb power of the distance we 
have (Art. 43). We may then prove that 

+ ^ + (*+l) 

When therefore the potentials of a body at an external point P are known 
functions of the coordinates of P for the laws of the inverse cube and the inverse 
fourth power, this theorem enables us to find by simple differentiation the potentials 
oi the same body for any higher inveise power. [Jellett, Bt it. Assoc., Dublin 1857.] 
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Ex. If the point P is internal and the body is homogeneous and of density p, 
prove that the left-hand side of Jellett's equation should be increased by the 
constant 47rp0“~*. [See Arts. 80, 105.] 

97. When the attracting body is a heterogeneous spherical surface we find that 

where a is the radius and r the distance of the point P from the centre. This 
result holds whether P is external or internal. 
fmdir 


We have P, 


1 fmc 
“x-lju*- 


M°=a^-Hr®-2apr, where d<r is an element of area at Q, 


u=QP and p=coaQOP. To obtain the result, substitute this value of P* on the 
right-hand side and eliminate p. 

This theorem may be used to find the potential of a cironlar ring or of any curve 
which can be drawn on a sphere. 

Oa. When the attracting body is a lamina of finite extent, not necessarily 
homogeneous, and the potentials at points in the plane of the lamina only are 
required, the formula takes either of the forms 

V 

dy-J »-el dr“ • 

When the potential of the lamina is required at a point P not in its plane, we 
notice that the component of force at P normal to the plane due to any particle nt 
of the attracting plane is - where r is the distance of m from P. Summing 


1 dV 

up for all the particles we find 


[lames Eoberts, Quarterly 

Journal, 1881.] 

99. The potential F* of a body when the law of force is the inverse nth power 
cannot be cotatant throughout any finite space unoccupied by matter unless the law of 
force is the inverse square. It is assumed that all the m's have the same sign, that is 
every particle must attract or every particle must repel. For if Vk=0, we have by 
Jellett’s theorem either F„+a=0 or (r=2. But is by definition the sum of a 
number of terms all of which have the same sign, and therefore cannot vanish. In 
the same way the potential of a lamina cannot be constant throughout any finite area 
in its plane unless the law of force it the inverse distance. 

100. Another important theorem shonld be noticed. If we transform the 
coordinates from one system of rectangular Cartesian axes a:, y, z 
to another x', y', z' according to the scheme in the margin, it is 
well known that 

, d d a d 

x=a,x + a^y + a,z, ^=c._+ 03 _ + a,_. 

Thus X, y, z and djdx, djdy, djdz aro transformed by tho same 
rules. It immediately follows that since x^+y’‘+z-=x'^+y'^+z'* 

d-v ^F fZ ZY 

dx- ^ dy- ^ dz- dsf* ^ dy'^ ^ dx'® ' 

This is an analytical proof of the invariant proi'erty of Laplace’s equation. The 
result follows more simply from Poisson’s theorem (Art. lOS), for each side of the 
equation is there proved to be equal to — 4irg- 

101. Potential at an internal point. The potential at a point P of any 
particles situated at the points Aj, &a, has already been defined in Art. 89 

4 
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to be Sm/r. It is evident from this definition that, if a finite quantity of matter 
be situated at any one o£ the points A^, &a. in a condensed form, the potential 

at a point P in the immediate neighbourhood of that point is very great, and at 
that point itself this definition would make the potential infinite. But if the 
attracting matter is so distributed in space that the mass which occupies any 
elementary volume dv is pdv where p is finite, we shall now show that the potential 
in this portion of space need not be infinite. 

The potential at a point P in the interior of a body of finite density may be 
found by taking P as the oiigin of polar coordinates and integrating all round 
throughout the body. In this way we make r positive for every particle. Art. 39. 
Describe a small surface S enclosing P and let its equation be r=ef(B, <fi), where e 
IS a small constant lactor. An element dv of the volume distant r from P is equal 
to t-dwdr, wheio da is the solid angle subtended at P. If then Fj be the potential 

at P of the matter filling this surface, we have = JJpdurdr (1), 


where the limits of integration for r are 0 and e/(8, tp). It is evident therefore that 
Vn is of the Older e'-. 

It follows that when e is evanescent the value of F. is zero. Thus the matter 
filling the surface may be removed without altering the potential of the whole 
attracting mass. In finding therefore the potential of a body at any internal point 
P we may regard P as situated in an infinitely small cavity, and determine the 
potential as it P were an external point. 

Let us considoi next the resolved attraction at the point P of the matter filling 
the small surface desciibed above. Lei A', be the component paraUel to the axis of 

X, then .3 l’s= J ^ no® J/p Bdadr (2), 


where d is the angle the radius vector r makes with the axis of x. It is evident 
that Ag 18 at least of the order e o} small quantities, and therefore vanishes when the 
size of the surface is evanescent. Sincecosd is negative when 9->vl2 the order of the 
term may be higher than e. 

Lastly let us find the order of dVJdx. To simplify the integrations let ns 
suppose that the surface is sphei-ical, so that we may use the formula for the 
potential already obtained in Art. 78. Let the radius of the sphere be e, let the 
coordinates of its centre be (o, b, c) and those of P be (a-, y, :). Then 

F2= §irp {3e® - (a - a)s - (y - bf - (z - c)J} (3). 

It follows at once that -^= (®- a)i (4) 

Since x - a is less than e, it is clear that dV^\dx is a small quantity of at least the 
order e, and vanishes when e is evanescent. In the same way the first differential 
coeDicienis of Fj with legard to y and z are evanescent with e. The second 
differential coeflieients of Fj with regaid to x, y or z are however not small. 

We have supposed the density of the matter within the evanescent sphere to be 
unifoim. It is however clear that, if we substituted for p an expression of the form 

p=Pa+A {x-o)+*e. 

we should merely add to the expression for Fj terms of the order e*. 


102. To prove that the relation X.=dV\dx which has been established for an 
external point also holds for an internal point. Let Fj, Fj and Aj, Aj be the 
potentials and components of force at P due rc-pectively to the matter outside and 
iuside a small spherical surface S. Then F=Fi+ Fj and A=Ai + A2. Since P is 
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external to that part of the body whioh is outside S, Xi=dVJdx. We have just 
proved that dKg/dx and A'j; are each equal to zero when the size of the surface is 
evanescent. Hence X=dVjdx. 

Ex. 1. Let the point P be situated at the middle point of the axis of a riglit 
circular cylindrical cavity of altitude 2h, and let x be measured along the axis. 

Prove that -dwp where 2 is the distance of P from any point of either 

rim. Thence show that in a flat oylindrieal cavity dXJdx is - 4irp and in a long 
cylinder is zero. 

Ex. 2. Let the law of force be the inverse xth power of the distance. Prove 
that for a homogeneous body the relation X=dVldx holds for an internal point P. 

It is sufficient to prove this for a sphere enclosing the point P. Take P tot 
origin, we then find by an easy polar integration the value of X. The value of V at 
the same point has been given in Art. 80. The integrations are shortened by taking 
P near the centre. 

103. We shall now prove tliat, when a point P pnesee from the interior of a 
body of finite demity into external space, both the potential and the attraction 
undergo no sudden change of magnitude, but the second differential coefficients of the 
potential are discontinuous in value. 

Describe round the point A of emergence a small surface S of any convenient 
form. Since both the potential and the attraction due to the mutter within S arc 
zero, the points near A may be regarded as both external and internal. 

All that is meant is that there is a numerical continuity in tlio potential. The 
X)otentials of a solid sphere, for example, are represented by different analytical 
expressions at points inside and outside, but at the surface both these have the 
same numerical value, viz. Mja, Art. 78. 

104. When P traverses an infinitely thin stratum whose surface density is finite 
the volume density is not finite. It will be shown further dn tliut the potential is 
continuous, but that the attraction docs undergo a sudden change of value, and an 
expression will be found for the change. 

It is at once evident from Arts. 15 &e, that when P arrives at an infinitely thin 
line of finite line density, both the attraction and the potential arc infinite, 

105. Poisson’s theorem*. If V be the potential of a body 
at an internal point P at which the density p is finite, then 

d‘V d^r 

Describe a sphoricfil surface of radius e enclosing the point P, 
let (a, h, c) be the coordinates of its centre, (fc, y, z) those of P. 
Let the radius e be so small that the matter enclosed by the 
sphere- may be regarded as of uniform density. 

Let Vj he the potential at P of the matter within the sphere, 


* This theorem is given by Poisson in tbe third volume, page 388, of the 
Nowotau Bulletin des Sciences par la Societe Bhilomathique dePariSf o'’Anu6e 1812. 
He proceeds very nearly as in Art. lOd. 
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I’i that of the rest of the body, then y = + Fj. But by 

Laplace’s theorem r-Fi = 0, hence 


dl 


rf-Fa rf’Fa d-r._dXi 

~ d<f dz- dx 

where X , F. Z, aie the ixaiUed attractions at P of the matter 
within tho sriheiv But bv Art. 77 


, ^3 

dy'^ dz' 


X,==-i-p(x~a\ Y^=-iirp{y-h),kc. 

It easily liJlows by substitution that V^F= — -tw-p. Another 
poKif ttt this theorem founded on Gauss' theorem is giren a 
little hirther ou. 


Wt TusT nciict thit the emtre of the «phere, thongh arbitrary in position mnst 
nll-ti j’!.-! nctdcQt inth P. The reason is that we differentiate T. with resari 
•o ri u oiL’diBjitea of P. i.e. we mate P travel from the point fx, y, z) to a ne^jh- 
1 .unz 1 1 nt >r — lix, drc.l. Bat ^ee ihe centre of the sphere is cannui Le 

vii le tL ti w.ih both the positions of P. 

El tMi-n the law of force is the imerse distaiiL-e and the attrac'ino hoiv 


i> a Ijnuiui Jti.nct4i’ partt< Ils of its own substance prove that a- ~ 


jDci ice IlJs from thi afi non of a cyhmler (Art. or from that cl a cui-t ir 
area i 57 ( I y the method of Art. 103.] 

106. Gauss’ theorem. Let 8 be any closed svrface. ar f hz 
-V. he tW a«i/( </ the attracting masses which lie wWtih the a trja:e 



Jf the siivi or the ma'>ses outside. Let da be any element ofa-rer ot 
thii surfact, F the normal resolute at this element of the fli'riM'*-', 

L.f ’ the whole mass both internal and external. TheaJFda = + 4-r J/ 
'Cert thi integration e.vtends over the whole surface of S t'l.u r/it 
ijvcr or hacer sign is tahen according as F is estimated pouzi^e or 
i.>gitiLt F-tit the normal force acts inwaitfs*. 


, * Ayorem was given bj Gauss in 1839, his paper is tran<;5sttd in V. i ii. 
o 1-1 K r - Jft loiis. It was aUo given bj Sir W. Thomson in l-i2 

. ' liters on F ctroatitii-i unit Jlag’u ‘tarn. The demonetraUon eivtn tv bii tx 
M.kL' la isn Ina bopn followed here He .also dednee!. the Cart^^a'l rm 
lois'oua equaucii liom Gauss' tUaoiem. See his ifatAenatieol luid Ph....... 
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Let m be the mass of any particle of the attracting system, and 
let it be situated at the point Jl. A straight line drawn through 
A to intersect the surface jS in any point will also intersect it in 
some other point, hut, if the surface is re-entrant, it may enter and 
issue from the surface any even number of times. Let the jjolnts 
of intersection, taken in order, be Pj, P-, &:c., and let the direction 
PjPa, &c. be called the positive direction of the straight line. 

Let 01, ds, &c. be the angles the positive direction of PjPj, &c. 
makes with the normals PiA\, PjA'^, i&rc. drawn outwards. It is 
evident that where the line enters the surface cos 6 is negative, 
and where it issues from the surface cosO is positive, thus the 
angles 63, &c. are alternately obtuse and acute. 

With A for vertex describe about this straight line an elemen- 
tary cone whose solid angle is da, and let it intersect the surface S 
in the elementary areas do-j, do-j, &c. If the distances AP, = r„ 
AP3 = r3. Szc., these elomentaiy areas by Art. 26 are 

do-i = ?v'd" sec (tt — 61), da's = ra'do) sec dj, iSic (1). 

If the point A is external to the surface as in the upper part 
of the figure, the normal resolutes taken positively when acting 

outwards are Pi = — cos (tt — dj), F, = — cos dj, &c f2). 

?'i‘ ly 

Since the signs of these terms are alternately positive and 
negative, it follows that when A is external 

Fid<rj +F^I<7, + &c. = 0 (.3) 

If the point A is internal and lies between Pj and P™, as 
represented in the lower part of the figure, the sign of the force 
Pj must be changed. Wo therefore have 

Pidcri + P5d<r2H-&c. = — 2uida f-lX 

If the point A lie between P, and P,, the signs of the first two 
terms in the series (2_) are changed, and the equation (4) resumes 
the form (3), and so on. 

If we now let the straight line APJ?^ &c. revolve round A into 
all positions, all the elements of the surface will be included in the 
integration. We therefore find for an external point /Pder = 0(5). 

For an internal point the integiatiou of the iight-hand side of 
(4) is limited to a hemisphere of the unit si)here, Aif. 26 Wo 
therefore have JFJa = — -inrni (6). 

Let now the system consist of any number of pai tides nii, 
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&c. inside, and m-l, mi, &c. outside the surface S. The particles 
outside contribute nothing to the integral jFda-, while the particles 
inside contribute let-pectively — 4Tr>»i, — 47r?nj, &c. On the whole, 
when F is measuied positively outwards, we have 

/Fd<r=-47r-14 (7), 

where df, stands for the sum of the internal particles ?«!, &c. 

The tmth of the theorem is not affected if some of the matter, 
instead of being attractive, be repulsive. Such matter must however 
be regarded as having a negative mass. 

107. The product Fda represents the product of the normal 
resolute of the attraction at an element multiplied by the area of 
the element across w'hich it is supposed to act. This product is 
sometimes called the fliu or flow of the attraction across the 
elementary area da iu the direction in which the component F is 
measureil. When the particles of the body attract, the proposition 
asserts that the whole inward flux across any closed surface is equal 
to 47r multiplied by the mass inside. The product Fdcr is also 
called the induction through the element; see Maxw'ell’s Electricity. 

tVo eonictimta loquivo the flux or induction across a portion only of the smface 
S instead of acioss the whole. Let this portion subtend a finite solid angle a at 
any one attiaciing point m. Then by what precedes the Jltix or induction across 
thii portion due to the atti nctioii of m is mw. If there are several attracting points 
-ne may find the fln\ due to each and add the results together. 


lOa. To deiliice Laplace's and Poisson's theorems from Gauss’ theorem. To 
efl' ct this we take as the closed space to which we apply Oauss’ theorem the 
element suited to the cooidinates we intend to use. Let P be any point of space 
and let dj, dij, df bo the lengths of the thice edges which intersect at P. 

Ill Caitesiau cooidinates the element has its edges parallel to the coordinate 
a\es and theiefoie df=d’, dri=dy, d}=dz. The sides of rhe polar element aie 
d; = di'. dy—sde. ds'=) sinfld^, while those for cylmdrical cooidinates are df=d7i, 
dy^Uatp. dr=ilr. 

It shonld be noticed that in all these cases the three edges which meet at any 
(.inner ot the element uie at right angles. The mass inside the element is 
J/=pdcd7;df m oveiy ease. 

Let I’ be the potential at P. Consider first the two faces perpendicular to the 
edge at ds; . the inwaid flui. for the one and tlie outward flux for the other are 


d_V 

''•li 


dydi. 


iT+fdf. 
dP . 


The tot.il cutwaid fln\ foi these two is theiefoie Treat the two other pairs 

of fans in tile (.ame waj and equate the whole flux to -4ir.Tf. We then have 
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If we now substitute for d^, dr), dj; their values iu Cartesian coordinates and 
divide by the product dxdydz, this becomes 


<PK dPV ipr 


da? 


If we substitute the polar values of d^, dri, d'i and divide by i^drAaOdBdiji we 


find 


1 d f ,dV\ 1 d f . „,ir\ 

r“dr V dr j ^sin « dd ^ ds) ' 


dn 


«= 


r + ^=-^^P- 


T® siu- 9 d^® 

If we substitute tlie cylindrical values we have 

1^^/ d-r 

lidli [f^dli)'^ B?d<j? ■* 

Poisson’s equation in oblique Cart-sian coordinates takes the following form. 
Let a, p, y be the sines of the augles between the akee ; A, JJ, G the augles between 
the coordinate planes, then 

where Il = ap sin C=py sin J = 7a sin II. 

lOg. ' Orthogosal and elliptic coordinates. Let the eiuations of three 
surfaces which intersect at right augles he 

“=/i (-r- y- P=f 2 lx,u,:\, 7 =/s(i. y, t) (11, 

where a, p, 7 are three parameters whose values determine which surface of pacli 
system is taken. These parameters may be regarded as the coordinates of the paint 
P of intersection of the three siirfaees. 

Let Pf, Ps), Pfbe noimals to the surfaces a, p, 7 at the jioiiit P of iincr—ctioii. 
Let the direction cosines of these normals he tXj n, rjl, u,, is). (\j m.i '.i'- 

therefore have ki=^i = *’1=^'; fij®=a/ + o/-l-a,® where bullises thnoli' 

"1 "i "1 
partial diffoieiitial coellhieuts. 

Let PQ=ffJ he an element of the normal PJ and let (xyc), {.z+dr, A'c.) he the 
coordinates of the extremities of d^. Then 

^ i (Oj dl + a.j dw + Ojdr) = Xj dx + p, if V + r, tfr. 

"1 “1 

The right-hand side represents the sum of the piojeciicns of dz, dy, dz on the 
normal and this is d^. Hence 

dy 








The general equation of flux for the orthogonal element Jf d^df is by Ait. lOS 

+ ‘1®- = ” dirpiff di) df. 

Substitute the values of df, dij, df, and we find after division by dadpdy 


/ ^ 

1 

r /(., dr\ 

\+±( 

7 i, df'\ 

da 

:j+d^' 

\ Ag ) 

ay \ 

7 ‘l('a'* 7 / 


The quantities ftj fijfij are given by 

fti“=“i° + “i(' + “A ^"=Px^+Ps'+^,'< ('3°=7i’-®7/"t7.--. 

and are supposed to be expressed in terms of the orthogonal coordinates apy, the 
Cartesian coordinates xyz being climinalcil by using the equations of the orthogonal 
surfaces. This equation is sometimes called Lame’s traifjormation oj Poisson's 
equation. 
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llO. Since V is regarded as a function of a, p, y, wo have 
dV dV dV, dV 

dx~ da'^^^dp^’^dy'^*’ 

with similar expressions for dVjdy and dVjdz. These we difierentiate again and 
substitute in Poisson’s egnation. Since the surfaces a, |3, y are orthogonal the 
coefficients of d^Vjdadp * 0 . are zero. We therefore have 
My ^y 

- dTp = ^ (Ojp + O,” + O,®) + ^ (a„ + ttyp + tt„) +&C. 

Let the arbitrary functions a, p, y be so chosen that they satisfy Laplace’s 
equation. The Poisson equation then becomes 

, , ,cPV , .iPr 

-4wp=V^+V^+»s=^ 

Let a be the potential of a thin ellipsoidal shell of nnit mass, snch as that 
described in Art. 68. Let (abe) be its semiaxes. It will be shown in the chapter 
on the attraction of ellipsoids that the level surfaces of the shell are the coufocal 
ellipsoids. Let (a't'c'), (a" Ac.), (a'" Sio.) be the semiaxes of the three oonfocals 
which pass through any external point P, 

Since it is evident that hj is the component of force at P due 

to the shell in a direction normal to the ellipsoid (a'h'c'). It will also be shown 

that this force is , where p' is the perpendicular from the centre 

ujp Oi 0 C 

on the tangent plane. Similar expressionB must hold for the hyperbolic confocals 
by the principle of continuity. 

If JDi, Dg, are the semi-diameters of the oonfooal ellipsoid respectively parallel 
to the normals at P to the oonfooal hyperboloids we know that p'DjI>g=a'W by 
the properties of conjugate diameters. Also by the properties of oonfocol quadrics 
and p'dp’sa'da'. By using these expressions, we put 
the equation (1) into the form 

(a"® - a’""-) (a"'® - a'®) ~ + (o'® - o"®) = imp (o"® - o'"=) (a'"® - a'®) (a'« - o»®). 

Since p'dpf=a'da' the potentials o, p, y are to be found from 

da_J^ dp 1 dy I 

da'~~b'c'’ d7'~ 

This form of Poisson's equation agrees with that given by Lamd. 


Theorems on the Fotential. 

111. The potential of any attracting system cannot he an absolute 
maximum or minimum at any point unoccupied by matter^. 

If V be the value of the potential at any point F whose 

* The theorems in this section may for the most part be found in Gauss’ 
memoir on Force-, varying iiroe,,ely as the square of the distance, 18i0. In the 
Cambndge and Dublin Mathematical Journal, Vol, iv. 1849, there is an interesting 
collection of theorems on the potential by Sir G. Stoles. Most of these were already 
known, but the proofs were much impioved and put into new and better forms, 
riiis p,>pc.i- IS reprinted in his collected works Vol. i. p. 104. The reader may also 
eter to papers by Lord Kelvm in vanous volumes of the Cambridge ami Dublin 
rh!.T« reprinted m his BUctHcity and Magnetism. 

for 1845 nicmoir by Cboslas in the additions to the Cannaiisancea dee Temps 
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coordinates are x, y, z, the value V of the potential at any 
neighbouring point P' whose coordinates are x+^, y + t), z + ^ 
will be given by 
F'=F+F»?+F,,+ F,? 

+ i (Fa;j;p+ + F„^^+ 2 Fry ^17 + 2 F,„ 1 j 5 ^ + + &c., 

where partial differential coefficients are represented as usual by 
suffixes. 

If F were a maximum or minimum at the point x, y, z, the 
first differential coefficients V^, Vy, F* would each be zero, and the 
three secoud differential coefficients F^x, Vy,,, (besides fulHlling 
.some other conditions) would have the same sign. But since the 
jjoint P is unoccupied by matter, they must satisfy Laplace’s 
equations, Art. 95. Their sum must therefore be zero. It is 
therefore impossible that all three should have the same sign. 

It has not been assumed that the ma.sscs of all the particles 
have the same sign. The theorem in still true if the forces due to 
some particles are attractioe, ajid those due to others are repidsive. 

When the law of force is the inverse distance and the attraoting body is a 
lamina, wo have at all points in that plane V„+V„,=0. Art. 105. It follows that 
in this case also the potential cannot be an absolute maximum or minimum nt iiny 
point in the plane of the lamina unoccupied by matter. For other laws of foiee in 
which the sum of V„, I'sir, Va is not zero, the argument does not apply. 

We have here assumed that we may apply Taylor’s theorem to the potential. 
That we may do so follows from the definition given iii Art. 39. It is clear that 
the potential at P of a single particle and therefore of a system of particles whose 
total mass is finite is a function of the coordinates of P which is continuous and 
finite as long as P does not traverse any attracting matter. We may however put 
the argument into another form which has the advantage of avoiding the use of 
series. 

112. Another proof. "With P as centre describe a sphere of 
small radius. If the potential F were an absolute maximum at 
P, the potential at any point Q of the sphere must be less than 
that at P. Thus F is decreasing for a displacement along every 
radius of the sphere. It follows fi-om Art. 41 that the outward 
normal force P at Q is negative at every point of the sphere. But 
by Gauss’ theorem JFda = 0 (Art. 106), which requires that P 
should be positive for some elements of the sphere and negative for 
others. In the same way it may be shown that the potential 
cannot be an absolute minimum at P. 

113a If the point P be situated wit/tin the substance of a continuous attracting 
body of finite positive density p, the potential may he a maximum hut cannot he a 
minimum at P. 
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To prove tliis we observe that the potential function V here satisfies Poisson’s 
equation instead of Tjaplsice’s. Since the sum of the three differential coefficients 
1 IX. IV' V negative, it is possible that each may be negative. In that case V 
IS in general a maMmum. 

If we adopt the second proof, we notice that Gauss’ theorem requires jFJ<r to be 
equal to -4vJ/, where Jlf is the mass inside the sphere of small radius. It follows 
that F may be negative, and therefore Y be decreasing, for a displacement along 
every radius. The quantity V may therefore be a maximum at P, 

iLi. If anv arbitrary curve is draw a in space not intersecting 
any portion of the atti acting matter, the potential may vary from 
point to point of the curve. At some points the potential may he 
a maximum and at others a minimum for displacements restricted 
to that curve. For example, if the curve touch a level surface the 
space differential coefficient of the potential is zero at the point 
of contact and the potential may be either a maximum or a 
minimum. What we have proved in Art. Ill is that the potential 
cannot be a maximum or minimum at any point for displacements 
in every direction. 

If the curve is a line of force, it cuts the level surfaces at right 
angles and the space differential coefficient of the potential cannot 
vanish unless the resultant force is zero, (Art. 47), The potential 
at a point P which travels along a line of force always in the 
same direction must therefore continually increase or continually 
decrease until P arrives at a point of equilibrium. 

At a point of equilibrium there are some directions in which 
the potential increases and others in which it decreases (see 
Art. 120). The point P may therefore resume its journey (though 
not necessarily in the same direction as before) so that the 
potential at P continues to 'increase or decrease. The journey 
can he continued to an injinite distance unless stopped hy arrioal at 
a point of the uttnicting mass. 

115. If the potential is equal to any given constant quantity A 
at all points of a closed surface S which does not contain any portion 
of the attracting mass, it must be constant and equal to A at all 
points of the space contained within the surface S. 

For if it A\ore not constant, there would be some point at which 
either it is greater than at all the other points or less than at all 
other points. But this has just been proved to be impossible. 

116 . Ex. 1. As an example of this theorem consider the case of a spherical 
shell of uniform thickness and density. Describe a concentric sphere within the 
shell. By symmetry the potential must be the same at all points of its surface 
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Since there is no attracting matter ^vithiu this sphere, it follows that the potential 
is cuustaut thronghout its interior. 

2. If the potential is not constant thronghout the superficies of any closed 
surface S, let A be the greatest and B the least value. Prove that the potential at 
all points witliin S lies between A and B. [Stokes.] 

Ex. 3. A level surface S completely encloses all the attracting matter of a 
system. If the consecutive level surfaces extending from S to infinity he drawn, 
prove that thu potential continually decreases outwards from each to tlic next until 
it vanishes at an infinite distance. 

117. If the potential is constant throughout any finite space, it 
is also constant throughout all external space which can he reached 
witimtt passing through any portion of the attracting mass. [SLokes.] 

The external boundary of the space is necessarily a level surface. If possible 
let A be a point outside the space at which the potential is a little greater than 
within the space. Since the level surface through A cannot cut the boundary, the 
potential at all points in the neighbourhood of A is greater than within the space. 
We can therefore describe an indefinitely small sphere, p-issing through A and 
having its centre O within the space, such that the potential is increasing outwards 
along every radius drawn from 0 to any point on the sphere outside the space and 
is constant along every radius which lies wholly within the space. It follows that 
the normal force has the same sign at every element of this sphere. This however 
by Gauss’ theorem is impossible. In the same way it may be shown that no point 
A can exist in the uoighbourhood of the space at which the potential is less thou 
within the space. 

Anolher Proof. It has already been pointed nut in Art. 30 that the potential at 
P is a continuous function of the coordinates of P. It follows that when an 
expression has been found which represents the potential throughout any finite 
empty space that expression must also represent the potential throughout all 
external space which can be reached without passing through any portion of the 
attracting mass. 

118. Points of equilibrium. If an isolated particle placed 
at any point P be in equilibrium under the attraction of any 
system, that point is called a point of equilibrium. When every 
point of a curve is a point of equilibrium, the curve is called a line 
or curve of equilibrium. 

When, the potential of the attracting mass is known, the 
positions of the points of equilibrium are found by equating the 
first differential coefficients of the potential to zero, viz. dVjdx, 
dVjdy, &c. ; for these represent the resolved parts of the forces 
parallel to the azes. 

119. The equilibrium of a free isolated particle attracted by 
fixed bodies cannot be stable for all displacements or unstable for 
all displacements, but must he stable with reference to some 
displacements and unstable with reference to others. Eariishaw’s 
theorem. Camb. Transac., 1839. 
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If the equilibrium were stable when the particle occupied a 
position P, the potential must decrease in all directions from P, 
i.e. the potential would be an absolute maximum at P, which has 
been proved impossible. In the same way the equilibrium could 
not be unstable for all displacements. 

120. A particle is in equilibrium at a point P. It is required 
to find the equation of the cone which, having its vertex at P, 
separates the displacements for which the equilibrium is stable from 
those for which it is unstable. 

The level surface which passes through any given point has in 
general a tangent plane at that point, but when the given point is 
a point of equilibrium, such as P, the first differential coefflcieuts 
Vx, Fj, and F* are zero, and the equation of the plane is nugatory. 

Hesuming the expression for the potential F' at any point 
(x + f, &c.) neighbouring to (x, y, z), we have, (Art. Ill) 

F' — F= ^Vxx^ + &c. + Vxy^r) + &c. + cubes (1). 

For any small displacement from P which makes V greater 
than F, the force on the particle will act from P, and the equili- 
brium will therefore be unstable (Art. 41). For any displacement 
from P which makes F' less than F, the equilibrium at P will be 
stable. To find the directions which separate the stable and 
unstable displacements, we put F' = F. The equation of the 
separating cone is therefore found by equating to zero the temrs 
of the lowest order on the right side of equation (1). 

The separating cone is therefore a quadric cone, unless all the 
differential coefficients of the second order are also zero. It is a 
reed com, since by Laplace’s theorem F,.,, Vyy and F^^ cannot all 
have the same sign whatever rectangular axes it is referred to. 

The level surfaces in the immediate neighbourhood of a point 
P unoccupied by matter arc in general planes, but if P be a 
position of equilibrium, they are hyperboloids with the separating 
cone for a common asymptotic cone. If PQ be any radius vector 
of one of these hyperboloids, the force of restitution for a given 
small displacement along PQ varies inversely as PQ. 

lai. Ex. 1 . Show that throe straight lines at right angles can always be 
clra\^u through the vertex on the surface of the separating cone. There is an 
infinite number of such systems of straight lines. 

Ei 2. If the attracting body is symmetrical about an axis and the point of 
equilibrinm lie on the axis, prove that the separating cone is a right circular cone 
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of semi-vertical angle taix~^ ^2. [This follows at once from Laplace’s theorem, 
Art. 95.] 

Ex. 3. The lines of force in the immediate neighbourhood of a point of equili- 
brium, when referred to the principal diameters of the separating cone as axes, are 
!fi=Mafl=Ny>>, where a, b, c are the reciprocals of V„, V^, V„ at the point of 
eqnilibrinm, and M, N are two arbitrary constants. 

Ex. 4. If a number of mutually repelling particles are enclosed in a rigid 
boundary, show that when in stable equilibrium they all reside on the surface. 
[If any one were not on the surface, that particle would be in unstable equilibrium, 
the remaining particles being held at rest.] Kelvin, see Papers on Electrostatics, 
&e., p. 100. 

Ex. S. Three uniform thin rods AB, BG, CA, which form a triangle, attract a 
particle P placed at the centre of the inscribed circle. The particle is therefore in 
equilibrium. Show that the equilibrium is unstable for all displacements in the 
plane of the triangle. 


122. If two sheets of a level surface intersect along a line, 
every point of that line is a point of equilibrium. 

Let P be such a point, then at least three tangents can be 
drawn to the sheets of the level surface not all lying in one plane 
and making finite angles with each other. Since the force along 
each of these is zero, it follows that tho particle is in equilibrium. 

123. At every point of the curve of intei’section of two sheets 
of a level surface, the tangent cone becomes two planes which arc 
the tangent planes to the two sheets. Tho tangent cone may 
therefore be written in the form 

(a^ + 17) + c?) + ^'v + c?) = 0- 

Comparing this with the form already found (Art. 120), we have 
act' + bb' -f- CC' = 1^1®+ "b ^ze- 

This is zero by LaplaeeJs theorem; the tangent planes arc therefore 
at right angles. We therefore infer that, if two sheets of a level 
surface intersect, they intersect at right angles. 

124 . Ex, 1. The tangent coue becomce two planes whenever its discriminant 
is zero. Prove that in a level surface these planes cannot be imaginary. [It it were 
possible, the cone could bo reduced to the form (of + 6)j-bcfP-H(n'f + 4 ' 7 ; + c'f)-=0. 
This would mahe a®+o'®-bli’+&o.=0, by Laplace’s theorem, which is impossible.] 

Ex. 2. Show that an isolated line in free space cannot form part of a level surface. 

If the potential at a point P were greater than that at some neighbouring point 
Q and less than that at B, it would follow from the principle of continuity that there 
must be some point between Q and R on every path from one to tho other at which 
the potential is equal to that at P. If then an isolated line form part of a level 
surface, the potential must be cither greater than at all neighbouring points not on 
the line or less than at all such points. On either alternative the second proof, by 
which it is shown that the potential cannot be an absolute maximum or minimum, 
is contradicted. Art. 112. 
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125 . Banklne’s theorem. If at any point of a level surface all the differential 
coefficients of V up to the «th inclusive with regard to x, y and z are zero, we know 
from solid geometry that there is a tangent cone of the (»+l)th order at that point. 
If (m + l) sheets intersect along a line, the same thing will be true at every point of 
that hue, and the tangent cone will he the product of the (n+ 1 ) tangent planes. 

Let us suppose that the level surface is such that at two consecutive points P, P' 
all the differential coefficients of P up to the nth are zero ; let us examine the form 
of the surface in the immediate neighbourhood of those two points. 

Taking P for origin and PP' for the axis of z, we have at the origin all the 
following differential coefficients equal to zero : 

d.z'* ’ dp’* ’ dx^^dz' dy‘'-^dz’ dj;"~'^dz-’ ° ' 

These are aUo zero when z receives an increment dz ; hence their differential coeffi- 
cicuts with regard to z are all zero. It therefore follows that every difierential 
coefficient of V of the (« + l)th order which has dz, dz-, * 0 . in the denominator is 
zero at the origin. If therefore V' bo the value of the potential at a point f, y, f, 
we find on making the expansion by Taylor’s theorem 
V- + + 

+powarB of 1 , 1 ), f of (n+ 2 )th order ) ' 

where A„, Ai, &a. ore coustants. It follows that the terms of the lowest order in 
the expansion do not contain f*. 

The level surface which passes through the origin is given hy P'- P=0. This 
level surface has therefore (n-l-l) tangent planes at the origin given by 

U= + ... + d„+,p’‘+i = 0 (8). 

All these tangent planes pass through the two given consecutive points P, P'. 

TI'c ihaH now provo that all these tangent planes are real, and that each makes the 
tame angle with the next in order. The expression for V' given in (2) must satisfy 
Laplace’s equation, hence the expression for 1/ given in (S) must also satisfy that 
equation. Transforming to cylindrical coordinates, V becomes l 7 =Pr’rH^ where P 
is some function of g>. By Art. 108, since z is absent from U, we have 


dr^ ^ r dr 


r= dips 


Substitute, and we find ^(n-H)n-Hi-tH P+-j-j=0. 

dip^ 

.•. P=Acos{(n+l) 0 -|-o}. 

The equation (.S) therefore reduces to cos {(n-p 1) 0 o J = 0, which gives n-l- 1 planes, 
making equal angles, each with the next in order. 

126. Tubes of force. If we draw a line of force through 
eveiT point of a closed curve, we construct a tube which is called 
a tube of force. By choosing the closed curve properly we can 
make the section of the tube indefinitely small ; it is then called a 
filament. It is evident that the resultant attraction at any point 
P of a filament acts in the direction of the tangent to the length 
of the filament. 

127. The magnitude of the attractive force at any point of the 
same filament is inversely proportional to the area of the normal 
section of the filament at that point. 
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Let O’, cr' be the areas of the normal sections of the filament at 
any two points P, P'. Let F, F' be the attractive forces at the 
same points. These forces act along the tangents at P, P' to the 
length of the filament and are supposed to be measured positively 
in the same direction along the arc. 

Let us apfily Gauss’ theorem to the space enclosed by tho 
filament and the two normal sections. Since the filament contains 
no attracting matter the total flow of the attraction across the 
whole surface is zero. The flow across the sides of the tube is 
zero, because at each point the resultant force acts along the 
length of the tube. The flow ficross the two normal sections must 
therefore he zero, hence Fer — F'a-' = 0, that is Fa is constant for 
the same tube. 


laa. E.'c. 1. Let the attracting body he a sphere. Tlie lines of force are by 
symmetry normals to the surface ; the filaments are therefore conical surfaces of 
small angle. If r be the distance of P from the centre, a-=:r-du; lieuco Pr^ is 
constant along any line of force. Thus it follows at once that the force of attraction 
at any extoinal point varies inversely as the square of its distance from the centre. 

Ex. 2. If Fbe the normal force at any point F of a level surface j p, p' the radii 
of curvature of tho principal sections and ds on element of tiie arc of a line of force 

at the some point F, then will +i + i=:0. 

an p p 

Construct on the level surface an elementary rectangle P(iSR such that the sides 
PQ, Pit are elements of the lines of curvature at P. Let the tube of force having 
this rectangle as base intersect a neighbouring level surface in P' Q'S'lt'. If o-, <r' 
are the areas of these rectangles and tls=PP', we have by the properties of similar 

figures (I + lU. 

ff pp \P pj 

If F, F+dF be the forces at P, P', we know that Fr = {F + dF) i/, Art. 127. 
This immediately reduces to the required result. Sec Bertrand on isothermal 
surfaces, LioucilU's J. 1S14, vol. ix. 


129. If two different bodies have equal potentials over the 
surface of any space not including any attracting matter, they 
have equal potentials throughout that space, and also at all external 
space which can be reached without passing through any of the 
attracting matter of either body. 

For let the attraction of one of the bodie.s be changed into 
repulsion. Then the potential due to both bodies is zero over 
the surface of the given space. That is, the united iiotential 
is constant over the surface ; it is therefore also constant and zero 
throughout the enclosed space, and at all points of external space 
which can be reached without crossing any attracting matter; 
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Arts. 115 and 117. Eeturning then to the original supposition 
that both the bodies attract, it easily follows that their potentials 
are equal. 

130. If two different bodies have equal potentials over the whole 
boundary of any surface enclosing both, they have equal potentials 
throttghout all external space. 

As before, changing the attraction of one body into repulsion, 
let us consider the potential of both bodies regarded as one system. 
Their united potential is therefore zero over the whole boundary of 
the surface. It is also zero over the boundary of an infinite sphere. 
Since the space between the surface and the sphere contains no 
attracting matter, the potential is also zero throughout that space. 
Art. 115. Eeturning to the original supposition, that both bodies 
attract, we see that their potentials must be equal. 

Ex. An nnknown body is surrounded by & sphere of radius o. The direction 
of tlic ntlrnetion at all points of this sphere is normal to tlie sphere and its 
magnitude is equal to a given constant JP. Prove that the attraction at any 
external point is Fu-jr^, 

The sphere is a level surface because the force is normal. The potential of the 
body at any point of the sphere is therefore equal to that of a particle whose mass 
is F(i^ placed at the centre. 

131 . If iKo different bodies have the tame level tvrfacee throughout any emyly 
space, their jxitent ials throughout that space are connected by a linear relation. 

Let E and T” he the two potentials. Since when V is constant, V is also- 
constant, it follows that V' is some function of V, say V'=/( Y), Thou by differen- 
tiation wo easily fiud 

dj:“ ^ d;/- d:- ” d V jd.c'-' dy’-* ds-J ^ dY‘ |\da! / \dy / \ dz J j ' 

Since the space is external to both bodies, this, by Iiaploce’s equation, reduces to 

0 = , unless V is constant thioughout the space considered. If V is constant, the 

level surfaces lor both bodies are Indeterminate and therefore V' also s constant. 
We therefiiie have in both cases V'=AV+B, where A and B are twb constants. 
.Suiipose the space considered includes the points at infinity, then when the 
attracting ma'sses are finite in size and density both Y and V’ vanish at such 
iroints. We tlien have B=Q. Again. Y and V' must vanish at infinity in the ratio 
of the attmeting masses; we therefore find Y'IY=M'IM if M, M' be the masses of 
the attracting systems. We thus have the theorem; if two finite bodies have the 
bume external level surfaces and have equal masses, their attractions at ail external 
points are the same in magnitude and direction. Quarterly Journal of Mathematics, 
l.%7. 

Wlrcn the space in which the two bodies have the same level surfaces encloses 
both bodies, this theorem follows at once from that proved in Art. 130. Since the 
two bodies have the innermost level surface common, we can by altering the mass 
of one of them moke their potentials equal over that surface. The potentials of the 
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changed bodies are then equal over all external space and the potentials of the ori- 
ginal bodies have a constant ratio. 

laa. As an example of this theorem, consider the case of a spherical shell. 
The external level surfaces of such a shell and those of an equal mass placed at its 
centre are both spheres. Hence the attraction of a spherical shell at an^ external 
point is the same as that of an equal mass placed at its centre. 

Again, the level surfaces of two equal and parallel infinite plates are both planes. 
Hence their attractions at any point are in a constant ratio. But at an infinite 
distance the attractions of two such plates when separated by a finite interval tend 
to equality, hence the ratio of the attractions is unity. It follows that the attraction 
of an , infinite plate at an external point is independent of its distance. In the same 
way the attraction of an infinite circular cylinder is the same as if the whole mass 
were uniformly distributed along the axis. 


133. The theorems in this section have been enunciated with 
special reference to the potential of an attracting system, hut a 
little consideration will show that they have a more extended 
application. 

If be any continuous one-valued function which satisfies 
Lanlsce’is equation and is n ’^finite within any given space, it 
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that space, provided itdiJmown to satisfy Laplaces equation and,ta 
be finite throughout that space. 

134. To trace level curves and lines of force. Rx. 1. Three e^ual 
particles are placed at the comers ABG ot an ei^uilateral triangle. Trace the lertl 
curves and lines of force in the plane of the triangle. 

We first search for the points of equilibrium. The centre of gravity G is evidently 
one snch point. The level curves near G are conics 
(Art. 120) -which must have GA, GB, GO for three 
principal diameters. The conics are therefore 
cucles. The equilibrium is clearly etablc for a 
' displacement perpendicular to the plane and is 
therefore unstable for some (and therefore also for 
all) displacements in the plane (Art. 111). The 
potential is therefore a minimnm at Q far displace- 
menrs in the plane ABC. 

Let D,E,F\ie the feet of the perpendioulars from 
the ooiuers. Since the force at F tends towards G and G is a point of minimum 
potential, there must be a point of equilibrium between G and F. There are 
theicfore three points of equilibrium which are S, K, L. The level carve which 
passes through these points governs the whole “ketch and is exhibited it the figure. 
Some ot the other level curves fill up t' -- t areas, and. otlifra suyjr ndthe 
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the position of any particle of the body, m its mass, (t, y, z) its 
coordinates, r its distance from the origin. Let (^, y, be the 
coordinates of the point P, OP = r', and the angle POQ = 0. 

To generalize the investigation we shall assume that the law of 
attraction is the inverse /cth power of the distance. We then have 

1 ^ »» 

r:i 

* (r'=-2jr'coa0 + r“)T 

^ ni f 1 , rcos0 , (/K + I)cos‘®0-1 /rV ) 

= +-| 0 ). 

S ftb "1. 

The first term of the series is ^TITJ • the attraction at 

a very distant point is ultimately the some as if the luhole 7}iass 
were collected into a single particle and placed at 0. 

To find a closer approximation to the true attraction, lot 
the point 0 be such that the second term of the series vanislies. 
This requires that Snw cos 0 = 0. Since rr' cos 0 — .c| + yi> + 7 ^, 
this gives ^'S.mx y%my + ?S«i^ = 0 for all values of f, y, f. The 
point 0 Will therefore be the centre of gravity of the body. 

We have now to consider the third term of the series 't 
<•4, B, C be tho moments of inertia of the body abont p 
straight lines at right angles meeting in 0, I the x 
inertia about the straight line OP, then 

l_/iir“=.4 + B + C7, J= Sxn (r .sin 0V 
Writing 1 — sin®0 for coa’0 and making these 
find for the third term 

k{A-^ B -I; G) — 2 (« + 1) / 


When the law of force he ..^versf 
gravity is the origin we arri^ at 


potential, viz. 




where M is the mass of the 1 
Ex. When the law of attract' 
single particle takes the form C-m 


distant point is 


V=C-M 
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etpiui. If the law of fore 



6S 


ATTRACTIONS. 


[art. 136 


equimommttal, unless * = — 1. If the law is the inverse square, the 
difference of their moments of inertia about every straight line must 
be constant. 

The potential of each body can be represented by the sene'! 
described in Art. 135 and these series must be equal, term to 
term. The equality of the first terms requires that the masses 
should be equal. Taking the origin 0 at the centre of gravity of 
one body, the second term must be missing for both series and 
therefore the centre of gravity of the second body must also be at 
the origin. 

Comparing the third terms of the series we have 
« (A + 5 + (7) - 2 (« + 1) / = K (A' + S' + O') - 2 (« + 1) 7' . . . (5), 
where unaccented and accented letters refer to corresponding 
quantities in the two bodies. It follows that (unless « = — 1) 
7— 7' is the same for all axes passing through the common centre 
of gravity. The axes of maximum and minimum moments of 
inertia in the two bodies are therefore the same. Since these 
are the principal axes of inertia, the two bodies must have the 
directions of their principal axes coincident. Since 7 — 7' is the 
curves '’or every axis, it follows that the four differences A — A', 
foioe. —O', and 7—7' are equal. The equation (6) then 

(*-2)(7-7') = 0 (6). 

= 2, we have 1= T and therefore the moments of 
■'0 bodies about every axis are equal, each to each. 

1 these conditions are not necessary. Wheu 
law of attraction is the direct distance. In 
• been proved t^-at a body, whatever be its 
'e as if it we collected into its centre of 


'ons' that two bodies should be 
ley are not sufficient. It is 
terms of the potential series 


iction is some one integral inverse 
bjr a series of inverse powers such 
as the series (1) in Art. 135 is 
.jjwest powers of r in the law of 
Tito the terms of that series not 
same way we again arrive at the 
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137. Centrobaric bodies. When a body is such that its 
potential at every point is equal to that of a particle of mass M 
situated at some fixed point 0, the body is said to be centrobaric 
In other words, the body is equipotential to a particle. Wc infer 
immediately from Art. 13G that M is equal to the mass of the body 
and that 0 is its centre of gravity. Since for a particle I' = 0, it 
follows that the moment of inertia I of the body about every axi'^ 
is the same. The body therefore cannot be centrobaric unless every 
axis at the centre of gravity is a principal axis. 

The condition ( 6 ) now becomes (« — 2) / = 0. It appears 
therefore that the series (!) of Art. 135 cannot reduce to its 
first term unless /c = 2 or 1 = 0. The latter condition cannot be 
satisfied unless the masses of some of the particles are negative, 
that is unless some of the particles attract and others repel P. 
Assuming that all the particles attract P, according to some inverse 
power of the distance, we see that the attraction of a body cannot 
be the same as if the whole mass were collected into its centre of 
gravity unless the law of force be either the direct distance or tiie 
inverse square of the distance. 

138. Ex. If the law of force be the inverse square, the potential of a body at 
all external points cannot be the same as that of two masses J/j and il„ placed at 
two points A, B fixed in the body unless (1) the body and masses have their ccuti es 
of gravity coincident, (2) the moments of inertia of the body about every axis 
through the centre of gravity pcrpondicnlar to AB are equal. 

139. Potential constant in a cavity. In a similar manner, 
when a body has a cavity within its substance we may determine the 
necessary conditions that the potential should he constant throughout 
the cavity. Taking the origin within the cavity, we have at all 
points close to the origin 

- n^ f 1 ^ r'cosg {k + 1) cos’* 9 — \ 

|/e - 1 r 2 

the expansion is in powers of r'jr because is less than r. 

This cannot be independent of r' unless the coeflScient of each 
power of / is zero. Equating the coefficient of to zero, we have 

S^K« + i)cos= 0 -i} = o. 

Writing a. A 7 for 2^, 2^, and putting the point P 

in succession on the axes of x, y, z we have «a = /9 + 7 , k/9 = 7 + a, 
/t 7 = a + ^. These give « = 2, or * = — 1 and a + ^ + 7 = 0, or 
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a, /8, 7 each zero. The two latter alternatives require that all the 
m’s should not have the same sign. Hence i/ every particle of the 
body be attractive, the potential cannot be constant throughovi any 
cavity unless the law of attraction is the inverse square, (Art. 99). 

140 . AbBumiug that a body attracts all points in sxternal space as if the whole 
mass were collected into its centre of gravity, prove tliat (1) the centre of gravity is 
inside the external honndavy, (2) the external boundary is a single closed surface. 

If the centre of gravity 0 were in the same external space as the attracted point 
P, we could surround it by a small sphere, centre 0, radius e, which does not enclose 
any particle of the attracting mass. The flux across this sphere is therefore zero. 
Art. 106. But since the foice on P tends always to 0, the flux is also dnU. These 
results contradict each other unless the whole mass is equal to zero. 

Again, if the attracting system consist of two separate portions, the centre of 
gravity 0 must lie inside one of them. Bnclosing the other portion in a sphere, the 
flux across the surface is irM', if il' be the mass of this portion. But since 0 lies 
outside the spheie, it is also zero. These results cannot coexist unless the mass of 
that portion is zero. 

141. A body B is such that the resultant attraction between it and a given 
body .d is a force which always passes through the centre of gravity 0 of B, in 
whatever position A is placed. Provo that the resultant attraction between B and 
every body is a force which passes through the centre of gravity of B. 

Let the body A be turned about a fixed point P sufficiently distant from B, that 
the body A in its motion never meets the fixed body B, In all these positions the 
resultant attraction of A on B is a force which passes through the centre of gravity 
of B. Hence if every particle of the mass of A be uniformly distributed over the 
surface of the sphere which that particle describes in its motions, the resultant 
attraction of the mass thus obtained is also a force which passes through the centre 
of gravity of B. The mass thus obtained is a spherical shell whose resultant attraction 
at any point of B is tho some as if it were collected at the centre P. The resultant 
action between the body B and a particle placed at P is a force which passes both 
through P and the centre of gravity of B. The body B is therefore oentrobario for 
all points P beyond a certain distance and therefore for all points of space which can 
be reached from P without passiiig over any of the attracting mass, Art. 129, 


Attraction of a thin stratum, 

142. A theorem due to Green *. Let a thin heterogeneous 
stratum of attracting matter be placed on a surface which has no 

^ x=4irm is of great importance in the theory of attraction, 

lire principle ot the demonstraiion given in Art. 142 was used for a spherical shell 
by Lagr'ai^e in 1759 and was afterwards applied by Coulomb to the case of a thin 
electrical film of any iorm (Pnrh Memoim, 1788). Poisson gives a generalization 
icon ^ [tHem. de...VlvstitM, 1811, Gonnaissaiice des Temps for 

18-9, p. 37.rl. Cauchy ueduces the same result for any film from the geuernl 
lormuliB of attrachoiis {Bulletin...Soc. Philomnthique, 1815, p. 53). The theorem is 
commonly c.rlled Green’s theorem (Essay. ..on Electricity and Maiinetism, 1828) It 
was alter wards re-diaoovored by Gaui,s, 1840. A proof on the same general prinorple 
as that rn Art. 142 w.ts grven by Kelvin in 1842, see the reprint of his papers on 
Electrostatics and JIagnetism, 1842^ and Thomson and Tait, Art. 478. 
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conical points or other singularities. Let p be the density and t 
the thickness at any point A of the surface, and let m = pt, so that 
rn is the surface density at the point j 1. In what follows we shall 
regard m as finite and t as indefinitely small, so that p is very 
large. 

Let P, P' be two points situated on the normal at A, one 
inside the surface and the other outside, 
both close to the stratum; it is required 
to find the attractions at P and P'. 

With centre A, and a small geodesic 
radius a, describe on the surface a circle 
whose circumference is DE, and let BN 
be a perpendicular on the normal at A 
drawn from any point B. The radius a 
of this circle is infinitely greater than 
either AN or the thickness t but in- 
finitely less than either radius of curva- 
ture of the surface. 

This circle divides the whole attract- 
ing stratum into two parts whose attractions at P and P' will be 
seijarately considered. Let us first find the attraction of the 
small portion BAE which we may suppose to lie in the tangent 
plane at A. 

We take the attracted point P for origin and the normal BA 
for the axis of «, let BA =p. By Arts. 21, 22, the attraction is 

27rp/d® = 27rp [t - {tt= ■+(p + t)=j* - {a? -1-;)’*)*], 

the limits being p to ^ + 1. Now ultimately pja and tja ai-e zero, 
while pt = m. We have therefore for the attraction 

-?^] = 2,rm. 

The attractions at P, P' are therefore each equal to 27rm. They 
are directed along the normal in opposite directions, and their 
difiference is 47rm. 

We have supposed the stratum DAE to lie in the tangent plane at A. But the 
effeut of the curvature would be simply to change the attraction Stti/i of a plane disc 
into (l-/3/r), where |9 is a quantity of the order a or p. These additional 
terms are zero because both a and p are infinitely smaller than r. That this is so 
may be made clearer by consideiing the case in which the surface is sphciical. The 
disc DAE is then bounded by a right cone whose vertex is at the centie and t\hoso 
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semi-angle is ajr. By using Art. 74 and retaining the first powers of pja, tja and 
a/iTsetnd ^=i(a+2p). 

Consider next the attraction of the portion of the stratum 
remote from A. Let F, F' be the ^-components of attraction at 
P, P'. Since these depend on the attracting mass, each contains 
the factor pt or m. Also, since the distance FP' is infinitely 
smaller than the distance of either P or P' from the nearest 
attracting element, F' differs from F by (dFjdai) t. The difference 
is thereiore of the order pf or mt We may therefore regard 
F, F' as equal. 

Taking both portions of the attracting stratum into the account 
and representing by X, X' the normal attractions of the whole 


system at P, P' we have 

X = F — 2irm, X' = P' -4- 27n74 (1), 

wheio X, X' are measured positively from P' to P. Since P, F' 
aie ultimately equal, these give 

X' - X = 4wm, P = J (X' -4- X) (2). 


The equation X' — X = -liTrwi shows that when attraction is taken 
as the standard case, Asirnn is equal to the sum of the normal 
attractions at each side of the stratum, the attractions being 
measured towards the stratum. When repulsion is the standard 
case, 4Trni. is equal to the sum of the normal repulsions, the 
repulsion being measured on each side from the stratum. 

If there aie any other attracting bodies in the field which are 
at finite distances from the points P and F, their attractions at 
these points are ultimately equal. It follows that in both the 
fonnulip we may suppose X, X', and P to mean the normal 
components due to all causes. 

143. The equation F=\{X -k- X') enables us to find the 
normal attraction of a thin heterogeneous stratum on an elemen- 
tary portion of itself. 

Let the element be a small cylinder whose base is the area 
d<T situated at A and whose altitude is the thickness t of the 
stratum. The normal attraction of the adjacent portion DAE on 
the cylindrical element is ultimately zero because it is the same as 
the normal attraction of an infinite plate on a portion of itself. 
I he attraction of the remote portion of the stratum is Fmdir. It 
follows therefore from (2) that the whole normal force per unit of 
mass acting on the element is the arithmetic mean of the noimial 
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attractions just inside and just outside the stratum. The normal 
force on the matter mda which covers an element of area da- is 


^/a 

Fmda and is therefore equal to — 5 da, where X, X' are the 

OTT 

nm'mal forces at each side of the element. 


144. TTe may also show that the parallel tangential compo- 
nents of attraction just inside and just outside the stratum are 
equal. Let the axis of y be parallel to a tangent at A to either 
boundary of the stratum. Let F, F' he the components of attrac- 
tion at jP, P'. Considering first the adjacent portion DX of the 
stratum, it has already been shown that the resultant attractions 
at P, P' are each directed along the normal PP'; hence this 
portion contributes nothing to F or F. Considering next the 
remote portion of the stratum, it may be shown as in Art. 142 
that the components F, F' differ by terms of the order mt. In 
the limit therefore when t is very thin, we have F' = F. 

145. We shall now show that the potentials at P, P' are also 
equal. The potentials due to the remote portion of the stratum 
for the same reasons as before can differ only by terms of the 
order mt. Consider next the portion of the stratum adjacent to A; 
the potentials at two points equally distant from the two faces of 
the stratum evidently differ by terms of an order higher than mt. 
See also Art. 76, Ex, 1. Taking both portions of the stratum, we 
see that the potentials at P and P' are ultimately equal. 

146. It follows from this proposition that if a point travel 
from a position P just mthin a thin stratum to another P' just 
outside, both on the same normal, the normal component of the 
attraction is increased by the quantity ^nm, where m is the surface 
density. At the same time the tangential components of the attrac- 
tion and the potential are unaltered. 

147. We may also deduce Green’s theorem from the propo- 
sition, due to Gauss, that the flux of the attraction over a closed 
surface is 47 r multiplied by the mass inside. See Art. 106. 

Let the axis of ic be a normal to the stratum, measured 
positively inwards, and let it cut the boundaries in the points 
A, A'. Let us consider the flux of the attraction across an 
element of volume whose edges parallel to the axes ai, y, z are 
respectively AA' = t, dy and dz. 
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Proceeding as in Art. 108 we have 

{X' — X) dydz + tdydz + ^tdydz = iirptdydz, 

where X' — X has not heen equated to {dXfdx) dx because there 
is attracting matter on one side only of each of the two face-j 
perpendicular to the axis of x. Substituting m=pt in the equation, 
dividing by dydz and taking the limit, we find X' — X = 47r»i. 

148 . Ex. 1. A thin laj'er of heterogeneous attracting matter is placed on a 
sphere of radius a. If V be the potential and m the surface density at any point A, 
show that the normal attractions on eaoh side of the stratum are t'/2a ± 27rni. Art. 87. 

Ex. 2. Prove that, if matter attracting according to the law of the inveise 
square be so distiibuted over a closed surface that the resultant attraction on every 
external particle in the immediate neighbourhood is in the direction of the noimal, 
the lesultant attraction on every internal point is zero. 

The outer boundary of the stratum is by definition a level surface. The inner 
boundaiy is therefore also a level suiface. The result then follows from Art. 115 
because there is no atti acting matter within that surface. 


Green’s Theorem. 


149. Let a portion of space be enclosed by a surface which 
we shall call S. Let F, P, Q, R be any one-valued finite functions 
of X, y, z, and let dv = dxdydz. Let us integrate 



throughout the given space S. 
integration by parts 




The first term becomes by an 


jj[PV] dydz- jjjr ^dxdydz (2). 


We have here integrated all the elements which lie in a column 
parallel to the axis of x. Let AB be one of these columns and 
let it intersect the surface /S at A and B in the elementary areas 
da, da'. If be the direction cosines of the outwaid normal 

at the upper limit B we have dydz = 7^ da'. In the same way if 
be the direction cosines of the outward normal at the limit A, 
we have dydz = — \da, since X' is positive and X negative. The 
(juantity in the square brackets in the first term of (2) is to be 
taken between the limits A and B and is therefore 


(PF)^X'd^' - (PF)^ ( -Xd<7) (.3), 

where the suflSx indicates the place at which the value of the 
quantity in biaekets is to be taken. The two terms in (3) have 
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now to be integrated, the first for all elements such as B on the 
right-hand side of the bounding curve CD and the second for all 



elements such as A on the left. These together are the same as 
fPV\d<T taken for all elements of the surface, where X. now stands 
for the cosine of the angle the outward normal at da makes with 
the axis of x. 

Treating the other terms of (1) in the same way we have 

jr-/r(px +«„+*)*, -/r(f +«+ g) *. ..(4). 

Let P, Q, R be the components of a vector I and let I cos i bo 
the normal component at the element da. The equation (4) then 
becomes 

cr./wco,M.-[F(g+«+f)* (5). 

In this way the volume integral (1) has been replsfced by a 
surface integral, when the vector is such that 

dx dy dz 

Let this vector be the attractive force of some system whose 
potential is V. To be more general, let P = dV'jdx, Q = dV'ldy, 
R = dV'/dz, then 

JjJidx dx dy dy dz dz) ® ^ ( 

where V, V' are two arbitrary functions of xyz. Let dn be an 
element of the outward normal at da, then 
dV' , dV . dV' dV' 

dx^^ dy dz dn 

Also let p, p' be such functions of xyz that 

-47rp = V^F, -47rp'=V>F'. 
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Then hy (4) the symmetrical expression U takes either of the 
forms J F^do- + 47rJ Vp'dv (9) 

= lv'‘^d<r + i->rjv'pdi> ( 10 ). 


The equality of the expressions (6), (9) and (10) is usually called 
Gi eon’s theorem. 

150. If the functions V, V satisfy Laplace’s equation -we 
hate /5 = 0, p' = 0, the equality then becomes 



ISl. Let V, V he the potentials ol two attiaoting systems. Let W be the 
mutual work of the first and that portion of the second system which is internal to 
S 3 lot W' be the mutual work of the second and that portion of the first which is 
internal to S. Then, by Art. 59, Green’s equation becomes 

U=fVPda-+4rW=fV’Fda-+4T-JF' (13), 

where F, F' aie the outward normal components of force at the element dr. 

The espreasion for U admits also of interpretation. Let (XYZ), (X'Y'Z') be the 
components of force due to the two systems at any point (rye) within S. Let 
U, B' be the lesultant foices, 0 the angle between the directions of S, S', Then, 
by(l), 0'=f(XX'+ry'+2Z')dv=[SB'ooa4,di> (U). 

If the two systems are the same, i.e. if the particles occupy the same positions 
in the two systems and have equal masses. Green’s equation becomes 
U=>fB- do ^fVFdr + 4irj Vpdv, 
where F is the outward normal loice at the element dr. 

Isa. Instead of considciiug the space internal to S we may integrate through 
the space between, S and a sphere of infinite radius enclosing S and having its centre 
at a finite distance fiain S. We must then of course include this sphere in the 
smface integiatiou over S. Let V, V be the potentials of some masses M, W respec- 
tively, then loi points on the surface of the sphere V=Mla and dV'ldn= —M'/a^ 
also dr=a-da, where a is the radius and die is the elementary solid angle subtended 
at the centre by dr. We therefore have for the sphere 

J dn J a a 

and this is zero when a is infinite. We may therefore in this case apply the equality 
(9) mid (10) without fmther change to the space outside S. We notice that da 
is always to be nieasnicd outwards Rom the space over which the integration 
I xtinds. 

153. To deduce Gauss’ theorem. Let us put unity for V'. 
Since this value satisfies Laplace’s equation, we have p' — 0. The 
equality (9) and (10) takes the form 



( 15 ). 
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Let the space of integration be the finite space enclosed by a 
surface H. We thus avoid the integration over the surface of a 
sphere of infinite radius. Supposing V to be the potential of any 
attracting mass, the function of (c, y, z represented by p becomes, 
by Poisson’s theorem, the density of the mass at the element dv. 
The right-hand side of this equation is therefore —4:irM, where 
M is that portion of the mass which is inside S. Also dVjdn 
represents the outward normal force. The equation therefore 
asserts that the whole outward flux across any surface /S is 
— 47ri¥. This is Gauss’ theorem. 


164. Green’s equivalent layer. Let F'= 1/r’ where / is 
the distance of any point within the space of integration from some 
given point P. Let the integration extend throughout the space 
internal or external to S according as P is external or internal 
In this way we make \jr' finite throughout the integration. 

Since 4irp' = — V- V, p' is now zero, and Green’s equation 

becomes \v± (i) d. ~ (16). 

Here the r' on the right-hand side is the distance of P from dv 
and on the left-han<l side r is the distance of the same point 
from the element dcr of the surface. 

We shall now suppose that V is the potential of some 
attracting system, part of which may be inside S and part outside. 
The right-hand side of the equation is evidently 47rFi where F is 
the potential at P of that part of the attracting mass which is on 
the side of S opposite to P. 


The equation asserts that the potential at P of that part of the system on the 
opposite side is equal to that of a thin layer placed on the suilace 5 whose suiiace 
density D at any point Q, {P(l=i') is given by 


4irri=r'F'- 


dn 


(i.) _ £?= _ i (fV) 
[r’/ dn r'dii' 


where V is the potential at Q of the whole system. To make D independent of the 
position of P we shall get rid of the terms which contain r'. 


155. Let the surface S be such that the potential V of the 
whole attracting system is constant and equal to V, over its area. 
Then S is a level surface, or a closed portion of a level surface, of 
the whole system. Since 1/r' is the potential at da- of a unit 
mass placed at P, we have by Gauss’ theorem 
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according as P is within or without the finite space enclosed by 
the surface S. The plus sign is given to imrV, because we are 
integrating throughout the space on the side of 8 opposite" to P, 
and dn is therefore measured towards P. 

Lastly let us place on the surface iS a thin layer of matter 

1 dV 

whose surface density p" is given by where dn' is 

measured outwards from the finite space enclosed by 8. Let V" 
be the potential of this layer at P, then 

V- - 

J 4TrJdn' r' ' 

In the equation (16), when P is internal dn is measured inwards 
and therefore dn = — dn' ; when P is external dn = dn'. That 
equation therefore becomes 

V,-V" = V„ or F" = Fi (17), 

according as P is internal or external. We deduce the three 
theorems enunciated in the next article. 

166. Let /S be a level surface of an attracting system. Let a 
thin layer of attracting matter be placed on the surface 8 such 
that its surface density p" at any point Q is given by the equation 

s- (>«■ 

where V is the potential at Q due to the attracting system, and 
dn' is measured positively outwards from the finite enclosed space. 

(1) The potential of the layer at any point P, external to the 
level surface 8, is equal to the potential at the same point of that 
portion of the attracting system which is within 8. 

(2) The potential of the layer at any point P internal to 8, 
increased by the potential at the same point of that portion of the 
attractiug system which is external to 8, is constant for all 
Ijositions of P, and is equal to the potential V, of the whole 
attracting system at the level surface 8. 

(3) The whole mass of the stratum is fp"dtT, and by Gauss’ 
theorem, this is equal to the mass of that portion of the attracting 
systc-m which is inside S. 

If the surface 8 encloses all the attracting system, the second 
theorem asserts that the potential of the layer at all internal 
points is constant and equal to that of the attracting system at 
the level surface jS. 
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This form of the theorem will enable us to find the law of 
fiistribution of a charge of electricity, given to any solid insulated 
conductor whose boundary is a level surface of some known 
attracting system. 

157. Ez. It is known that a prolate spheroid is a level surface of a nuiform thin 
attracting rod whose extremities are at the foci S, H of the spheroid, Art. 49. Find 
the surface density of tlie thin stratnm which, when placed on the spheroid, has 
the same attraction at all external points as the rod. 

The surface density p" at any point Q of the spheroid is given by 4irp"=f’, 
where F is the resultant attraction at Q. Also F=3»isin J8Pf7/y, where pis the 
distance of Q from the rod. By using some geometrical properties of conics this 
leads to the result that p" is proportional to the perpendicular p from the centre on 
the tangent plane at Q. The whole mass of the stratum is equal to that of the rod. 


158. Points at which V is infinite. If P be any arbitrary 
point taken in the interior of the space bounded by the surface S, 
it is evident that one of the columns of integration parallel to each 
coordinate axis will pass through P. It is necessary that in each 
of these three columns the subject of integration should be finite. 
We have therefore assumed in the proof given in Art. 149 that 
(11 both the functions F, V' are finite and continuous, (2) that 
their first and second differential coefficients mth regard to », y, z 
are each finite throughout the space considered. If any of the 
functions be infinite at some point A within S, we must sur- 
round that point by an infinitesimal sphere, and integrate only 
over the space between the sphere and the surface S. 


ISO. Giccn’a equation is 


j v~d<r+iT j Vp'dv= jr'^^ih + iw I V'pdv (I.). 


Let us suppose that one term of V is 1//, where / is a di.stance measured 
from P. We shall substitute this term in Green’s equation, and ilie space of 
integration shall be that between a small sphere, centre P, radius e, and the 
surface S. 

Consider first the integrals taken over the surface of the sphere. Since 
da = e-da, we have by changing to irolar coordinates 


dn 


6 ^ 01 = 0 , 


Jr dn J € < 


where dn has been measnred from the space of integration, that is imoarde on the 
sphere, and Vp has been written for the value of Y at P. 

Consider next the volume integrals. Since r' is finite throughont the space of 
integration, p'=0 and the term ^Vp'dv disappears. The integral jpdvjr' is to be 
taken only for the space outside the sphere, but since dv=r^du if we include the 
integral for the space within the sphere we have only added zero (seo Art. 101). 
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Green’s equation /oi Hit ieim V'=Xji' takes the form 

■ >=> 

wheie the surface integrals aie taken onlj orei the surface S md the acluii e 
inttgials thiou„nout the space S ignoimg the sphere altogether 

Since Vr IS the potent al at an mteinal point P of the who'e mass and jpdi p 
the potential of the mass inside S, this equation becomes identical iiith (16) ot 
Art 151 uhen ue cnange the sign of dn 

Let V be the potential ot soma attiatting system, part of which maj be 
inside S and psit outside Also let 


iirD-rV dn “r'dn^^' 


give tl e surface density D at anv point Q of a thin lajei placed on S, wlieie r'^PQ 
and V Is the potential at Q of the who’e mass The equation (II ) then asseits that 
the potential, at a point P inside S of that pait ot the attracting system which is 
a’so inside S, exceeds the potential of the stiatnm by the potential Ff of the whole 
ma s it 


160 We may noliie that ’1 T’ oi F be the potential of a system of bod es of 
finite density, neithei 1 nor its fiist ditteiential coelLcients aie infinite at any point 
of the mass see Ait 101 

If one turn of F were m/r' we may regaid the paiticle m as the limit of a small 
sphcie of radius e and density pj where The mtegrations m (I) oai 

then be made thiongliout the space enclosed by 8 without lefeience to the splieie 
The lutcgiai 4irjT p di will supply an additional teim equal to dwFpin In this 
way w e anive at once at the final equation (II ) 


161 Multiple valued functions It his been supposed in these theorems 

that the funccions I F hate only one value at the same point of space If they 
aie potentials it atti acting masses they are each of the foim Z»i/i and can have 
only one value But if they are obtained as solutions of Laplace s equations as in 
hydiodynamics they may be many talned functions Thus let a fluid be lunning 
lound in a iing liki vessel If F be the velocity potential at any point P we know 
by the piinciples of hy drodt namics that dVjds—u, wheie s is the arc desciibel, 
and « 18 the velocity at P Since the velocity is always positive, the velocity 
potential F must always iiicie ise as P tiavels round the iing When P has made 
a complete turn it comes to the point it started from, and F has a different value 
If we put Lapliccs equation into cylindrical coordinates (Ait 108), we easily see 
that satisfies the equation and lepresents such a motion 

162 In 01 lei to ajiply Green’s equation to a multiple valued function by 
mtegiating thioughont the space enclosed in a nng shaped surface we must depute 
the function of its multiple values by placing a banier at any point and including 
this hauler as one of the boundancs In this way the pomt P is prevented fiom 
making a complete circuit and the funi tion is reduced to a single-valued loim It 
m It be that the surface has several iing like passages interlacing and it may then 
b necessary to insert seveial bainers befuie the fonotion is reduced to a single 
tallied form 

Tnl in„ the simpler case of a single rmg like surface, let us suppose that the 
potential F is always im leased by the same quantity c when the point P staitiug 
fiom any position has made a complete cuomt and has returned to the same position 
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agaiu. Similarly lei V be iucieased by o'. Let da be an element of the area of a 
barrier placed anywhere acroBS the ring-like cavity. Let s be an arc meuBured from 
the barrier round the ring to the barrier again, say from 9=0 to Coii'-irler the 

part of the boundary formed by the two aides of the barrier; remembering the I dn is 
measured outwards, we have dn=-da for the side defined by 9=0, and dii=ih 
for the side 9 = i. Wo thus have, when we integrate over both sides of the baiiicr, 
f„dV' [-.^dV' . .d{V'+c’), fur' 

Supposing V and V to be solutions of Laiilace’s eguation, Green's theorem becomes 
rr fT^dV’ , fdV' f„,dr, , .fdV, 

where along the surface S, dn is measured outwards, and aeross the barrier ds is 
measured in the positive direction round the ring. 


163. Ex. 1. Let V, V represent as before any two functions of (x, y, z), and 
let a be a third finite function of the same variables. Beginning witli 

dVdV dVdV'\ , , , 

show, by the same succession of integrations as in Art* 149, that 






/7V 
dn 


I V'pdv= I 


a‘V da + 4ir 
dn 


J Vp'dc, 


where . -4,p=^(a»g)-hjl(a=g) + A(a^f^). 


and -iap' represents a similar osprossion with V written for V. This if. Kelvin’s 
extension of Green’s theorem. See Thomson and Tait, Fait i., p. 167. 

Ex. 2. If V, V be two solutions of the diffoiential equation 



and if also K= V at all points of a closed surface 8, prove that F'= V throughout 
the cucloscd space. 

Let u=V - V, then it also is a solution of the differential equation. Writing ii 
for both V, V in the general theoiem of Ex. 1, we have 

The right-hand side is zero since it vanishes at all points of the surface 8. Bnt the 
left-hand side is the sum of a number of positive quantities and cannot ho zero 
unless each vanishes. Thus dujdx, dujdy, dujdz are each zero at all points inside 
5, i.e. the function it is a constant. Since it is given equal to zero at the surface 8, 
it must be zero at all points within 8. Lejeune Dirichlet uses a similar argument 
in Crelle, xxxn. 1844. 

This differential equation is of great importance in the analytical theory 
of heat. 

Ex, 3. Show in the same way that if dVjdn=dV'ldn at all points of the surface 
8, then V= V' throughout the space enclosed. [Hero tiii/(ZK=0.] 

Ex. 4. If both V and V', besides being solutions of the differential equation, 
also satisfy the equation dK/dn= - kV at all points of 8, where k is a function of 
the coordinates which is always positive, prove that V = V'. [Here the right-hand 
side of Ex. 2 would otherwise be negative.] 


R. S. II. 


6 
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Rik. 0. If V be one solution of tiie differential equation in Es. 2 sueh that 
dT'/rin — -fer at all points of a surface S, where It is always positive, prove that 
there is no other solution of that differential equation which satisfies this condition. 
[Use a pi oof similar to that in Art. IS.".] 


Given tlie potential, find the body. 


164. Poisson’s equation 4'irp = — V’ F supplies a partial solution 
to this question. The potential F being given throughout all 
sjiaee we hnd p by differentiation. This value of p, if finite 
throughout sjiace, dcterniiues the only body which could have the 
given potential. If the 2 iOtential is given as a discontinuous 
lunetion of the coordinates difficulties may arise in ap 2 Jlyiiig 
Poi-son's equation at the points or surfaces of discon Linuiiy. The 
I'ollouiug theorem will therefore be necessary. 


165 Let ihe potential F throughout a given spaee S be the 
given tnncUon 4> (^. jy> throughout a neighbouring space S', let 
the potential bo i|r (.c y, z), and so on. In this way we regard all 
space as divided into compartments within each of which the 
potential is a different function of the coordinates. We suppose 
in the first iiislauce that the given potentials are nowhere infinite. 

As a [loiut P moves in s[tace, passing from one compartment 
to the next, we hnovv by Art, 14.5 that there should be no sudden 
ch.inge in the numerleal value of the potential. We therefore 
su 2 '> 2 wsc that the given potentials (f>, yfr have equal values at all 
points of the common houndary. This implies that the S 2 }ace rates 
of the 2 rotential tangential to the common boundary are equal. 
The tangential components of force must therefore he equal. 

If the normal forces at the boundary are not also equal, there 
will be a film of attracting m.attcr at the boundaiy (Art. 14C) 
whose surface density a is given by Giecn’s equation 


an dn 

where dn. dn' are measured in directions outwards from the spaces 
(S', and therefore, at points inside each space, towards the 
boundary. 

We have now proved that the only arrangement of matter 
which could produce the given system of potential values is one 
consisting partly of solid matter given by Poisson’s equation filling 
the compartments and partly of films on the boundai-ies. It 
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rcmaiii& to prove bv inteoration that this arvansfement does 
actually fulfil the given conditions. I'he vo.sults ol those inte- 
grations are supplied by Green’s theorem. 

166 . Let UB write <f> foi the fabitraiy functioi) V in Gieen s theoitin and let 

~ ^ ArtB. 154 uutl 15y. Tiien the potential at 

P when P 16 out-.jde S le. equal to tniit of a strat \m of Fuiluee deu 5 it;s I> placed on 
1 ^. and ■when P i*. Insiue S, the poie^'lia* at P ei-ceedh That of thf Btintuni br 
ip\x,y.z). Let thie Btratuin bo mclndfd iir tA the sipn oj' P ihantftch :*& part of 
Ibt attracting Ejstem, the poleutial at a pumt outride S ib tii^u /eio and at u point 
i’lfcult 6 the poteniiLl is p. The propo&ed conditions ore satisfied foi the space S. 

lieating the nuxghljoiuiiis: space S' m the same wuj, we obtain an internal 
deu'-ity (lererminLCl as before Lt Poibpon e equation and a BU]»erficial density which, 
t\lien its sign is changed, is the same a& that given by D exc> 2 't Ihat the function o 
is leplaced by \f/ and tiic element dn of the normal ib meaBmod in the oj'po^^iie 
diicctiou. 

Adiling togethci the two ^upcTdcial densities and remembering that tp and jI' are 
equal at iho-^e points of the nonudtuy s^hioh are common 1 1 >S' .md S , oi)Hoi%b 
that the £rst terms of each destroy each otdicr. We thuttoit und loi the dtuoity 
of the Bupeihcial fitiatum 

. I id d , , \ 

^=r,r ’ 

where dn and dn' iiiiide each oompartiuent aie meaaniud tonaiiK the b'n.nJan. so 
that dn= - du'. Wo notice that this law of den-itj iS jiulejn udent <f the jiosiuuu 
ofP. 

i/ the given potential <)> i> infivtU at any point A itiiinn the i-pact .S must 
Buppose that a finite qnantity Q of uttiactini; luatlet i. bitua'ed u< A (Aii 101). 
The quantity Q ma? be found by enolonm); A witlim u bmall spheie and Ubin;.' 
GauEs’ theorem, 4trQ=fIi<ia-. If the potential i- uiiiiiiti I'liO'u a erne, the loii' 
deneity may be fonnd by enclosing an el<-mentary aic wnhm iLe sphiie 

167 . Ex. 1. The potential at a point Q is 0= 2 jr i )>- - n-| ^ — tt i .fi- - i - - ) 

or x= ’ir(l*-a*)/r, according as the distance r of V fioin ihi kUii'in is less than w, 
lifb betiM en a and 6, or is greater than A, Find the umucuni' m-u m 

Consideimg the space in which r is kb-, loan n. we sn. that both the ^o]nm' 
density and the part of the surface (l-» iiy dpilndit aie .“lo. 

Considering the space in which r lies between a and the volume denbiti in 
1 dtJiT 

found by substituting in p~—j ttt. Art. 108, ana ib equal to unitv. The 

4iiT «r* 

pait of the superfioiai density fonnd by snbsiituiing in dyUndn ib zero at the innei 
boundary and — (ft® — a®l/36® at the enter. 

Lastly in the space in which r is greater than ft, the volume deuEury is zero aiid 
the part of the superfioiai density dx/^w(fn=(i*— a®)/3ft*. 

Joining these together, we find that each of the two surface densiueb i. zero and 
that the attracting body is a spherical shell of radii a and ft and unit dmisity. 

Ex. 2. Eiud the attracting system whose potential V is equal to 

at all points within the ellipsoid Ls® + Uy^+N!'‘=l and zero at sU erternal points. 
The system is a homoganeous ellipsoid whose density is M+If)l‘iir, 

6— a 
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together with a supeifioial Etratnm whose surface density at Q is where p 

is the perpendimilar on the tangent plane at Q. 

Since this stiatum is equn.i)ent to a thm homogeneous confocal shell (see Vol. i. 
Alt. 430), this le'.ult supplies a simple relation between the potential of a homo 
gentoas solid ellipsoid and that of a homogeneous confocal shell. See Art. 224. 


Method of Inversion. 

168. Inversion from a point*. Let 0 be any assumed 
oiigin, and let Q be a point moving in any given manner. If on 
the radius vector OQ we take a point Q' so that OQ . OQ' = lc‘, 
then Q and Q' are called inverse points. If Q trace out a curve, 
Q' traces out the inverse curve ; if Q trace out a surface or solid, 
Q' traces out the inverse surface or solid. The points Q, Q are 
sometimes said to be inverse with regard to a sphere whose centre 
is 0 and radius Jc. 

Lot P', Q' be the inverse points of P, Q, then since the products 
OP . OP', OQ. OQ' are equal and the 
angles POQ, P'OQ' aro the same, the 
triangles POQ, P'OQ' are similar. 

We therefore have 

1 -± 91 m 

P'Q'~PQ'0P ^ 

Let m, m be the masses of two particles placed respectively at 

k 

Q, Q', and let the densities be such that m' = ni ^ (2). 

Multiplying equations (1) and (2) together, we see that the 
potential at P' of m' is equal to that at P of m, after multiplication 
by a quantity A/OP' which is independent of the position of Q. 

Let any number of p.nrticles of given masses wii, &c. be 
placed at dilferent points Qi, Qs, &c., and let the corresponding 
masses m/, m^', &c., be placed at the inverse points Qi, Q^, &c. 
Then since an equation similar to (2) holds for each pair of masses, 
we have by addition 



Potential at P' 




Potential at P 


h 


.(3) 


of the inverse sj^stem/ \of the given systemj OP' 

k 

which may be compendiously written F' = F . 

* The Method of Inver&ion is due to Sir W, Thomson, now Lord Kelvin. In a 
letter addi eased to M. Liouville and publi'shed in LiouvilWs Joxirnali 1645, a short 
history and a brief account of some of its applications are given. letter may 

also be found m the Reprint of papers on Electrostatics and Magnetiim, 
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169. If the given masses mi, m., &c. are arranged so as to 
form an arc, surface or solid, the inverse masses will also be 
arranged in the same way. It will therefore be necessary to 
discover some rule by which we can compare the density at any 
point of the given system with that at the corresponding point of 
the inverse system. 

Using the .same figure as before but changing the meaning of 
P, let PQ now represent any elementary arc of the locus of Q, 
then P'Q' represents the corresponding inverse arc. If the locus 
of Q is a curve, we infer from the similarity of the ti-ianglos POQ, 
P'OQ' that the lengths of the elementary arcs P'Q', PQ are in the 
ratio OQ'jOP, i.e. OQ'jOQ ultimately. Hence by (2) the ratio of 
the line densities of the arcs P'Q', PQ is equal to kjOQ'. 

If the locus of Q is a surface, the elementary areas P'Q', PQ are 
in the ratio of the squares of the homologous sides, i.e. as OQ'- to 
0Q\ Hence by (2) the ratio of the surface densities at Q' and Q 
is equal to (kJOQ'y. 

If Q travel over all points of space enclosed by a surface, the 
elementary volumes at Q', Q arc ultimately in the ratio 0Q'“ 
d<o.d(OQ') to 0Q‘ dm .d{OQ). Since OQ.OQ[ = !<?, this ratio is 
equal to OQ^jO^. Hence by (2) the ratio of the densities at O' 
and Q is equal to {kjOQ'y. 

Summing these results, wo see that 
/ density at Q' ^ — ( density at Q \ f k 
\of the inverse system/ \of the given system/ ' \,OQ'/ ’ 

where d represents the dimensions of the system, i.e. d = l, 2, or 3 
according as the system is an arc, a surface or a volume. When 
the system is a point, d = 0 ; the equation (4) then agrees with (2) 
and gives the relation between m and m'. 

170. The mass of any portion of the inverse body is equal to 
the potential at the centre of inversion of the corresponding portion 
of the primitive body multiplied by the radius k of inversion. By 
Art. 168, we have m' =mkjOQ, Le. m' is equal to the potential of 
m at 0, multiplied by k. The theorem being trae for each ele- 
ment of mass is necessarily true for any finite portion of the body. 

171. Ex. If the law of force be the inverse nth power of the distance, the 

potential of a particle m takes the form • Prove that the equations 

corresponding to (2), (3), and (4) become 
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'n'lien ibe law of force is the inveise distance n=l, and the potential of the 
attracting mass takes a different form. In this ease the quantity here called V 
becomes Sm/(R-1), and is therefore proportional to the mast of the body. The 
theorems therefore of inversion, though they no longer apply to the attractions of 
bodies, will still enable ns to find their masses when their densities vary as some 
power of the distance from a point. See Quarterly J., 1857. 


172. Some Oeometileal propertiea. It is convenient to notice that if the 

, where PQ, P'Q' are the linear 


jP'O' a® 

points P, Q invert into P’, Q', then yQ= Qp QQ 


JPO US 

distances between P, Q and P*, Q' respectively. For example the ratio is 

QK . bP 

unaltered by inversion; because each letter occurs the same number of times in the 
numerator and denominator. 


173. To find the inverse of a sphere. Let Q describe a sphere who^e centre is 
<7, and let OQ.OQ'=k^. Let OQQ' out the primitive sphere in It, then since 
. OR is constant, it follows that OQ'IOR is constant. The locus of Q' is there- 
fore similar to that of R, that is, the inverse is a sphere and 0 is a centre of 
similitude. 


T' 



The centre D of the inverse sphere lies in OC7 produced, and by the properties of 
similar figures, is at such a distance from 0 that ODjOC is equal to the constant ratio 
OQ'IOR. The centre C of the primitive sphere does not invert into the centre 2> of 
the inverse sphere, but into some point C' such that 00 . O0'=:k\ It is easy to see, 
by similar triangles, that O' lies on the polar line of the centre of inversion 0 with 
regard to the inverse sphere. 

A sphere inverts into a plane when the centre of inversion 0 is on the surface of 
the primitive sphere. The inverse of a plane with regard to any centre 0 of inver- 
sion is a sphere which passes through 0. 

A circle is the intersection of two spheres and in general inverts into a circle, 
but when the centre of inversion lies on the circle, the inverse is a straight line. 

Ex. Let P, P' be two inverse points with regard to a sphere S j prove that 
every sphere passing through P, P' cuts fif orthogonally. Conversely, if a sphere 
S’ cuts S orthogonally and CPF' is any chord through the centre of S, then P, P' 
are inverse points with regard to S. See figure of Art. 80. 

174. An angle is not altered hy inversion. Let PQ, PR be elementary arcs of 
two curves which meet in P and are not necessarily in the same plane with the 
centre 0 of inversion. Let P'Q', P'B' be the inverse nrr,8, we have to prove that 
the angles Q'P'R' are ultim.ately eqnal. Desoribe a sphere through the four 

poiuis P, Q, R and P'; then since tho products OP . OP", OQ . OQ' and OR . OR' are 
equal, the sphere also passes through O', P’. The planes OPQP'Q' and OPRPR' 
cm the sphere in two circles whose planes intersect in OPP'. The opposite angles 
QPR. Q P'R' contained by the tangents to these circles are evidently equal by 
symmetry. It is also evident that the plajies of the angle and its inverse, viz. QPR 
and Q'P'R', make equal angles tcith the opposite directions of OPP', 
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175 . It foUoira at once, from the theorem, that furo given orthogonal spheres 
invert into orlhogunal spheres. 

176 . Ex. 1. The potential of a homogeneous spherical surfaco at a point P 
is 4vap or iwa-pIGP according as P is inside or outside the surface, where C is llie 
centre and a is eqnal to the radius. It is required to invert this theoium with regard 
to an external point O. 

Since the product of the segments OQ.OQ' is constant in a sphere, it is clear 
that if we take h equal to the length of the tangent OT, the sphere will be its own 
inverse. When onlj one sphere occurs in the system this choice of the value of i 
will simplify the process, but when there are several spheres it will be more 
convenient to keep the value of i indeterminate. 



If P is within the sphere, the inverse point P' is also within the sphere. By (4) 
the density of the inverse sphere at <y is equal to p(h/OQy, and its potential at P 
is iirapklOP', 

If P is without the sphere, P* is also without. The density at Q' of the inverse 

system is the same as before, but the potential at P' is • Let C' bo the 

point on the straight line OC such that G and C are inverse points. Then by the 
similar triangles COP, C'OP' we have GP . OP' =OC . CP". The potential at P' is 
ira^p k 

therefore 

If M' is the mass of the inverse sj-stem, the relation between ilP and p may he 
easily deduced from either of these expressions for the potential. Take the first, 
where P' is inside the sphere, we notice that since every element of the sphere is 
equally distant from the centre, the potential at the centre is M'ja. Hence patting 
P' at the centre and comparing the two values of the potential, we have 
M'=irrpn-klOC. Take the second case, when P' is without the sphere, we notice 
that the potential at a very distant point must be mass divided by distance. By 
equating these two values of the potential, we arrive at the same value of M' as 
before. This value of dl' may also be easily deduced from Art. 170. 

T.iking both these results, we arrive at the following inverse theorem. 

Let a mass 31' be distributed over a spherical surface, centre C, so that its 
density at any point Q' is p{klOQ')^, where O is an external point, and k is the 
length of the tangent from O. Then p—M'cHTra^k, where cr=OG ; and the potential 

at any point P' is 31' - or , accordiny as P* lies within or without the 
a OJr C Ir 

sphere. The points C' and C are inverse points with regard to O, and it is easy to 
see that O' lies on the polar line of O. 

The potential of this helcroyencous spherical stratum at all external points is the 
same ae i f its whole mass 31' were collected at C, and at all internal puttUs is the 
same as if a mass 31'eja were collected at 0. 
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It follows from Art. 13G that the centre of gravity of the heterogeneous stratum 
is at C and that every straight line through G' is a principal axis. 

Ex. 2. If the density of a spherical surface vary as the inverse cube of its 
distance from an internal point 0, find its potential at any point. 

If the centre of inversion 0 is inside the primitive sphere we can still mahe 
the sphere its own inverse by drawing OQ' from 0 in the direction opposite to OQ, 
and taking k- equal to the piodnct of the segments of all chords through 0. With 
these changes we may show that the potential at all external points is the same as 
if its whole mass M' were collected at O, and at all internal points is the same as if 
the mass 31'cja were collected at C. 

Ex. 3. The potential of a homogeneous solid sphere at an external point P is 
^rpa^jCF, where C is the centre and a the radius. Invert this theoiem with regard 
to an external point 0. 

The lesult is that the potential at an external point of a heterogeneous sphere, 
whose density at any point Q' is pikjOQ'Y, is the same as if its whole mass M' were 
collected into a fixed point C. This point C is the inverse of the centre with regard to 
0 and is also the centre of gravity of the sphere. The constant p may be found from 
the relation M'c = \irpa?k, where c=OC, and k is the length of the tangent from 0. 

Ex. 4. A heterogeneous spheiical shell is bounded by eccentric spheres whose 
radii are a. b, and its density at any point Q is mJOQ^, where m is a constant and 
0 a given cvteiuul point. Show that its potential at any internal point P is 




1 
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BP“\ 

^ 1 
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where A and B are the points where the polar planes of 0 intersect the diameters 
drawn through 0, and /, g are the tangents from 0. 

Ex. 5. -Vn infinitely thin layer of matter is placed on the surface of elasticity 
e-r*=a!‘x'^ + b-y^ + cH", so that the surface density at any point distant r from the 
centre vanes as p/r®, where p is the perpendicular from the oiigin on the tangent 
plane. Show that the potential at any external point is the same as if the whole 
mass were collected at its centre of gravity. 

177. If S is a level surface of any attracting points, the 
inverse of S is not in general a level surface of the inverse of the 
attracting points, because the ratio of the potentials (being given 
by V' = Vk jr') is not constant. But if S is a level surface of zero 
potential, the inverse of S is also a level surface of zero potential of 
the inverse attracting points. 

178. Let P, P' be inverse points with regard to a sphere S. 
If Q be any poiut on the surface, the ratio PQjP'Q is constant by 
the similar triangles OPQ, OP'Q, (Art. 86). Let this ratio be 
a/p, then a/PQ — ^IP'Q = 0, that is the sphere is a level surface 
of zero potential of two particles placed at P, P', whose masses are 
measured by a and — 

179. Two points P, P' are inverse to each other with regard 
to a sphere <8. Let the inverse of this system, taken with regard 
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lo a new origin 0, be the points Q, Q' and the sphere S'. Then 
ihe points Q, Q' are inverse points with regard to the sphere S'. 

By putting particles of proper masses at P, P', the sphere can 
be made a level surface of zero potential. The inverse of iS with 
regard to the new origin 0 is therefore also a level surface of zero 
potential of the inverse masses at Q, Q'. Hence Q, Q' are inverae 
points with regaixl to S'. 

A puicly geometrical proof at this theorem is given in LacliUn’s J/odeni 
Geometry. 

180 . If a particle of finite mass m is at the centre of iuror.'>ion 0, the inverse 
is a distribution of matter at infinitely great distances from 0. The theory of 
inversion gives the potential of the whole inverse system including the infinitely 
distant matter. If we wish to remove the latter from the field under consideration 
we must subtract its potential. Now by equation (3) of Art. 168 its potential at any 

point P" is V'=V Qj)/ = ™®y therefore disregard this iutiiiitely 

distant matter if we subtract from the potential of the inverse body as given by the 
tlnory. the constant mji. 

If the mass at 0 merely forms part of a stratum passing through 0, the mass 
actually at 0 is zero and the coustant to be subtracted is also zero. 

181. Inversion from a line. Instead of inverting the 
attracting system with regard to a point 0 we may invert it 
with regard to some straight lino Oe. Let a point Q move in any 
manner, aud let QN be a perjiendicular on the axis Os. If on NQ 
wc take a point Q' so that XQ.IfQ' = k^, where k is a given 
constant, then Q' is the inverse of Q with regard to the axis of s. 

With this definition it is clear that any cylindrical surface 
with its generators parallel to Oz inverts into another cylindrical 
surface also having its generators jiarallel to that axis. This 
method of inversion will therefore help us to deduce the potential 
of one cylindrical surface or solid from that of its inverse. We 
shall suppose that the density of the cylindrical body is uniform 
along any generating line but varies from one generator to 
another. 

182 . If an infinite rod is parallel to the axis of z, its attraction at any point P 
on the plane of xy is known to be 2m!QP, where Q is the iutorsoction of the rod 
with the plane of xy and m is the line itensity. The potential of such a rod at P is 
tlieieforo C -2ih log QP, whore C is some constant, Art. .50. Let us invent 
this rod with regard to the axis of z into a parallel rod, and P into another point 
P'. Supposing the inverse rod to have the same lino density as the primitive rod, its 

DP’ 

potential at P* is V'=C-2m log Q'P'. But by Art. 168 P'Q' = PQ . -- . Hence 
V' + 2mlogOP'=V+2mlogOQ (1). 
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Let there be a system of rods intersecting the plane of xt) in the points Qj, 
Q 2 , A'c., and lot the inverse rods intcrscot the eame plans in Q/, Q^, &a. Let nij, 
nto, &c. be the line densities of the several pairs. Then for each pair we have an 
equation similar to (1) ; adding all these together we find 
(Potential at J?' of inversu system) 

- (Potential at P' of the whole mass collected at the axis) 
= (Potential at P of given system) - (Potential at O of given system). 

183 . If the primitive system of rods intersect the plane of xy in an arc or an 
area, the inverse system wiU also be arranged in the same way. To compare the 
densities we observe that the masses of the giuen system and the inverse are the same 
hut differently distributed. If the loons of Q is an arc, the ratio of the elementary 
arcs at Q', Q is equal to OQ'IOQ, and the ratio of the line densities is therefore 
equal to OQjOQ', i.e. {klOQ')'^. If the locus of Q is an area, the ratio of the surface 
densities is equal to {k/OQ')*. 

We should notice that rn is the mass per unit of length of a rod. Hence when 
the attracting rode form a cylindrical surface whose surface density is />, we have 
m=pds, where ds is an element of arc of the section of the cylinder by a plane 
perpendicular to the axis. For example, in the case of a right circular cylinder of 
radius a we have Sm—2trap. If the rods form a cylindrical volume of density p, we 
have m=pdA, where dA is an element of area of the curve of section. 

Ex. 1. A heterogeneous stratum is placed on a right circular cylinder, the density 
being uniform along any generator. It is required to compare the potentials at an 
internal and an external inverse point. If we invert the system with regard to the 
axis and the radius k of inversion be the radius of the cylinder, the stratum inverts 
into itself. If P, P' be the internal and external points, V, V' the potentials, we 
have by Art. 182 P' - (C - 22m log 0JP')=V-y\,. Collecting all the constant terms 
into one, we have V'-V=A- 22m log OP'. The corresponding proposition for a 
sphere is given in Art. 86. 

Ex. 2. Invert the following theorem with regard to an eccentric internal 
straight line. The potential of a homogeneous right circular cylindrical surface at 
any internal point is constant and equal to that along the axis. 

The resulting theorem is as follows. If matter be distributed in a thin stratum 
over a right circular cylinder so that tlie surface density at any point Q' is 
proportional to the inverse square of the distance of Q' from an internal straight 
line OZ parallel to the generators, the potential at any external point is the same 
as if the whole mass were evenly distributed over the straight line OZ. 

184 . Extended theory. Let Qi, Q 3 ,...Q„, be n points arranged at equal 
distances on the circumference of a cirolo of radius p. Taking the centre 0 as 
origin, let the polar coordinates of these jraintB be (p, ^), (p, ip + a), (p, ^+2a) <2c., 
where 7zo=27r. Let P be any point and let (r, ff) be its coordinates. By De 
Moivre’s property of the circle we have 

r2» - gr^p" COB n (8 - <t>)+f^= PQi' . PQj,=. ..I’Q,? (1). 

Lot us now take two other points Q', P* whose coordinates (p', 0') and (r', 6') are 
such that p'=e (plc)’s, tp'—mti; r'=e {rje)’', 0'=n0, where c is any constant. It 
immediatt'ly follows that ihe left side of (1) is equal to . {P'Q'Y. Taking the 
logarithm of both sides, we find 

log P'Q' + (n - 1) log c=log PQi +log PQa + &o. +log PQ„ (2). 

Let us now suppose that two infinite thin rods, each of uniform line density m. 
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are placed perpendicnlarly to the place of the circle at P and P' rcBpectiToly. It 
follows ul unoe from equation (2) that the potential of the second rod at Q' diffei's 
by a constant from the sum of the potentials of the first rod at the points Q.^ itc. 

In the same way, by properly placing pairs of corresponding rods wc may build 
up two corresponding cylindrical bodies, which have the property that the potential 
of the second body at Q' differs by a constant from the sum of the potentials of the 
first at Qi-Qn- 

We may express this result in the form of a theorem. An ivfmUehj lomi 
cylindrical body has its density uniform along any generating line and attracts 
according to the law of nature. The body, being referred to cylindrical coordinates 
with the axis of z parallel to the generators, is transformed into another cylindrical 
body by moving each cylindrical element (r. 6) into the position (r', 6f), where 
r'=c {rje)'^, 8'=n0, without altering the mass of element. If the potentials of the 
original body at the n points (jt, 4>), (fi, 4>+a), {p, 0 + 2a) <£c. be V^, Fj,, K, etc. then 
the potential of the transformed body at (p', ^'), where p'=c [pje)’^, g>'=ntp, differs by 
a constant from the sum Fi+Fj+<®c. + F„. 

If one be a continuous cylindrical solid, the other body may be made also 
continuous by altering the areas of the sections of the transformed elements, 
keeping the mass unchanged. Since the elementary areas at P, P' are respectively 
rdBdr and r’dffdr' we easily see that the volume densities at P, P' must be in the 
ratio of (nr')* to r^. 

If one body be a continuous surface, the other may be made also a continuous 

surface. Since the masses on the corresponding arcs ds, dtf are equal, the surface 

densities a, <t', must be such that irds=a'ds'. This ratio may be put into other 

forms. Let ifi, ^ be the angles these arcs make with their respective radii 

vectores, then since r'=sr"/o'*~‘, S'—nB, 

, .dfl' dO . , 

tan =r' r ^ = tan 

It oppears that the radial angle ifi is unaltered by the transformation. Since 
sin ij/=rdBlds, sin \li'=:r'd8'liW, we see that dsldt'=rjnr', and therefore ro =:nr'a'. 

Since the coordinates of the corresponding points of the two figures are ooimected 
by the relations r'=r“/e''"*, B' — iiB. it is clear that when O' has increased from 0 (o 
2ir, 8 has varied from 0 to fiw/n, and thus an arc only and not a closed curve is 
obtained. If P' travel n times round its curve, the curve traced out by P will 
consist of n equal and similar arcs, fitting together and forming a closed carve. 
Since a—iirjn, it is also evident that these n arcs are similarly placed with regard 
to the n points Qj, Q,, &c., and that therefore the potential of the whole closed 
curve at each of these points is the same. 

The potential therefore at Q' of the n coincident cylindrical strata generated by 
the rod P' in » revolutions (which of coarse is « times that of the cylinder taken 
once) is equal to n times the potential of the complete cylindrical stiatum 
generated by the rod P at any one of the points Q^, &c. It follows that the 
potentials of the two closed cylinders (each taken otice) are ctjuul at the corresponding 
points and Q'. If one stratum (like an electrical stratum) is equipotenlial 
throughout all space on one side of the surface, the other is also cquipotcutial on 
the corresponding side, 

Kx. Thin layers of attracting matter are placed on the cylinders 
A {x*+y*)+2Bx-y^=l, 

Ax»+3(3B~2A)x‘if+3 (3A -2B]xY+Bif=l-, 
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if the surface dep-ities are proportional respectively to T®p and r^, where r is the 
dmancc from tin, aiio an I p is the pcipendietilar on the tangent plane, prove that 
tlie potentials are constant at all internal points. 

If a th*n '^tiatdin is placed on the cylinder Tvhose siirfac<» dcu'-ity 

1 '* rhi potential in»ide is con&tant. Ait. 72 Transform thi* theorem bv 

v,i r =’ - 1 , d'=2i^ The elliptic oluider becomes the first of the two cilindriD 

in ilie example The ^oiface density <r follows at once from cT=ncT^ if Wc* 
remtuiOer tli b at corresponding puiiits. 


Circular rings and anchor rings. 



■P' 


185. When the potential of a thin h^teiogeneons circular 
jiiiCT for any law of attiaction is known at all points in its plane 
\Mthin the circle, the potential at every point of space may be 
deduced hy inveision. 

Let the plane of the circle be the plane of xy, the centre 0 
b<^in^ the oiigin. Let the 
Ijiaue of xz contain the 
point R at which the 
pi tential is required and 
let it cut the circle in 
A', A. In the figure the 
attracting circle is repre- 
sented by the dotted line. 
describe a circle through 
the points A, A' and R, 
then 

CF.CR = rO.CC'=CA\ 

The points P and R are therefore inverse with regard to G. If 
then V r" are the potentials of the ring at P and R, when the 

/ c 

law of foice is the inverse «-th power, we have [pij 

V here c = CA and r" = CR. 

When the law of attraction is the inverse distance, the 
jiotentiil takes a logarithmic form. Art. 43. Let m be the mass 
of a particle of the ring situated at Q. Its potentials at P and R 
.UK C — m log QP and 0 — in log QR. But since the tiianglcs QCP, 
(irR are siunhr (Art 168) QP;QR = c;CR. If then V and V" 
ail the pitentials of the whole ring at P and R, wc have 

V = V +21 log where M is the mass of the heterogeneous iing. 
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186. The geometrical relations between the positions ofP and R 
are most easilj^ obtained by describing an elJip-e or hjporbola 
whose foci are A, A' and which pa-^scs through R, 

Since the angles ARC, *1 'RC stand on e jual arcs, these angles 
are etjual and RPC is therefore a normal to the ellipse. We thus 
have /• = e-a; where r ~ OP, x is the distanw of R from the axis Oz 
of the ring, and e is the eceentiicitv-. We also ha\e CA.VE or 
clr" = e. If p, p' are the lea*-! and greatest di-tances of R from 
the ring, the focal distances AR = p, A'R = p. Hence, n being the 
radius of the ring, ex = ^ (p' — p) and a,e = i(p' + p). 

The semi-major a.\is of the ellipse is a' = o, e. 

187. The result maj’ be statKl :»>. follows. Let the potential 
at an internal point P in the plane of the ring be V= f(n. Then, 
if the law of force is the inverse xth power of the distance, the 
potential at R is V''=e‘~^f(e?x'). If the law of force is the 
inverse distance F"=F+.Vloge. We may use any of the preceding 
geometrical results to expies^ e in terms of the coordinates of R. 

The points R and P' are inverse points with regard to u sphere who^e centre i.. 
O' and radios CA. These may le used to deduce by the same role the peer nciel at 
R from that at the external po'nt R'. Instead of the ellipse we then use I'.e 
hyperbola which has its foot at A', A and which passes Oiioupli It. 

18B. Ex. Prove that the component foroes at R along the tangt tits to the 
elliise and lyperbola are e*+'P sin RPA and e'*+*P' sin RP'A, where F, JF are the 
foiees at P and P’ resolved in the directions OP, OP' respectively ; and e, e' aie the 
eccentiacities of the ellipse and hyperbola Piove also that ee'=u,.e, and that 
P, P' are inverse points with regard to the mig. 

1B8. Ex. The potential of a uniform circnlar ring, wlirn the law of force ic 
the inverse distance is Imown to be constant at all points within the circle 
and in its plane, Art. 56. The potential at any point R of space is therefore 
logs. It follows that the level sarfaces are oblate spheroids having tin 
circle for a focal couio. 

Prove that tho lesoltant force at R takes either of the foims 
F=M. n/p/® Jf . 

where p, p' are the focal distances and n is the length of the normal BP. 

If the ling is heterogencons, let its law of dendity be given a^ dc.oribcd iv 

Art. 68. Tbe potential at any point R, of space is then F''=2E, ^ ^ ) t f 

n \ a / 

(except when wisO}, where a is the radios of the ring, 

190. To find the potential of a thin uniform cirevhr ring of 
line density m, the law of attradion being the inverse tdh power of 
the distance. 

First, let the poiut P at which the potential is required be in 
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the plane of the circle. Taking the figure of Art. .55, let OA = a, 
OP = r, we then have 

a sin (f> = r .-.in 0, w* — 2ttr cos 0 4- r" — o® = 0 (1 ), 

where 9 = UPR, u = PR. When P is outside the circle both the 
values of u given by the quadratic are positive and represent 
geometrically the distances PQ, PR; these we distinguish as 
u., Ms. When P is inside the circle the geometrical distances are 


— Ill and M,. 

The elementary masses at Q, R being miii d9jcus <f) and 
mHof70/cos<^. the poteutial V of the whole ring at an exteinal 
d0 ^ „ 1.1 


point IS 


r m r 
~K-1J 


COS <7) 


S^ = 


rir's (2); 


Ms' 

when P is inside we write — Mj for Mj; we notice that when k 
is an even integer, the same formula represents the potential 
whether P is internal or external. The value of may be 
deduced from the quadratic, thus — 2, Si = 2r cos 0/(r“ — a“). 

The limits of the integral are different according as P is 
outside or inside the circle. When P is outside, ^ varies from 
0 to ^TT and sind from 0 to »/»•, the final result being doubled. 
When P is inside 0 varies from 0 to Jw and sin ^ from 0 to r/a, 
the final result being doubled. To simplify the limits we express 
the integral Y in terms o£ ^ or 0 according as P is outside or 
inside 

lleprosenting these potentials by F*' and Fc, we have after 
using (l; 

y, 2m r S,- 2 ad< f) „ _ 2m I* ad0 


(a^ — r” sin* 0)i ' 


the limits in both integrals being 0 to Jtt. When the law of force 
is the inverse square. 


F 


r imadeb V — [ ^ 

' “ j (r*-a*8in-d)f’ — 


4mad0 


(r* - a* sin - j (a* — r“ sin* ^ ’ 

When the law of force is the inverse cube we find for an external 
point (using (1)) 




madefy 2rcos0 niira 


r cos 0 'p — a* r* — a* ‘ 


I'he potential at an internal point may be deduced from the 
general expression for Ft, if we remember to write —Ui for iti- 
It follows however at once from the expression for Y^ by using 
the rule of inversion (Art. l7l). We write a^/xi for r and 
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multiply by {a,jriY~^, where ri=OP and « = 3. We thus find 
„ _ mira 
a“ — 

The attraction of the ring at any external point P' in the phino 
of the ring is the sum of resolved attractions of the elements at Q 

and R. In this way we find X' — ^j whore the limits arc 

0 to 4 w. 

The potentials for these two laws of force being known, the 
corresponding potentials for any other inverse law may be deduced 
from the theorem (Art. 97) 

The potentials at points in the plane of the ring being known, 
the potential at any point R of space may be found by the rule 
of Art. 187. If (a;, z) be the coordinates of R, we write e^x for r 
and multiply by 

For example, when the law of force is the inverse square, the 

potential at R is f Smadd limits being 

J {(p +py-(p -pTsiu^dji ^ 

0 to 

Instead of usinR the angles 0PR=9, ORP=ip, we may u-e the third angle 
P01i = <ji of the triangle OPR, or the angle x subtended by OR at A, so that 

^-f=2x- 

Supposing the late of fotce to be that of the inverse square of the dUinnce, the 
potential at P is then 

j” _ f nids _ f 2mad\(' _ f iniadx 

* J PR i («-+T’-2arooB^)t J {(a+r)^-dar siu‘x}^’ 

where the limits are ^=0 to tr, and x=0 to ^md cijf is an element of are. These 
results hold whether P is internal or external, provided it is in the plane of the circle. 

191 . Ex. 1. Investigate Flana’s theorem that the attraction of a uniform 
circular ring at an external point in the plane of the ring is 
2 . 1 / 




the limits being 0 to lir. [Turin Memoirs, 1820.] 

Ex. 2, Prove that the potential of a thin uniform attracting ring at an internal 
point P in its plane very close to the circumference is ultimately 2nilog 8a/f, where 
{ is the distance of P from the ring. 

We take the general expression for the potential given as an elliptic integral in 
Art. 190 and put Tja=Jc, where h is to be ultimately put equal to unity. We have 

Ii= f ^ — j= f de ( 1 ). 

4m .1 (1 - fc- sin- J l\l-hftsinS/ (1 - A- sin- d)-') 

The last integral can be found, and is equal to -log{(l- A-)b'(l + 7c)}. The other 



ATTRACTIONS. 


96 


[art. 193 


luiegral presents no singnlarities and \re may pat = l before integration; its 
valae is then log 2, 

This value of the potential agrees with that given by H. PoincarS in his ThSorie 
du PoUntiel Ni-ictomen, 1899. p. 132. The nse of the first integral on the right- 
hand side of (1) to find the elliptic integral K when k=l was suggested in a College 
examiuatiun paper, Dec. 1693. 

A plane iliawn through the axis of the ring will cut the level surfaces in a series 
of curves. By using the theorem V"=eV of Art. 187 we may prove that these are 
circles in the rinmediate neighbourhood of the ring. 

Ex. 3. Prove that the level surfaces of a thin circnlar ring, when the law of 
attraction is the inverse cube, are given by pp'=#i.®, where p, p' are the greatest and 
least distances of any poin t li from the ring, and the constant /t is given by ‘2/i- =iIjV''. 

192. Anchor rings. An anchor ring is generated by the revolution of a circle 
nt railius a about an axis Oz in the plane of the oiicle, the centre C describing a 
circle of radius c. A thin homogeneous layer is placed on its surface. Prove that 
the potential of the layer at any point P of the axis is 

IJj j «-• sin* 0 = 0 to I , 

where n=CP. and M is the whole superficial mass. If m be the surface density, 
.V=2ira.2jro.inby Guldiu’s theorem. 

Let QQ' be an arc of the generating circle; let PQ make an angle ^ with the 
outward normal CQ to the anchor ring. 

Let the angles CPQ=:d, CPO=ff, and 
PQ=p. Since the are (JQ'spdSseo^, 
the potent' il at P of the annulus gene- 
rated by tne revolution of QQ' about 
Oi is 

V=mJ sec oidfl . 2irp sin (fl -t 3| 

= 25rmJ sec (cos ^isiu + binSaoefl). 

Since the integration extends over the 
whole circumference of the generating 
ciiclc, the last term is zero. Also 
sin 0 = sin 0 (ajR), 

/. eos 9dd=eos (fl/R). 

.’. V =2vm sin p[alR)jpd<p. 

The limits are 0 to w if we doable the result. Produce PQ to cat the circle again 
in R and let PR=p'. Then 

V=i7rm ^j{p+p') d4>, <p=0 to 

Since p -t- p' = 2 . PN = 2 iJ[IP — a® sin® this reduces to the result given above 

without difficulty. 



193. Ex. 1. The potential of a solid homogeneous anchor ring at any point P 
of the axis may be expressed in either of the following forms 

sin® 


l^cos- p.y(R“-a^ain- ddi=^~ J- 


,J(Rr‘+a^-2aR cos ’ 


The limits for ^ arc 0 to ^ir, and for 0 to w. If ja be the density the whole mass 
Af = wa® . 2irc . p. 
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Let Ti 0 be the polar oooidinates of an element of area at S of the generating 
circlR roforrcd to P as origin and PG as axis of x. The potential is then 

V= j j , ^TTfir ain (d+^)=2B-/*siii^J|rJff(ircosd, 

since, as in the last example, one term of the integral is zero. Let us integrate this 
first tpith regard to r. Then using the geometrical relations connecting d, p, p* 
given in the last article, we find 

_^=Joos m ^1-^, si„= 0 ) oos^ 0<f0. 

The limits of sin 8 axe - a/R to ajS aui) those of 0 are - iir to ^r. 

Let us integrate the double integral Jint xith regard to 8. Let the cirrie whose 
centre is P and radius r^PS cut the generaiing cu'cle in T, T'. Let the angles 
CPT=e^, PCT=^. Then 

Binfli=8in0(a/r), r“=fP+o®-2<(R cos 0. 

We now find 2ir/t^in ^ ® Bi=jaR sin 0d0 . 2 sin 0 2 , 

the limits of 0 are evidently 0 to w. This is equivalent to the second expression 
given above. The second expression for 7 agrees with that given by Dyson, Phil. 
Trans. 1893, p. S3. 

Ex. 2. Express the potential of a solid anchor ring in elliptic functions. Let 
.Y°=l — A‘*8in*0, h^ajR, then 

I=j cos’ 0Xd0=/.Y cos 00 sin 0 
=J sin’ 0X00 + 1 !?] sin’ 0 cos’ 0 (00/X) 
by integrating by parts. The integrated part is zero at each limit. 

.■. r=JX00-r+J(l-X’)coa»0(00/X) 

=;X00 - 2f +/(1 - sin’ 0) (00/.Y). 

Substituting for Bin’ 0 ite value in terms of X, we find 

where the limits thionghout are 0=0 to 


Attraction of Ellipsoids. 

194, For the sake of brevity we shall adopt in this section two 
new terms taken from Thomson and Tait’s Natural Philosophy. 

A homoeoid is a shell bounded by two surfaces similar and 
similarly situated with regard to each other. In what follows we 
shall somewhat restrict this definition and use the term only 
when the shell is bounded by concentric ellipsoids, 

A focaloid is a shell bounded by two coufocal ellipsoids. 

Thomson and Tait restrict these terms to infinitely thin shells, 
but it will be convenient for us to use them in a more general 
sense, distinguishing the shells as thick or thin according as the 
thickness is finite or infinitely small. 

A shell bounded by two similar and similarly situated surfaces 

7 


B. S. II. 
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has been called a honiothetio shell by Chasles in the Jour. Pol., 
Tome XV., 1837. This is a convenient term when the surfaces are 
either not concentric or not ellipsoids. 

195. Let {a, b, o) be the semi-axes of the internal surface of a 
thin ellipsoidal shell, (a + da, &c.) those of the external surface. 
Let OPQ be any radius vector drawn from the common centre 0 
cutting the ellipsoids in P and Q, let OP = r. Let p be the 
perpendicular from 0 on the tangent plane at P, p + dp the 
perpendicular on a parallel tangent plane to the outer ellipsoid. 
Then dp is equal to the thickness at P. 

When the thin shell is a homoeoid we have by the properties 

. . „ da dh dc dp dr ,, 

of similar figures — = -r- = — ~ — = — = ak. 

° a o 0 p r 

Since the volume of a solid ellipsoid is ^-nabc, we find by differen- 
tiation that the volume v of the shell is v = Aiiraicdk. Two thin 
homoeoids are said to be confocal when their inner boundaries are 
confocal conicoids. 

When the shell is a focaloid, we have a'* = a* -t- b'" = b^ + \ 

&c., where (a', b', J) are the semi-axes of the external surface. 
These give for a thin shell ada=‘bdb = cdc=pdp = ^dX. The 
volume V of the shell may be shown by differentiation to be 
_ 47r b^o^ -t- -f a-V‘ d\ 

^ 3 abc 2 

If we regard either shell as a thin stratum placed on an 
ellipsoidal surface the mass on any elementary area dA is pdp . dA 
where p is the density. The surface density is therefore pdp and 
it varies directly or inversely as p according as the stratum is the 
limit of a homoeoid or a focaloid. 

196 Thick homoeoid, internal point. To find the poten- 
tial of a thick homogeneous homoeoid at an internal point. 

It has been shown in Art. 68 that the attraction of such a shell 
at all internal points is zero. The potential is therefore constant 
throughout the interior, and it will be sufficient to find the potential 
at the centre. 

Taking polar coordinates with the centre as origin, the mass of 
any element is pi^drdat, where p is the density of the element. 
The potential V of the whole solid at the centre is therefore 
V=pffrdrda). If r,, ra be the radii vectores of the two surfaces 
of the shell, we have V = ipfr,-da> — ipfri‘da). 
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The determination of the potential at the centre of a thick 
shell, bounded by any concentric ellipsoids, depends therefore on 
the evaluation of the integral taken over the superficies of 
an ellipsoidal surface. 

When the shell is a homoeoid these surfaces are similar. Let 
(a, b, c), (ma, mb, mo) be the semi-axes of the external and 
internal surfaces. We then find F= (1 — m“) jr^dto, where r is 
the radius vector of the external boundary. 

When the shell is a thin homoeoid m is nearly equal to unity. 
The surface density is pdk.p and the potential is pdlcj'i^dto where 
di = 1 — m. When the surface density is p,p the potential is p,fr-da> 
and the whole mass is 4i7rabcp,. 

It easily follows that the potential of a thin homoeoid is two- 
thirds of the potential at the centre of a solid homogeneous 
ellipsoid of equal mass and having the same external boundary. 


197. To find the integral fr^da we write dco = sin 8d6d<b. 
Substituting for its value found from the equation to the 
ellipsoid, we have 

JJ mnffdddcb 


Jr^dta > 


/cos-' 6 


+ sin® 6 




where the integration extends over the whole surface of the 
ellipsoid. Taking only an octant, the limits are 6 = 0 to 6 = Jir, 
<j> = 0 to <l> = ^TT. The order of integration is immaterial. 

Let us integrate first with regard to (f>. Dividing both 
numerator and denominator by cos®(^, we find 


/r>d®=jjj 


f sin dd9d tan d> 

cos^d siu^^ . 

^cos‘6 , sin® 6^^ 

1 tan® (fr 

c® ^ a® 

^ c® b - J 


By obvious processes in the integral calculus 

It therefore follows that 
iJr^dco ='^ . j- 




sin Odd 


/fcos-d , sin®d'\ /(coa’‘6 , sjn®d’\' 

V I, c® a® /y I, c® 6® / 

To interpret this expression, let us produce the radius vector OP 
or r to cut the tangent plane drawn at the extremity C of the axis 
of z. Let R be the point of intersection and let OR = u, then 

7—2 
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M = c tan 8. Since the limits of 0 are 0 and ^nr, those of u are 
0 and 00 . Substituting, we find 
, , « T f* 

Ji~da> - 2Trabcj^ ^ , 

where the integration on the left side extends over the whole surface 
of the ellipsoid. 


198. If we write 1 


-f 


we find 


(a* + ii)l (6’ + u)* (c* + 'u)i ’ 
that the potential of a thick homoeoid is 

F= p (1 - m=) ,ra6c . / = iMI . 

The potential of a thin homoeoid is where, in each 

case, M is the mass of the attracting body. 

It follows that the integral I may also he defined as the ratio of 
the internal potential of a thin homoeoid to half its mass. If the 
homoeoid represent an electrical stratum 2jl is the capacity. 

199. Since the first integration in Art. 197 has been made 
with regard to 4> i* is evident that we may introduce any function 
of 0 as a factor without disturbing the argument. We therefore 
have 

cos* 6du' 


/r*cos’ 6 dm = 2^110 J°° 


0 (a* + «*)i(6> + M*)*(c*'+ ' 

Since m = c tau 9 and r = r cos 6, this gives jz-dm = — 2'jrabc • c ^ > 


dl 


fu^dm = — 27!-(ibc.a-^. 


dl 


Jfdm = — 27raho • ^ » 

w'here the integrations extend over the whole surfiice of the 
ellipsoid. 

The polar eqaation of the ellipsoid is 


1 _ P m* n* 


1 

’* r"dc' 


Differentiating fridii=27rabcl with regard to c, we have fr*n*dM= 5 raJc*^^^, 
wuh similar expiessions for Jr*Pcla and Jr*iiPdu. 

200. Ex. 1. Where (X, are 

the direction cosines of a radius Teotor, n=/+p + ft, and i(/) stands for the 
quotient of all the natural numbers up to 2f by the product of the some numbers 
up to /, both included. A short proof is giren in the author’s Sii/td Dynamics, 
Vol. I. Art. 9. 

Ex. 2. Show that the integral I, and therefore the potential V, may be 
expressed as an elliptic integral. Thus X=- 




_ f 


sin® 5 ^) * 
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whero X = ^2 and the limits are ^=0 to sin integiol is real 

if the axis of c is the longest of the three. 

To prove this we revert to the value of 7 (Art. 197) after the integration with 
regard to ^ has been performed. Putting cos 0 =v, the integral takes a known 
form. This is reduced to the standard form given in the example b; putting 
(c® — sin® Ip. 

Ex. 3. Show that ^ + ^) 7 = - . 


da^ db^ de-‘ “ j 




Let Q“=(o®+u) (4-+«) (e’+i(), then I=jdulQ; 

^ dl f dll S dQ 1 


• ^-^=- J 

da* aj 


dll 2 dp 1 1 ^ 

Q{a*+u)‘ Qdu~ ar+u^ b* + u^ c- + h' 


The results follow by simple substitution. 

By writing b=ma, c=na, ii=va^, we see that 7 in a homogeneous function of 
a, b,c of - 1 dimensions. The second result then follows from Enler's theorems on 
homogeneous functions. 

Ex. 4. If Jr^du=flbc2J„. prove that 

The first result follows from Euler’s theorem on homogeneous functions. By 
differentiating Jr*'"d<i;=a 6 cH„ with regard to c® we obtain Jr'-™+“n’(i« as in Art. 19!). 
The two other results follow easily. 

Ex. 6 . Instead of the standard integral represented by Z we may use the 
. r f" abcdii 

“ Jt u(a»+w)*(b’+»)4 (c*+ti)i‘ 

_ , dJ bcdl dJ cadi 

Wethenhave 3 -, -37 = - , Ac. 

da a da db b db 

If we write a, ft, y for the reciprocals of o®, 6 ®, c® we easily find 

where the integrations extend over the surface of the ellipsoid. 

Differentiating jT®n®d<i)= - is-dj/dy, i times with regard to a, j times with regard 
to p and k — 1 times with regard to y we arrive at the last result. 

Ex. 6 . If / (2®, m®, n®) be a homogeneous function of Z®, m®, n® of s dimensions, 
prove that Jr=/ (Z®. m®, n=) dm = 17 / (A ^ , 

TJ— (-1)* OT,.! n_0 /OJ.1 


I.3.5...(2p-l)‘1.2.3...(*-p) 
Prove also that Jto^=N/ A Q j'^ 


and g =2 (s+l-p). 
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201. Theorems on thin homoeoids. The potential at any 
internal point of a thin homoeoid being known it is required to find 
the potential at any external point. 

Let two ellipsoids have for their semi-axes (a, h, c), (o', V, d ) ; 
points on these are said to correspond when their coordinates 
are connected by the relations 


y — U. 

a~a’' h~V’ 


Let da, da' be two triangular elements of area at P, P' such that 
the comers are coiresponding points; let p, p' be the perpen- 
diculai-s from the centre 0 on the tangent planes. 'The volumes of 
the tetrahedra whose bases are da, da' and common vertex 0 are 
respectively ^pda and \p'da'. The first of these volumes is ex- 
pressed by one sixth of the determinant in the margin, x y z 
wheie the several rows express the coordinates of the a^PiZi 
coruPis. The second volume is expressed in the same x^y^z^ 
way with accented letters to lepresent the corresponding points 
on the second ellipsoid. It is evident fimm the relations (1) that 
these determinants aie in the ratio a be : a'b'c'. We therefore infer 
that the elements of surface of the two ellipsoids are connected by 

the equation <2). 


Since any elementaiy areas at P and P' may be subdivided into 
tnnngles, it is evident that this relation holds for elementaiy areas 
da, da' of any shape, provided only their boundaries are formed by 
corresponding points 

Since the thickness of a thin homoeoid is represented by kp, 
it follows that the volumes of corresponding elements of two thin 
homoeoiih are tn a constant ratio. Adding these elementary volumes 
together, it is easily seen that this constant ratio is equal to that 
of the whole oolumes of the two shells. If the shells are of such 
thicknesses that their whole volumes are equal, then the volumes 
of all conesponding elements are equal. See Vol. L Art, 428. 


202 We shall now require the following geometrical theo- 
rem ; — the distance between two points one on each of two conficitl 
tUijWoids is equal to the distance between their corresponding points 
A proof maj be found in Smith’s Solid Geometry, Art. 1G6. This 
theorem is usually called Ivory’s theorem after its discoverer, who 
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also applied it to determine the potential of an ellipsoid at an 
external point. 

Let P, P' be two corresponding points, one on each of two 
confocal thin homoeoids of equal volume ; let also Q, Q' be any 
two corresponding elementary volumes each equal to dv. Let the 
equal distances PQ', P'Q be represented by It. If/' (It) represent 
the law of attraction, the potentials at P and P' of these ele- 
mentaiy volumes are each /(R)dv. Integrating over the whole 
surfaces of the shells, we see that the potential of the inner thin 
komoeoid at the external point P' is equal to that of the outer thin 
homoeoid at the corresponding internal point P, provided the 
densities are equal al corresponding points*. 

Thus when the potentials of thin homoeoids at all internal 
points are known, their potentials at all external points are also 
known, 

203. It is evident that the potentials of these shells are equal 
whatever he the laiu of attraction provided the potential is a function 
of the distance only. 

The potentials are also equal if the shells are heterogeneous, and 
the density at any point is a fundion of (xja, yjb, zjc). In this 
case it is evident that the densities of the shells are etpial at 
corresponding points. The equality of the potentials is also true 
when the shells are incomplete, provided only the existing parts 
“correspond” to each other. 

204. The theorem may also be used (though not so simply) 
to compare the potentials even when the density is any function 
of the coordinates. It will be convenient to express this result in 
an analytical form. 

Let the density p of a thin homoeoid (semi-axes a, h, c) be 
f(x, y, z), and let v be the volume of the shell. It is required to 
find its potential at any external point (f', rj', f'). Let a confocal 
ellipsoid be described passing through the point (f', if, f') so that 

• Chasles in his Nauvelle lolution da probUme dt Vaitraction d'un ellip^uvle 
hStdrogene siir utt point exterieur, Liouvillc, toI. v. 1840, shows that thin confocal 
homoeoids have potentials at corresponding points proportional to their masses, 
but considers only the case in which they are homogeneous. Knowing that the 
potential of the outer at an internal point is constant, he deduces several theorems 
on the attractions of the inner shell at external points. He finds the attraction of 
a solid heterogeneous ellipsoid by dividing it into thin elementary homoeoids, the 
strata of equal density being the elementary homoeoids. The case in which the 
homoeoid is heterogeneous is not discussed. 
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its semi-axes d, V, c' are givea by a'“ — a- = \, b'^ - 6= = \, c'^ - c= = X, 
where X is a root of the equation 

m 

-t-X^ 6^ -t-X ^ 

Let this ellipsoid be the inner boundary of a second thin homoeoid 
whose volume is equal to that of the former. Let its density at 
any point {x\ y", z') be p' = f(axja!, hyfV, czic'). The potential of 
this .second homoeoid at the internal point {a^'jd, brfjb', c^'jo') is 
equal to the potential required. 

We shall in general take a\ b\ c® to be in descending order of 
magnitude. If X is either positive, or negative and numerically 
greater than c\ the surface (1) is an ellipsoid. If X is negative 
and numerical Ij’’ greater than c* the surface is one of the hjqjer- 
boloids or is imaginai^’’. The root of the cubic to be chosen must 
therefore be the algebraically greatest root. Since the attracted 
point is external to the ellipsoid a*-f X is necessarily greater than 
d, the greatest root is therefore positive. 

205. Taking the case in which the two thin homoeoids are 
homogeneous, the potential of the outer has been proved constant 
for all internal points, Art. 68. It immediately follows that the 
potential of the inner is the same at all external points which lie 
on the same confocal. We therefore infer that the level surfaces 
of any thin homogeneous homoeoid are confocal ellipsoids. 

It follows from this proposition that the direction of the 
attraction of a thin homoeoid at any external point P' is normal 
to the confocal ellipsoid which passes through that point. 

It is proved in treatises on solid geometry that this normal is 
also the axis of the cone which has its vertex at P' and envelopes 
the ellipsoid. 

This result was gi\eu by Poisson (Mfm. de Vlnstitut, 1835). There is an 
elementary demonstration by Steiner in Crelle’s Journal, voL xn. 

206. Since two thin confocal homoeoids have the same level 
surfaces, their potentials can be made equal over any level surface 
enclosing both by properly adjusting their masses. It immediately 
follows that their potentials are also equal throughout aU external 
space, Art. 130. Since the potentials of finite bodies vanish at 
infinity in the ratio of their masses, it is evident that the masses 
of the two homoeoids must be equal. We have therefore the 
following theorem, the potentiais, and therefore also the resolved 
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attractions, of two confoocU thin hotn-oeoids of equal masses are 
equal throughout all spaae external to both. 

207. Iiines of force. The lines of force of a homogeneous 

thin homoeoid are the orthogonal trajectories of all the confocal 
ellipsoids. Let (a', b', o'), (a", b", c"), {a'", b'", o'") be the semi- 
axes of the confocal ellipsoid and hyperboloids which pass through 
any external point ri , f'). Then by a theorem in solid 

geometry 

,, aW" Vb"b'" , e'eV" 

^ ~ V(a* - 6-) - c'^) ’ >/{b^-a^) (b‘ - c=) ’ ^ V(c= - a“) («> - 6>) ’ 

see Salmon’s Solid Geometrg, Art. 160. Since these conicoids inter- 
sect at right angles, the curve of intersection of the two hyperbo- 
loids is an orthogonal trajectory of all the confocal ellipsoids. The 
required trajectories are therefore found by regarding (a", b", c") 
and (a'", 6"', c'") as constants. It follows that ^'ja', v'lb', f'/c' are 
constant for the same orthogonal. Thus it appears that ang line 
of force of a homogeneous thin homoeoid intersects all the confocal 
ellipsoids in corresponding points. 

208. Thin homoeoid, external point. To find the potential 
and the attraction of a homogeneous thin homoeoid at an external 
point P'. The potential V' of the given homoeoid at P' has been 
proved equal to that of a confocal homoeoid of equal mass having 
P' just outside (Art. 206). This again is equal to the potential at 
a point just inside (Art. 145). It follows from Art. 198 that the 
potential at P' is 

F' = lil//' = J-Jlf f" — 

where ilT is the mass of the homoeoid and (a', b', c') the semi-axes 
of the confocal which passes through P'. 

This integral may be put into another form which contains the 
semi-axes a, b, c of the given homoeoid instead of those a', b', c' 
of the confocal. Putting o'* = o* + X, P* = &* -P X, c'* = c- X and 
vl — u — \, we have 

F' - — r — 

2 J A, (a’‘ + w)i (6* + m)* (c* -b m) 1 ’ 
where X is defined in Art. 204. 

209. To deduce the resultant attraction, we notice that the 
level surfaces of the given homoeoid are confocal quadrics. The 
resultant force F therefore acts parallel to the perpendicular p' 
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drawn from the centre 0 on the tangent plane at P'. Hence 
F=dV'jdp', and 

„ dF'd\_ M 2/ Mp' 

^ ~ 'd\ dp' 2 (a^ + X)i OP + X)i (c» + \)» a'b'c' ’ 

since, by Art. 195, dX = 2p'dp'. 

The expression for the attraction F may be obtained inde- 
pendently. The attraction of the homoeoid at P' is equal to that 
of a confocal homoeoid having P' just outside (Art. 206) and 

therefore, by Art. 71, F= — 

■' abc 

Again, assuming this value of F, the potential V follows at 
once by integration. 


aiO. Ex. 1. If an attracting bodj has an ellipsoid enclosing the whole 
attracting mass for one of its level surfaces, prove that all the external level 
surfaces are confocal ellipsoids. See Art. 130. 

Ex. 2. The attractions of a given thin homoeoid on two corresponding elementary 
areas taken on any two confocal ellipsoids are egnal. [Ghasles, Journal Polytech- 
nique, 1837, Tome xv.] 


Ex. 3. The attraction of a thin homoeoid at any point situated on its external 
surface is proportional to the thickness of the shell at that point. [Ghasles.] 

Ex. 4. A thin prolate spheroidal shell of mass JIf is divided into two portions 
by a diametral plane perpendicular to its axis. Prove that the pressure per unit of 
length on the line of separation, due to the mutual attraction of the parts, is 

JIP" Iog0-Iog6 r.r 1, m ■ 

The resultant force on any element of the shell is half the force just outside, 
Arts. 68 and 143. If do be an elementary ares, I the cosine of the angle p makes 
with the axis, the resultant pressure is Jjjj’fdvdp, where F has the value given in 
Art. 209. Putting do=‘iiryd>, dpjp=daja, the integration can be effected. 

Ex. 5. The mutual potential of a thin homoeoid (mass JIf, semi-axes a, b, c) 
and any internal mass M' is pfJU'/, where X is the integral defined in Art. 198. 

The mutual potential of the same homoeoid and any external mass M' placed as 
a stratum on a confocal guadric (semi-axes a', F, o') is IJlfM'X, where F is the same 
iutcgial with a', V, c' written for a, b, e, [See Arts. 61, 208.] 


211. Solid homogeneous ellipsoid. To find ike potential 
at an internal point P whose coordinates are (f, p, f). 

Describe a double cone with vertex P cutting the surface 
in two opposite elementary ai'eas Qi, Q,. If Rj, are the 
distances PQi, PQt, the potential of the double cone at P is 
i p f -{■ R/) do) (Art. 196). It is evident that if we integrate 

this expression all round the point P every element of volume of 


* This expression for the resnltant force is ^iven by Ghasles in the Journal 
Tohjicchnique, 1837, Tome xv. See also the Quarterly Journal^ 1867. 
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the ellipsoid will be taken twice over; we must therefore halve 
the result. The potential at P is then 

( 1 ). 

The distances Pi, are the roots of the quadratic 

/£±i?V 

\ a 






b ) 


= 1 


•( 2 ). 


do) . 


.(4). 


where (Z, m, n) are the direction cosines of QaPQi- This quadratic 
may he wiitten shortly — + 2FR — E = 0 (3), 

where r is the semi-diameter parallel to QaPQj. Hence 
Pi»-f-Pa=' = 4PV-j-2Pr“, 

It is obvious that the term containing the product Im disappears 
on integration, for the elements corresponding to (I, m) and (I, — m) 
destroy each other. The terms containing mn and nl are also zero. 

Hence p-l.&c. + &c. -h /^ ■ 

We have fr^das = 27rabcl (5). 

By differentiating (5) with regard to a, as in Art. 199, we have 

/2r^ do, = 2w6c 2wa6c (^H- (6). 

After substituting from (5) and (6) in (4), we find 

j:L = j + i^e- + 

irpabo ada ^ ^ bdb ^ ^ cdo ® 

212. If we substitute 7 =/ dujQ this becomes 
V 

vpahe 

where (2’ = (a“-l-M)(6’'-f-it)(c'’-t-M). These two important expres- 
sions are often written, for brevity, in the form 

V=^p{l)-A^^-Bv--C^^} (9). 

_ P —r—T— — d7 _ r°° du 

2wa6c ~ Q’ 2irabc~ ada Jo {a’‘ + u)Q 

with similar values for B and G. 

The component forces at any internal point P are then 

X Apl r^-Bpv, z=-Gp^ (11). 


.(7). 


f” du 

1 - 

_ 

1 

Jo Q 

a? + u 

6“ -t- w ( 



.( 8 ), 


...( 10 ), 
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213. By putting rj, ^ equal to zero, we see that is the 
potential at the centre of the solid ellipsoid. We also notice that 
by Art. 199 

A=J§do>. 0 = l^,dco (12). 

where the integrations extend over the whole surface of the body, 

A +JS + C = 4!7r, ] 

Aa^ + + Gc‘‘=f j^da> = ^irahcl = JD) ' 

The first of the results (13) follows also from Poisson’s theorem 

since d^Vldx^ = — Ap &c. The second may also be deduced from 

(4) ; for the sum of the coefiSoients of f 17 ®, after multiplication 

by a“, 6 ®, c® is evidently — r*. 

1 . » • 

Since -3 = - + yj + — > we see by substitution either in (4) or 

7 Ct“ 0 C 

(12) that the constants A, B, G are functions of the ratios of the 
axes and are therefore the same for all similar ellipsoids. 


214. The four integrals A,B. 0, D have here been expressed in terms of the 
integial J and its differential coefficients with regard to a, b, c. Other standard 
integrals might also have been taken. Thus we might nse the integral called J in 
Alt. 200, Ex. 5. We might also express the components X, Y, Z in terms of any 
one oi the four integrals A, B, C, J). We deduce from the third part of Ex. 3, 
. . SJ^-Aa^ ,dA CcO-Aa? dA „.. 

c»-o“ ~®<fc 

These relations enable us to deduce the formulse for X, Y, Z given by Laplace in the 
Micanique Celeste, toI. ii. p. 12, 


ais. Ex. Prove that the three numerical constants A, B, 0 lie between 
«/a> and v/i^ where « is the volume and a, e are the greatest and least axes of the 
ellipsoid. Prove also that D lies between iwa^ and 4wc®. 

To prove the fii%i theorem we notice that the integral (10) is decreased by 
writing a for b and c ; the integration can then be effected. A superior limit is 
found by writing c tor a and b. The second theorem follows from the agnations 
(13) Alt. 213 by eliminating first A and then <7. 


216. To find the level surfaces inside the attracting ellipsoid. 
These surfaces are given by A^^ + Bif + = K, where is a 

constant. Since A, B, G are necessarily positive, the level surfaces 
are similar and similarly situated ellipsoids. 

To tiacc then forms, we must consider the magnitudes of the coefficients 
A, B, C. We have (Art. 212) 

A=2ira6e[°° ^ - /^" B =27rdbc T , 

Jo <3(o*+u)' JQ Q{b^+u)’ 

. A -B iwabe.du Ao«-E6“ f® 2jro6B.«dtt 

" a?-i- Jo V(a= + M)(6»+«)’ a^-b> ~Jo Q(a^+u)lb’‘+u)‘ 
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Both these integrals are essentially positive. It follows that when a, b, c are in 
desveuillag order of magnitude, both 1/A, IjB, 1/(7 and Aa?, Jib'-, Cc^ are also in 
descending order. 

A level surface so far resembles the attracting ellipsoid that both quadrics have 
their longest, their shortest and their mean axes respectively in the same dii-ections. 
The axes of a level quadric are (KjA)^, (KjC)^. If e be the least axis of 

the attracting ellipsoid and the level quadric touches the ellipsoid at the 

extremities of the least axis, while the other two axes are less than the corre- 
sponding axes of the ellipsoid. The level quadric therefore lies wholly within the 
ellipsoid, for if not it would out the ellipsoid in two curves one on each side of the 
plane of ay and also touch it at the extremities of the axis of z. This of course is 
impossible. Any level quadric therefore lies wholly within the attracting ellipsoid or 
intersects its surface according as Kis less or greater than Ce\ 

317. Ex. 1. Prove that the level quadrics are more spherical than the 
bounding surface of the attracting ellipsoid. 

The eccentricities of the sections of the two quadrics by the plane of xy are 
respectively given by ^^=l-AjB and e^=l — b'-la\ It follows immediately that 
is negative. 

Ex. 3. If a concentric ellipsoidal cavity be out out of a solid homogeneous 
sphere, show that within the cavity the equipotential surfaces are given by 
(2A-B-(7)a!'-p(2B-<7-A)»/S-h(2(7-A-B)s»= constant, 
where A, B, C ore constants depending on the shape of the cavity. 

[St John's Coll. 1887.] 

318. Otber laws of farce. The potential of a solid homogeneoits ellipsoid at 
an internal point P when the law of force is the inverse nth power of the distance 
may be found by the method used in Art. 211. 

By describing a doable cone with the vertex at P as before, we find that the 

potential is Jgdw+C?, 

When K is even, B is a symmetrical function of the roots of the quadric (2) of 
Art. 211. The double integrals take forms similar to that in equation (4) and may 
be reduced to single integrals by differentiations of Jr*du=27rai>c/. 

We notice that when k> 4 the expression S is an integral rational function of 
the direction cosines ( 1 , m, n) and the final integrals can be evaluated without 
difficulty (Art. 200, Ex. 1). The potential for these laws of force can therefore be 
found in finite terms free from all sigra of integration. 

When the law of force is the inverse fourth power of the distance we have for 

a jS fs 

the potential at an internal point 17 , V.=%wploBE-i-C, E= 1 - 1 ,-'A-L. 

0 “ 

Prom this result the potential for the inverse sixth, <2o., powers may be deduced 
free from integrals by using Jellctt’s theorem (Art. 96). 

The component attractions at an external point may be deduced by Ivory’s 
theorem (to be presently proved). Thence by integration the potential for the 


inverse fourth power of the distance is found to he 

The potential of a thin homogeneous homoeoid may be found in a similar 


manner, but it may also be deduced from that of a solid ellipsoid by taking the 


total differential with regard to a, b, a on the supposition that the ratios a : b: e 
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are unaltered. See Arte. 196 and 92. The potentials at an internal and external 
puiul are fur the law of the inverse fourth power, 
da 1 „ da abc 

219. Spheroids. To find the potential and attraction of the 
solid spheroid whose semi-aases are a, a, c at an internal point. 

To find the constants A, 0 we use the equations 

sin dd6d<f> 
cos* 0/c* + sin* 6/a ^ ' 

The limits of integration are 6 = 0 to tt and ^ = 0 to 2ir. If we 
put cos 8 = z, the second equation becomes 


2^ + C'=47r, 2.da* + Cc* 


-fr-da>=jj- 


2Aa^+Gc^ = -2ira*d‘ 


r dz 
jc“ + (a=- 


(a- — c*) «* ’ 

where the limits are z = \ to 2 = — 1. 

If the spheroid is oblate, a is greater than c, and 

dwa'c i V (a* ~ c*) 

c 


D = 2.4a* + 0b*=- 


-tan“ 


.( 1 ). 


V(a*-c*) 

If the spheroid is prolate, a is less than c, and 

(*)■ 

We also have 2traboI = f T^doa = D. Thus the values of A and G 
may be found either by solving these equations or by using the 
formulm A = — 2rrabcdIjada &c. The potential at any internal 
point is then V=^p [D — A (f* + rf) — C^}. We notice that 
tan“* — c”)/® oblate spheroid is equal to the angle 

subtended at the extremity of the axis of revolution by the distance 
between the centre and either focus. 

aao. Kx. 1 . The earth being regarded as an oblate homogeneous spheroid 
the ratio c/a=l - e where e is the ellipticity. Since the value of s is 1/300 nearly, 
it is generally sulhcient to retain only the first powers. Prove that 

^=T(^-r)> ^=t(i+S*)> ■D=4va*(l-|e). 

[We have 0= j j °°i + ^ * Expand the subjeot of integration 

in powers of e.] 

Ex. 2. Show that an attracting homogeneous oblate spheroid of eccentricity 
in the centre of which there acts a repulsive force /or, will have its own surface for 
one of its level surfaces if 3/i=87rp (S-ir^S - 27). [Coll. Ex. 1888.] 

331. Kfearly spberleal eUipaolda. Ex. 1. The axes of on ellipsoid ore so 
nearly equal that the square of the diSerence can be neglected. Prove that 


l = aw I 
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Put &/a=l-/3, r/a=l- 7 ; then since A is a fanction of bja and c/a we have 
A = ^jr {L + M^+Ny) nearly where L, M, If are independent of the axes. Now A 
cannot be affected hj interchanging b and c, hence M=lf. Also when /3=0 and 
7 =e the ellipsoid becomes a spheroid and the expression for A mast become 
identical with that found in Ait. 220. Hence Xi=l, -{. This proof is 
commonly ascribed to D’Alembert. 

Ex. 2. Prove that to a second approximation the constants of the attraction 
(Art. 212) are 

4=>{1-|0+7)-A(9/S^-8^+97=) + ...}. 

B = Jw (1 - ? ( - 2/3+ 7) - * ( - IS/f + 4/37 + 97=) + ...}, 

C=4ir {1-i (/3-27)-*(9/3=+4/37-187=) + ...}. 

D=4*-a= {1 -J 03+7) -*(3j9=-8/37 + 37=) + ...), 

^=^{l+i{/3+V)+*(2iS=+3^7+27=) + ...}. 

when i/a=l-j8 and cla=l-y. We notice that since A+B+G=iT for all 
values of /3 and y, the sum of the coefficients of any power in the three drst 
expansions must be zero. 


222. Ivory’s theorem. To find the attraction of a solid 
homogeneous ellipsoid at an external point P' whose coordinates 

are f . r,', f'. 

Let R be the distance of any clement QQ' of the ellipsoid lirom 
P', and let 0 be the angle this 
distance makes with the axis of 
X. Thus R = QF, ^ = FQQ'. 

If f (B) be the law of attraction, 
the X component of the attraction 
of this element at P' is 
pdxdydzf' (B) cos 
Draw Q'w perpendicular to 

P'Q, then 



, Qn dR 


The X attraction at the element at P', measured positively in the 
positive direction of x, is therefore pdydzf {R)dR. Let LMhe a 
column having its length LM parallel to the axis of x and the 
elementary area dydz for base. Integrating with regai-d to B we 
hud that the x component of its attraction at P' is 

pdydzif (B) dR = pdydz {f{FM) -f{FL)]. 

Let us now describe an ellipsoid through F confocal to the 
external surface of the attracting solid. Let a', b', c' be the semi- 
axes of this new ellipsoid. If L', M', P be points corresponding to 
L, M, F, the column L'M' will have for its base the elementary 
area dy'dz', where y'jb' = yjb and z'jo' = zjo. The coordinates 
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17 , f of P are known in terms of those of P' by similar relations ; 
see Art. 201. The attraction of the column L'M' at P is 
pdy'd 2 ’[f{PM')-f{PL% 

By Ivory’s theorem, P'M=PM', P'L = PL', Art. 202; the x 
attractions of the columns LM, L'M' are therefore in the ratio 
of the areas dydz, dy'dn' of their bases, i.e. the x attractions are 
in the constant ratio be to b'o'. 

If we fill one ellipsoid with columns like LM, the other ellip- 
soid is filled by the corresponding columns, and the x attractions 
of the corresponding columns are in the same ratio. We therefore 
, X att” of inner ellip'* at P' _ be 

®att“ of outer elUp-' at P “ b'c ' ' 

Similar theorems apply to the y and z components of the 
attractions of the two ellipsoids. 

Thifi theoiem wafi enunciated and proved by Ivory in the "PhiL Trans^ for 1809. 
We ought perhaps to speak of it as Ivory’s demonstration of Laplace’s Theorem. 
But Ivory’s own proof is not now exactly followed, as further simplifications have 
been introduced. The extension of the theorem to any law of force is due to Poisson, 
Bulletin, ..la Sociiti PhilomatHque 1812, 1813. 


223. When the law of attraction is the inverse square, the 
axial components of the attraction of the outer ellipsoid at the 
internal point P or (^, y, f) are 


X = -A'p^, Y=-B’pv, Z^-C'p^. 

The axial components of the inner ellipsoid at the external 
point P' or (f', y', f') are therefore given by 

he X , abc abc , abc 

a'hV'" 


T=-A-pS^,=-A'p.^^', F=-P> P- V. 


Here a', b' , c' are the semi-axes of the confocal drawn through the 
attracted point P', and A', B', C' are the same functions of the 
ratios of the axes d, b', c' that A, B, C in Art. 213 are of the ratios 
of a, b, c. 


224. From these values of X', Y', Z' we may at once deduce 
a theorem often called Maclaurin’s theorem. If we compare the 
attractions at the same point of two difierent ellipsoids hounded 
hy confocal-s we notice that o', b’, o' are the same for each, so that 
each of the components X', Y', Z' is proportional to abc, i.e. to 
the product of the axes. The attractions therefore at the same 
external point of different homogeneous ellipsoidal bodies boimded 
by confocals are the same in direction and their magnitudes are 
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proportional to their masses. The law of attraction is that of the 
inverse square of the distance. 

Let V, V be the potentials of the two ellipsoids at any 
external point P', then since the component attractions are pro- 
portional to the masses M, M\ the ratios VjM and VjM' can 
differ only by a quantity which is independent of the coordinates 
of P'. Since both potentials are zero at an infinite distance this 
constant must also be zero. 

Hence the potentials of two confocal solid homogeneous ellipsoids 
at any point external to both are proportional to their masses. 
Since a focaloid is the difference of two confocal ellipsoids, it 
follows that the potentials of thick focaloids are also proportional 
to their masses. 


225. To find the potential V of a solid homogeneous ellipsoid 
at an external point P' whose coordinates are y', f'*. 

Through the external point P' describe an ellipsoid confocal 
with the given ellipsoid. If the matter composing the given 
ellipsoid be made to fill the confocal (by changing the density 
from p to p') the attraction, and the potential, are unaltered at 
all external points. Let a', V, c' be the semi-axes of the confocal 
ellipsoid, then p'a'b'o' — pabo. 

Since the point P' is on the surface of the confocal ellipsoid 
the potential is the same as that found in Art. 212 for an internal 
point. We therefore have by (9) 

r = ip - BW'- - 0'^'% 

where A', S', C, D' are the same functions of a', b', c' that A, P, 
G, D are of a, b, o. The potential may also be written in either of 
the two other forms given in Art. 211. 


where 


JTf 


f” du' ■ 

1 


1 

“io Q'X 

a'^+u' 

■"6'»+u' 

c‘+u'^ 


= (a'a -t- u') (6'=' + vT) (c'= + m'). 


* The expre!!Bions for the potentials of a homogeneous ellipsoid at an external 
and internal point were given by Rodrigues as early as 1815 {Correspondance sur 
VlScoU Bm/ale Polytechnique, vol. in,). An aimlysis of his method is given by 
Cayley in the Qumierly Journal, vol. ii. 1858. There is a memoir by Poisson on the 
attraction of a homogeneous ellipsoid {Memoires de VImtitut de France, 1835) in 
V’liivh he gives a history. He finds the component attractions of the ellipsoid. 

8 


B. S. IT. 
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X' 

rrpoho 


226. If we put a'» = a» + \. 6'« = 6= + X, c'“ = c“ + X, and 
-u' = u — X, the last expression becomes 

V' f°° du ( p v'^ 

■ irpubc JA y I a^ + u b- + u d‘ + u\ 

where = (a= + «)(&“ + a) (c= + u) and X is to be found from the 

cubic of Art. 204. 

To deduce the component forces X', Y', Z' we differentiate F' 
with regard to f', respectively. Since the lower limit X is a 
function of the coordinates we shall here require the value of 
dF'/dX. But the subject of integration is zero when we write X 
for u, hence dV'jdX = 0. We therefore have at once 

rdu-2^' du' __ A'r 

! 'Q ~ ^ Jo (a'* + u') O' ~ ira'b'c' ’ 

by Art. 212. This agrees with the result in Art. 223. 

227. Ex. Let p, q, r be the lengths of the axial intercepts of any external level 
surface of a solid homogeneous ellipsoid (a>5s- c). Prove (1) that p is greater than q 
hut loss than qalh, (2) that pfl-a^ie greater than q^ - o® but less than 3® - b®. 

Putting V'=vpabcK, the intercepts are given by 

Sec Art. 226. If the inequalities to be proved were reversed it may be shown that 
these equations could not be true. 

228. Some epedal casn. Ex. 1. The attraction of a thin homoeoid at any 
external point is the same as that of a thin disc bounded by its elliptic local conic 

and having the surface density at any point P inversely proportional to , 

wheic (.r, y) arc the coordinates of the point P and 2a, 2b the axes of the focal conic. 
Prove also that the level surfaces of the dice are confocal qnadrics. 

Tills follows from the theorem in Art. 200, since the disc may be regarded as a 
ooufooal homoeoid in which the axis c is evancBoeut. To find its law of density we 

notice that the mass on any elementary area dxdy is 2p ^ dxclyde. Now — = f 

dc dc z 

c® c® 

because s® = c® - ^ it® - ^ y®, and, the surfaces of the dise being similar, c/o and cjh are 
constants. The masses being made equal, the result follows. 

Ex. 2. The attraction of a solid ellipsoid at any external point is the same as 
that of a thin disc, of equal mass, bounded by its elliptio focal conic, axes 2a, 24, 

St ^ 

and having its density at any point directly proportional to Use 

Maclanrin’s theorem, Art. 224. 


Ex. 3. The attraction of a thin prolate spheroidal homoeoid at any external 
point is the same as that of a thin homogeneous straight rod joining the foci. 

Thi-. result may he deduced from that given in Art. 224, hut it follows more easily 
from Art. 131. The thm shell and the straight line have the same level surfaces 
(viz. coniocal couicoids) aiid masses, hence tneii attractions are also the same. 
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Ex 4 The atti action of a solid prolate spheroid at any external point is the 
same as that of a straight rod joining the foci, and having its hne density at any 
point P proportional to SP PE 


Ex 5. 


If V, be the potential of a thin focaloid at an internal point P, jiioie 



a 6* c-*/ ’ 


where v is the volume enclosed by the shell, So that of the shell itself, V is the 
potential at the same point ot the enclosed volnme supposed to be of the same 
density as the ',hell itself, and X is the difference of the squares of the semi axes of 
the two bouudaiies of the shell See Art 195 

y 

For a sohd elhpsoid we have ^^^=2+2— , as m Art 211 To deduce 

tne potential of a thin focaloid wo hnd SV on the supposition th it a~, tp, e’^ are each 
increased by the same quantity X Tnis is evidently effected by peiformiug on both 

Sides of the equation, as it stands, the operation ^ 'f' 

lesult follows at once from Ex 3, Art 200 

Ex 6 Show that the potential of a thin foLsdoid at an external point ts ^ ^ 


329 Mutnal attraction. Lx 1. A homogeneous ellipsoid attracts a body 
1/ Fccordmg to the law of the inverse square, prove that it SI be a spheiical or 
cubical portion ol the mass of the eUipsoid itselt, the resultant attiaction will be 
the same as if the mass M were collected it its centie of gravity Prove also that if 
AT be a segment of a thin extciior coufocal ellipsoidal shell, and if its piinoipal axes 
at its centre of gravity be parallel to the axes of the elhpsoid, the ittrootion of the 
elhpeoid on it will leduce to a single force thioa„h its oentie ot giaiity 

[Hath Tiipos ] 

Ex 2 A sohd homogeneous eUipsoid is divided into two paits by a plane 
ptrpendiculai to an axis Prove that the mutual attraction of the parts for varying 
positions of the plane varies as tne square of the area ot section 

[Hay Exam 1881 J 

Ex 3 Show that any plane divides a sohd homogeneous ellipsoid into two 
paits such that the attraction )>ctween them reduces to a smgle torce 

[Em Coll 1891] 

230 Elliptic coordinates. We may express the potential of an attiacting 
elhpsoid at any internal oi external point P in terms of its elliptic rooidmates by 
using a geometrical tueorem usually asciibed to Chasles 

Let a, a', a' , be the semi major axes of the three confocal quadiics which pass 
through the pomt (, y, f , let A, £, C be the semi axes of any arbitraiy contocal then 

(A»-a' ) (A -a ») [A -a ' )=A*B»C» |l-|j - . 

To apply this theorem, we put A’=o“+a B-=6’+u, C-=c"+ii and substitute in 
the foimulm already found for the potential in Aits 212 and 225 We thus find 
that the potential of a solid homogeneous elhpsoid at the point a , a", a'", is given by 

— (o’+u-o"®) (a»+a-o"=). 
irpabc J Q' 

At an external point the hmits aie v,=a -a to u=co ; at an internal point u— 0 
to u=oo 


8—3 
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231. Idmear and quadratic layers. Er. 1. If a thin layer of attracting 
matter distiibnted over the surface of an cllipFoiil, he such that the surface density 
p at any point {x, y, z) is p(Lx+3Jy+Nz). where p is the perpendicular on the 
tangent plane, prove (1) that the axial components of the attraction at any inUrnal 
point are constant and respectively equal to La-A, MlfiB, Nc-C, where A, B, 0, have 
the meauing given in Ait. 213 and (2) that the poUntial U a linear function of the 
coordiTiates, 

To prove this we refer to Ait. 92. Since the component attractions of a 
homogeneous eLipsoid at an internal point are Ap(, Bpn, Opf, the potential of a 
thin supeifioial layer of surface density paoatp is Apf. Since coe0=pa:/«®, the 
potential of a layer of surface density pLx is La^A(. The x component of attraction 
is therefore La^A, while the y and z components are zero. It is evident from 
the symmetry of the law of density that the mass is zm-o. The potential is 
La^A^+mWrj+Bc-Ct. 

This example has an electrical meaning. An uncharged ellipsoid is placed in a 
field of uniform foice, the direction cosines of the constant force being proportional 
to the arbitrary quantities Im-A, Mb-B, Bc‘‘G. Since the resultant force due to the 
electricity and to the field must be zero at all internal points, the electrical density 
must be lepiesented by -p. The result shows that the ratio pjp is a linear function 
of the cooidiuatos. 

In the same way we enquire in the next example what must be the field of force 
that pIp may be a quadratic function of the coordinates. 

If the ellipsoid is charged with a quantity B of electricity, this quantity is to be 
so distiibuted over the surface that its attraction at any internal point is zero (Art. 
68). The additional electrical surface density is therefore xp, where k is such that 
the whole quantity is equal to B. By Ait. 71 or 195 this gives xsiBHiraic. 


Ex. 2. If a thin layer of attracting matter, distributed on the surface of an 
ellipsoid, be such that the surface density at any point {x, y, z) is pf{x, y, z), where 
/ is a homogeneous quadratic function of (i, y, z), prove (1) that the potential at 
any internal point is also a quadratic function of the coordinates of that point 
together with a constant, and (2) that the axial components of the attraction at any 
internal point are linear functions of the coordinates of that point. 

Let us regard the layer as occupying the space between two concentric ellipsoids 
having their axes nearly coincident in direction. The second ellipsoid is derived 
from the first by small rotations SB, S(p, 5^ round the axes and a change of the axes 
a, b, c into a+«a &c. By choosing SB, S4>, Sf and Sa *o. properly, this thin layer 
may be made to represent the given quadratic distribution over the surface. 

Consider first the rotation Sf. The component displacements of a point Q are 
Sx= -ySf, Sy=xS\l/, Sz=0; the direction cosines of the normal at Q are \=px/a^&c. 
The thickness of the layer is the sum of the projections on the normal. Omitting 

the factor 5^, the surface density becomes p^^^xy, and the potential of the shell 


at an internal point 

When the surface density is pxyjab the potential becomes 2srabc f tb .xy , du 

j (a“+tt) (i®+u) Q ’ 

by substituting for A, B thcli values, Art. 212. The upper limit is m and the lower 
limit is zero or X (Art. 226) according as the point is internal or external. See 
Art. 93, Ex. 2. 
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Consider next the change of a into a + 3a. Let t be the radius vector measured 
from the centre. The thickness of the shell at Q, being the projection of dr on 
the normal, is pSrjr. But, since l/r®=P/a'''+*o., where I, in, n are the direction 
cosines of r, we have Sr/r= 3 :® 5 a/a®. After omitting the factor 3aja the surface density 
of the shell becomes px-ja? and its potential at P is adVjda, where V is the potential 
of the solid ellipsoid at the same point. After snbstitntmg for V the potential 

becomes 27ratc f “ 77 ; 4^ (l--^ r-V-^K 

J[a}+u)Q V, a-+M b-'+u c^ + uj a-+u\ 

where the limits are 0 to cc or X to co according as the point P is inside or ontside 

the shell. 


232. Elliptic cylinders. To find the attraction at an in- 
ternal poird of a solid homogeneous cylinder whose ci’oss section is 
an ellipse and whose length is infinite in hath directions. 

The axial components of this attraction may be immediately 
deduced from those of an ellipsoid by making one of the axes 
infinite. Let us make c = <a , so that the infinite cylinder stands 
on an ellipse whose axes are along the axes of x and y. The axial 
components of the attraction at any internal point (^, 17, ^ are 

X = -Ap^, T=—Jipri, Z=0, where A= and B—j^dm. 

Since in a cylinder («, y) may be regarded as the coordinates 
of any point on the elliptic section, we have obviously 
A+B = 47r, Ad^ + 31"^ = J'/’‘do), 
where r' is the radius vector of the cross section in the plane of 
xy. Putting for da its usual polar value sin 6d9d(l> we have 

Jr'^da =/ sin Odd.Jr'^d^, 


where the limits are 0 = 0 to ir and <^ = 0 to 27r. The first 
integral is obviously equal to 2 and the second integral is twice 
the area of the ellipse, i.e. 27ra6. We thus have Aa'‘ + Bb^ = 4!Trab. 
The axial components arc therefore 

ab ? V s 5 


X = — 47r/3 


a + ba’ 


T= — Am-p 


a+bb ' 


233. The potential also may be deduced from that for an 
ellipsoid. Art. 212. After substituting the values of A, B, and 
putting 0 = 0, we find 

+ ( 1 ). 

Since the potential of the cylinder is infinite at points on its 
axis, Art. 50, it is evident that D is an infinite constant which 
may be omitted when the axes a, b are not varied. This ex- 



118 


ATTRACTIONS. 


[ART. 236 


pression for V may also be obtained by integrating the expressions 
dVjd^^X, dVldr, = Y. 

The level surfaces inside the attracting cylinder are siinUar and similarly 
situated concentric cylinders. Considering a cross section we deduce from (1) that 
tlie longest axis of a level surface is in the direction of the longest axis of the 
attracting cylinder. See Art. 216- 

234. Ex. If in a spheroid the axis of revolution c is very great, the spheroid 
becomes a cylinder. Prove that C and Ge are ultimately zero, while Cc> is infinite. 
Art. 219. 

236. To find the attraction at an external point of u solid 
homogeneous elliptic cylinder. 

The attraction at an external point may be deduced from 
that at an iuternal point by an application of either Ivory’s or 
Maclaurin’s theorem. Let a'b'd be the semi-axes of a confocal 
through the attracted point P'. Then a'* — = 6'® — 6® = c'* — c®. 

Since a'- — a? is finite it follows that when c and c' are both 
infinite their ratio is unity. Since the components of attraction 
of the given cylinder and the confocal ai-e proportional to their 
masses, we have (as in Art. 224) 


X' = -A 


abc 




b' ah ^ 
a' + b'a'b'^* 


by substituting for A' its value found in Art. 232. 

In this way we find that the axial components X', T', Z' of 
the attraction of a solid cylinder at an external point (f', p', (T') are 


X' = — iirp 


ab ^ 


ah 


^' = 0 . 


a' + b'a” ‘ ""•'al + h'b' 

where (a', V) ai'e the semi-axes of a cross section of a confocal 
cylinder drawn through the attracted point. 

236. Ex. 1. Show that the resultant attraction of an infinite cylinder is the 
same in ma^^nitude at all intfnuil points situated on a coaxial cylinder simUav aiid 
similarly hitnated to the botindary. Show also that the direction of the attraction 
at any poiut on the surface of such a cylinder is parallel to the eccentric line of 
that point. 

Ex. 2. Show that the resultant attraction of an infinite cylinder is the same in 
magnitude at all external points situated on a cylinder coT^ocaZ with the boundary. 
Show also that its direction at any point on a confocal is parallel to the eccentric 
line of that point. 


Ex. 3. If a thin stratum of attracting matter distributed on the surface of an 
infinite elliptic cylinder be such that the surface density p at any point (a;, y, z) is 

that the axial components of the attraction at an 

internal point (f, ,, f) are ir=0, where the coordinate 

a+o a+o 

axes are the principal diameters of a cross section and the axis of the cylinder. 
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This result has an electrical meaning. If the electrical density on the surface of 
the elliptic cylinder be represented by -p, the electricity -will be in equilibrinm 
when the system is placed in a field of uniform force whose components are 
X, Y, Z ; see also Art. 231, Ex. 1. 


Ex. 4. If the surface density p of a thin stratum of attracting matter placed on 

( ^2 SSI/ ?/^\ 

^ p] ’ 

prove that the x component of the attraction at any internal point (|, ?;] is 
A'-= with a similar expression lor the y component. 

Ex. 5. Show that the potential at an internal point of on infinite cylindrical 
mass bounded by two coaxial cylinders is infinite. Ait. 50, 

Ex. 6. The components of the attraction of a right elliptic cylinder whoso 
section is (®/a)® + (y/i)'=l, and whose ends are any two planes perpendicular to the 
axis, at nn external point ij', are Jf', ¥', Z'. A oonfocal cylinder having the 
same ends is described through y', and attracts an internal point £, y, f, with 
components X, Y, Z. Show that if (la=i:'la,', ij/6=7)76', f=f', then X'IX=bll/, 
Y'IY=ala'. [Math. T. 1879.] 


237. To find the potential at an external point of cm elliptic 
cylinder we use Maclaurin’s theorem. 

Let V, V' be the potentials of two confocal cylinders whose 
soini-axes arc respectively a, h and a\ b'. Since their component 
attractions at all external points are proportional to their masses, 

we must have V = V' + E, 

a 0 

where the constant E is independent of the coordinates rf of the 
attracted point but may be a function of the axes of either cylinder. 

Let the external cylinder (a', V) pass through the attracted 
point P', then by Art. 233 


XL 

Irrp 



D 

F _ 

ah 

/P ^ v'-\ 

U' b') 

'+4^’ 

2'irp 

d + U 

la' ^ b') 


+ E', 


where B and E' are independent of If, r{ but are functions of d, b'. 
Lot 2/ be the distance between the foci of the given elliptic 
cylinder, then a'® — 6'*=/^ 

To find E', we place the attracted point on the axis of x, then 

f = a' and ri = 0- Sy Art. 235 we have 

d V ..T . ab . ct & . , j 

^ = A=-4wp-7^, = -4wp^(a-6), 

after substituting b' = V(a'“ — /*)> we find by an easy integration 

F = - 27rp^ {a'» - a' V(a'* -/*) +/* log (a' + 6')1 + 

where the constant G of integration is independent of a', b'. 
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Comparing the two values of F we see that ^' = — a61og(a' + 6 '). 
Hence F= - 27rp + y) - log (a' + V) + G. 

238 . The four variables {*, rf, o', V in the expression for V are oonneoted bj- 
the relations |'2/o'^>+V“/i'^=l o'*‘-6'==/®. It is often convenient to reduce 

these to two independent coordinates. Let 

5'=o'ooafl, ■i/=Vsin6-, a'=if{e^ + e~^), V =if {e'^, — e~^). 

The value of ^ deteimmes the particular confocal elliptic cylinder on which the 
attracted particle P lies, and d (being the eccentric angle) determines the position 
of P on that cylinder. Substituting we find* 

V= — Trpab (e cos 2d + 20) + ff, 

where some constant teims, functions of o, b, have been included in the infinite 
constant G. 


239. Heterogeneous ellipsoid, similar strata. To fivd 
the potential of an ellipsoidal shell whose strata of equal density 
are similar to, and concentiic with, a given ellipsoid. 

Let a, b, c he the semi-axes of the given ellipsoid ; ma, mb, me. 
{m + dni)a ihose of the inner and outer boundaries of an 
elemcntai-j homoeoid. If («, y, z) he any point on this homocoid, 


( 1 ). 


„ . . 1 X xr z 

the value of ni is given by -r -h vs -f 

a® tr c® 

Let the den.sity at any point (xyz) of this homoeoid be p = f{m-). 

The mass of the element is therefore f(yn^) . ^irabcm^dm. 

The potential of this homoeoid at any point P is (by Art,. 208) 

dv 


^Trabcin' 


r-dmfljid) - 


’ (m®«® + «)5 (m’‘h~ + v)i (m‘c^ ‘ 

where the lower limit X' is 0 when the jioint P is internal and is 

the greatest root of the cubic 

P V- ^ 

' ’ ^ (3), 




r7 + • 


r7 = i 


mW + X'^ xu’^b^ -t- X' ' i}i“c® -I- X' 
when P is external (Art. 20-t). The potential of the heterogeneous 
shell may be obtained by integrating ( 2 ). To simplify the integra- 
tion wo put V = 7 n=M, X' = vi^p. The potential V of the shell is then 

/■ f (4), 

where Q- = (a® -t- u) ( 6 ® + «) (c® 4 . and p is zero, or the greatest 


root of 




+ -,i- = TO® 


•(5), 


according as P ls internal or external. The limits for m depend 
the internal and external boundaries of the shell. 


on 


* See a paper by Prof. Lamb in the Messenger of Mathematics, 1878. 
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First, let us find the potential at an external point of the 
muss enclosed by the ellipsoid dejmed by m = n. To effect this we 
change the order of integration in (4). 


To make this process clear we trace the curve AB whose ordinate u is given as 
a function of the abscissa m the equation 
>•3 

( 6 ), 


+ C- + U 


bay <f) {u)^mK When in=0. u is indnite, and when 
ni=n, u has the value e given by 

a^+e b- + e C'^+e ^ ' 

In the order of integration indicated in (4) no integrate 



-m 


the columns from 7ii=0 to m=OG=n. In the reversed order tve integrate first 
along a TOW PQ from m?=(p[u) to and then sum the rows from u=CB = e 

to u=aa . 


The equation (4) then becomes 

^ ■ /.* f /y ■ /." f <”■>' • • ■ 


where = (a’ + w) (6® + it) (c’ + u), is given as a function of u by 
(fi) and e by (7). This formula gives the potential of the mass 
enclosed by the ellipsoid defined in equation (1) by putting m = ?i. 
If the attracted point P is on the surface of this ellipsoid, we have, 
by (7), 6 = 0. //■ the potential of the whole mass enclosed by the 
ellipsoid a?la? + (fee. = 1 he required, we have n = 1 and e = \, where 
X lb defined in Art. 204. 


240. Secondly, let us find the potential F, at an internal point 
of the mass between the ellipsoids defined by m = n and m = n'. The 
limits for the integral (4) are now m = 0 to oo and m = n to n'. 
These are constants and the order can be immediately reversed. 
The potential is therefore given by 

(01 

241. Lastly, let us find the potential F, at a point P siUuited 
in the substance of a solid ellipsoid hounded by the surface m = n'. 
Let the point P be situated on the ellipsoid defined by m = n. 
The potentials at P of the two portions of the solid separated by 
this ellipsoid are given by the values Fi, Fa found above. We find 
Fs by adding (8) and (9) together. 


••• 


,(10), 
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where Q- = (a“ + m) (&“ + u) (c’ + u), and ot* is given by (6) as a 
function of u. 

One result may he briefly stated, as follows. The potential F at 
P of the solid ellipsoid + &c. = 1 is given by 


.(lib 


inhere the limits are 0 io oo when P is internal and \ to oo when P 
is external. The value of X is given in Art. 204, and 


f" 

— + ... ■ ■ 
a^ + u 6- + M 


C®+M 


,.( 12 ). 


24:2. The component forces X, Y, Z due to the attra/Aim of the 
solid ellipsoid may he found by drfierentiating the expression for 
F just found. Since both m“and X are functions of the coordinates 
w'e must find dVjdX and dVjdm’‘. When m = X, becomes unity 
and the subject of integration vanishes. Hence dV/dX is zero, 

. Xi C" j., .^dm^dn f® 2pf du 

The corresponding values of F, Z follow at once. For an internal 
point \ = 0. 

243. The expression (11) for the potential of a solid ellipsoid 
may be put into another form in which the limits are constant by 
putting M = V + \, a’ + X = a'® &c. Writing the formula at length 
we have at an external point 


e. , 

+a b'^+v 


c'=+i;)|(a'’‘+v)l(b'’‘+v)Kc'“+^')-' 

The axes of the attracting ellipsoid have disappeared from the 
right-hand side and are replaced by the axes a', b', o' of the 
confocal which passes through the attracted point. 

an.v internal point T of an ellipsoid is k.ODJOT 
where 0,H is the semidiameter which passes through T and * is a constant. Prove 
that tho integrations to find X, r, X can he effeoted in finite terms. 

Prove also that the axial components are the same, at all internal points on 
any given radius vector. 

The last rosnlt is proved by noticing that before integration each component is 

teat uTTtr f ^mensions. It should also be remained 

teat though the density at the centra is infinite the components AT, y, y are finite 
Poisson, Vonnahsance die., 1837. . , are nnue. 

nf 7 ^ p at («. y. Z) 

ot the solid elhp.soid. and the potential Fat (|. become 



t ® 0 0/ a=-hM iP+u c=-i-4 'Q’ 



ART. 246] 


HKTEBOOENEOUS ELLIPSOIDS. 


123 


where the limits are X to oo for an external point and 0 to oo for 
an internal point, Art. 204. 

Since the density is zero at the surface of the ellipsoid, it 
follows from Art. 92 that we may differentiate each of these 
expressions, so that if the density is p' = dp jda:, the potential is 
F' = dF/ci^. This enables us to find the potential of a hetero- 
geneous ellipsoid when the density is a>, xy, a?, &c. 


Let 


then 


r 2" 

a?~b^ c»* 


_ d?dE 


R=l- 

rf' + a 

_ a^lA d“E2 
8 dxtlj/’ 


6 “+« 


e-+u’ 




The potentiale for these three laws of density are 
p=:Ax, F=ira’icA{ f 


p^Axy, V=va?i^cA^ 


'/p 
/ 


p=Aii?, V=ira?bcA j i^uIP + 


+u)Q' 

Sdu 
(a<‘+u){b^ + u)Q’ 


dn 


'a’+uj (o-+«) Q‘ 

The proper forms for the three following laws of density may be found by 
differentiating E‘, We then have 


p=Ax% V=namcA„ j g . 

p^Axyz, V=^aWAivtj^. 

The ease in which p=Axfy^z^ is considered by Ferrers in the Quarterly Journnl, 
1877, vol. XIV. 

It will presently be proved that the potentials of a homoeoid, whose surface 
density <r is numerically equal to pp (where p is the perpendicular on the tangent 
plane), may he deduced from that of the solid ellipsoid by differentiating with 
regard to It and doubling the result, Art. 249. 

The potentials for a homoeoid are therefore 

<r=Apx, K=2wo»6cA| j . 
a=Apxy. F=2wa363c,j|,jr^^^|“_, 

a=Apa?, V= 2.a?bcA j + i . 

The limits are 0 to <s for an internal point and X to oo for an external point. 
See Art. 204. 

These agree with the results obtained in Art. 231 by an elementary method. 
246 . We may use the method of Art. 211 to find the potential at any internal 
point P, ($, y, }), of a heterogeneoua ellipsoid whose density at any point Q is 

<t> (3;, y. *)• 

We describe as before a double cone with its vertex at P cutting the ellipsoid in 
two elementary areas Qj, Q^. The distances PQ^=M^, PQ^= are given by the 
quadratic (2) of Art. 211. Let PQ =R. 
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The density p at any point Q of the cone is 

ij+wR| i'+nR) 

=^ + ff S?li + (i)+ {^)* 

where 8=?<?/<f|+?R<i/d7)+«d/df and l.(t)=l .2... i. 

The potential at P of the positive side of the double cone is S (i), 

where the limits are R=0 to JB=R] and S implies summation for all existing values 
of i. To find the potential of the negative side of the double cone we let Jl be the 
distance of one of its elements Q' taken positively. The density at Q' is found by 
writing -R for R in the series for p. The potential at P of the negative side of the 
cone is therefore S JRt+^dR ( — (i)> and the limits are R=0 to R= — R.. . 

Taking the two conical elements together we find for the potential of the ellipsoid 

(2)- 


As we shall integrate all round the point P, every element is taken twice over, we 
must therefore halve the value of V thiie found. 

The quantity S{ is a symmetrical funciaon of the roots of the qnadratio (2) of 

Art. 211. We therefore have S<+a+2Fr*S(4.i-Er®Sj=0 (3). 

The initial terms are So=2, ;^=-2Pr*. Assume that Sj and Sj+i contain only 
tenur of the form and where H* represents a homogeneous 

function of (/, iii, n) of k dimensions. It follows that contains terms of tlie same 
forms, viz. R»r*+>+’, 2f'K+ir*+f+^. Again S'(p is a function of I, m, n of t dimensions, 
hence S^^S'ip is of the form The determination of Vie therefore reduced 

to the integration of expretsiont in which the index of r exceeds by 2 the sum of the 
indices of I, m, n. 

The terms of (2) which contain any odd exponents of 1, m, n give zero after 
integration, as in Art. 211. Omitting these it is dear that every term of F is of the 


form where 



Pfm^nf^doj 

{aP+piiP+yn-y+r^-M ’ 


and a, p, 7 are the reciprocals of a", 6’, c®. Now by Art. 197 
f o 7 f o fv~-dv 

J «i=+|3»i^+7«’~ Q 

where 0==(nS+K) (b“+M) (<■=+“). Qr=(«+®) (|3+i>) (y+v) and and the 

limits lor u and v are 0 to oo . Differentiating this, we find 

-i (/+., + /,) Vda; \dp) \dy) 

^ [1.3.6... (2/-- 1) ] [1^ 3...(2g-l)1[1.3... (3;i - 1)] f 2wv-idv 

2J ' {f+g + h) j ^(a+vy(j3 + v)c(y+vy '• 

where the limits are o=0 to oo . 


The remaining integrations cannot be effected. The potential has thus been 
found expanded in powers of the coordinates J, 17, f of the attracted point, with 
single integrals with regard to v lor coefiaoients. The several powers of {, y, f may 
be collected together, once for all. Wo then arrive at the formula given in Art. 217. 
The algebraic process of collection is however tedious when the density p enn' eni ne 
high powers of x, y, z. It is given at length in the Phil. Trans. 1895, vol. OLxxxvi. 

Ex. 1. The density of a solid ellipsoid at any point <3 is a homogeneous 
function of i dimensions of the coordinates of Q. Prove that the potential of the 
ellipsoid at an internal point P is the sum of a series of homogeneous functions of 
Ihe cooidinatGb of P of the dizneasioaB i+2, i, i— 2, &c. 
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[This may be deduced from the equation (3) by noticing that S, and S, are 
respectively of aero and one flimensinn. Thence by induction the dimensions of N, 
in terms of the coordinates can be found.] 


Ex. 2. The density of a homoeoid is Ax and the law ol force is the inverse 
fourth power of the distance. Prove that the potertial at an internal point is 
„ .da ‘2x 

247. Two theorems. Let the density of a solid hetero- 
geneous ellipsoid (when «>0) be 


Let 


. / y- , (X y z\ 


B = l- 


r y 

a- -(- « b^ + u 


_ d” b^ + u 

“ A 7«>n Tn .7 O 




vL 


V 

* ■^«(/t-t-l)’i(l).2>‘ 


6" 

■•+ ■ 


drf 


c?+u’ 
c® -P M d- 


_R«+» 


„7»2)n 


«(«+!). L{n)%^ 
(^ = (a? + u)(b'‘ + 'u){d + u) and Z (w) = 1 . 2. 3 ... ?i. 

The potential of the ellipsoid at any point (f, y, f) is 


+ &C., 


V = trahcA 




by 


■ 4-J W' 


a* -P w ’ b^ + u 


where the limits are u = 0 to oo for an internal point, and u — X 
to 00 for an external point, Art. 204. 

Let the surface density of a thin homoeoid be 


!■ I 


dMj . jRuJ) . , J2"w"Z" . „ 

“ dE “ ^ [z («)]=2“'* 


The potential at any point (^, j;, f) is 


-P W ’ c“ + M, 


;) 


•(11). 


where the limits are 0 to oo or X to oo , according as the attracted 
poiut is inside or outside. 

The advantages of these formulae* are (1) that the only 
differentiations to be performed are those on the expression for 


* These formulie were first given in this form by Dyson in the Quarterly 
Journal, 1891, vol. xxv. By computing the potentials of a homoeoid for several 
laws of density he discovered by induction the forms assumed by the potential when 
the density is Axfyez\ Assuming the potentials to be known he deduces the 
attracting body by reasoning similar to that given in Art. 164. He gives the 
necessary differentiations at length. 
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the density, and (2) that most of the terms containing ^ 
have been collected together and expressed in powers of the 
function R, 

The component attractions at any point may be dedaced from these potentials 
by differentiation with regard to f, ij, When the attracted point is internal the 
limits are absolute constants and we merely diSerentiate the subject of integration. 
When the point is external, the lower limit X is a function of f , i), f (Art. 204) which 
mnlcei. £=0 when u=X. Hence (as in Art. 226) we may treat X as a constant 
during the differentiation, except in the first term of Af*. 

248. To prove the two theorems* in Art. 247 we shall adopt 
the method described in Art. 164. We assume as given the two 
expressions for the potential of a homoeoid at an internal and 
external point, and we shall deduce the attracting body. 

Let the potentials at an internal and external point be 
distinguished as V and V. Then since X. = 0 at the surface of 
the ellipsoid we have V=V' at all points of the separating 
ellipsoid. It is also evident by inspection that V is zero at 
infinitely distant points. 

The expressions for V, V' ai'e found by actual differentiation 
to satisfy Laplace’s equation, Art. 95. As these differentiations 
with regard to jj, f, present no peculiar difiBculties but lead to 
long algebraical processes they will not be reproduced here. We 
infer however from the result that the attracting matter resides 
solely on the separating ellipsoid. Art. 164. 

Let o- be the surface density of the separating stratum. If dn 


* The potentinls of heterogeneous ellipsoids and shells have been investigated in 
several ways. Fust thcie is Green’s paper, Camh. Phil, 8oc, 1833, where the law 
of attraction is the inverse Kth and the density y, s) where E=s1-x^I>V^-&g, 

Green uBCb Caitcsian coordinates, but & solution by means of Lamp’s functions is 
given in beirers’ Spherical Harmonics, The values of y, Z given in Art. •242 are 
due to Poisson, Gonnait'tance des Temp% 1837 (published three years earlierj. He 
begins with the formula for the component attractions of a homogeneous ellipsoid 
which he had obiaiued in 1636 de Vlnstitut de Fruficp), Cayley gives a 

formula for the potential of certain heterogeneous ellipsoids in his memoir on 
Frepotcutials, Phil, Tram. 1875, which is really an extension of the theorem of 
Alt. 2jJ9 to the case in which the force varies as the inverse Kth power of th^ 
distance. In the Quarterly JonrnaU 1877, Ferrers applies these results to determine 
the potential of a solid ellipsoid whose density is see Art. 245. He also first 

di'^covered the rule to find the potential of a shell by differentiating with regard to 
11. His proof is different from that in Art. 249. In vol. xxv. of the Quarterly 
Journal Hyson gave the important formulffi mentioned in Art. 247. There are 
other valuable papers by W. D. Xiveu, Phil. Tran*. 1879, and by Hobson, London 
Math. Soc. 1893. There is also a paper by the author on these potentials, Phil. 

189o. A second memoir is given by Hobson in the Land. Math. Soc. 1896. 
There 18 also a paper by G. Prasad in the Messenger of Math. 1900. Most of these 
give the applications to discs and laminss and assume that the law of force is the 
inverse Kth power. 
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be an element of the normal to the ellipsoid drawn outwards we 
have (since V, V' differ only in the limit \) 


= /IN 

dn dn d\ dn ^ 


Now X = 0 at every point of the ellipsoid and f = «, &c., hence 

^ = -27ra6e^^(-, . 

dX abo ^ \a h cj 

Again X and p are given by the equations 


a^ + X 


+ &c. = 1, 


-T + &C. = — . 

a* p- 


Differentiate the former and put X = 0, we have 


1 dX da; „ _2 

since the direction cosines dxjdn, &c., of the normal are pr/a“, &c. 
Substitute these values in (1) and we find that it = Apyfr(a;la, &c.). 
This is therefore the density of the stratum which produces the 
potentials V, V. 


24S. The potoiitial of a solid ellipsoid whose density is being known 

\,e can immediately deduce that of a thin homoeoid having the same law of density. 
We write n=iniai, 6=?k?)i, c—mci, and then differentiate with regard to m. 

The thickness dp of the homoeoid thus obtained is given by dp/p=d(Tna,)/mU]=dm/iii, 
Art. 105. The surface density a=pdp—ppdmlm. After the ditleicntiation has 
been effected it is convenient to put »»=!, so that Oj, bj, Cj, «i become again 
a, b. c, u. We may also omit the factor dm and regard the homoeoid as a layer 
of finite density a-=pp. It is supposed that A is independent of the axes a, b, c. 

The potential of the solid ellipsoid becomes after these changes have been made 


(“i“ + “i)-' (bi- T MiP vef- + u J'* ■ 


(since K=l) V=wajbiCjA f 

J Wi 

The operator D is unaltered, and 

( t3 \n+l 

ni= ^ ic. ) Ui»=S»+'«,» 

where S represents the quantity in brackets. Since 12=0 when «=\ and therefore 
S=0 when we may as before treat Xj as constant when differentiating with 

regard to m. We now see that m enters into the expression for V only implicitly 
through iS. The differential coefficient of F is therefore SmdF/dS. When ni=l, 
S=J2 and exactly replaces i2 in the formula for V, hence dVldni = 2dVjdIt. The 
potential of the homoeoid is therefore found by dij/erentmting that of the •>olid 
ellipsoid with regard to R and doubling the result. 


250. The potential of a heterogeneous homoeoid whose swrjuee density is 
o=Apxfyezh being known, that of a solid ellipsoid whose density is 
p = (1 — a;-/a“ — dso.)*"* xf ySzh 

can be deduced by integration. Let a, b, c be the semi-axes of the ellipsoid whose 
potential is required, ma, &c., (m + dm)a, &c. those of an elementary homoeoid as 
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tloscribed in Art. 239. If />' be the density of the homoeoid, its surface density is 
p'pdmjm. The potential of this element mo3- be found by ■writing mo, &o., m®u, m-Xj 
lor a, &a., «, X in the general expression (II.) of Art. 247, and multiplying the 
density by afVc^Amln. The potential is thus seen to be 


where 




We shall -write for the quantity in square brackets, this being its value 

when expressed in terms of 12. 

To find the potential of the ellipsoid -we multiply by (1 (see equation (1) 

of Art. 239) and integrate from ni=0 to m=l. The potential of the solid 
heterogeneous ellipsoid at an external point is therefore 


r =S {1-mT"* (m2- 1+J2)» J (ii), 

whore F{u) contains all the factors wliich are independent of m, thus 
waic Yf Vr, \<> ( <?t ^ 

\a-+u) \b^+uj \c-‘ + uJ • 


Since the attracted point is external to the ellipsoid, X^ is not zero and it is 
nccessaiy to change the order of integration by the process described in Art. 239. 
The 4> (u) of that article is here called 1-B and since n=l, we have e=X. The 
nesv limits are at once seen to be m-=l—B to 1 and usX to oo . The potential V 

is now /o (m® - 1 + it )" F (u). 

The integration with regard to vfi is effected by putting l-m2=J2p so that 
dm"— - Bell! and the limits become u=I to 0. We then find by using Euler’s 

gamma function, V'=S [ dulf^” ^ F (u). 

J\ r(»+ic+l) 

Substitute for F (ii) its value given above and this at once reduces to the expression 
for V given in Art. 247. 


251. To find the potential at an external point of an elliptio 
disc whose surface density at any point x, y, e is a- = 
where n is not necessarily integral. 

We regiird the disc as the limit of a solid ellipsoid whose axis 
of c is zero. By Ai't. 245, corresponding values of the density p 
and potential F of the ellipsoid are 




^ ¥ ¥) • ■«’ 
where the limits are A. to <» . 

The mass enclosed by a prism standing on the base dady and 
extending both ways to the surface of the ellipsoid is 


2dxdy (p»c2 - a“)*-2 ^ . 
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where p’‘ = l — a?la? — y-jlP. Pnfc z = pc sin 6 and this when * is 
positive reduces to dicdy ^1 ~ ^ ~ ^ j " p + ' W 

We now put k = re + ^ and Ac = F (k + ^)/r («) F Q), and the 
mass of the prism is crdxdy. Since F (^) = Vtt, the potential at an 
external point of the heterogeneous elliptic disc is 


/■” abdu f 

1 r f r’N’ 

ix Q \ 

a*-f-t4 6* -fit u) 


F(re + |) 

u'here Qr = (a® + u) (6' + u)u, n> — ^, and \ is defined in Art. 204. 

To find the potential of a homogeneous elliptic disc at "any 
eoctei-nal point, we put n = 0. The potential is therefore 
'2ahduf^ 


Yi II t £Y, 

V. a^ + u 6’ + M u) ' 


V 


les’ ( 
itie c 

'= j [(«’+«- o!^) (a* +u- a,"*) (o* +u - o'"*)]* 


I \ Q 

By using Cliaales’ geometrical theorem (Art. 230) xre may express the potential 
of the disc in eUiptie coordinates. We iind at once for a homogeneous disc 
'2alidu. 


where the limits are o'* - o* to oo . 

as a. Ex. 1. The surface density of an elliptic disc is 
<r=(l-s*/o*-j(®/6*)''”*0(a, y), 

where x is positive. Prove that the potential at an external point is 


. r(ic+i) rd«„ , / o*e 6*1, \ 

~”'“^r(/c)r(j) j »*+»/’ 


where Q*=(a*+u) (ii*+u) v, the limits are X to oo , ilLc has the same meaning as in 

_ 

6» di?*' 


Art. 247 and B=l-- 


f* „ o*tW d® . i’+« d* 

* » ■f' — Ih ji-Q ■h ■ 




a*+« i*+o 
[Proceed as in Art. 231, using Art. 247.] 

Ex. 2. The line density of an elliptic ring is p'=p4> [x, y). Prove that its 
potential at (fijj') may be deduced from that of the elliptic disc in Ex. 1 by putting 
K=}, differentiating V’ with regard to R and doubling the result. 

Ex. 3. Thedensityof a solid elliptic cylinder is p=d(l-3:*/a*-i/*/3*)''~*.a.fy»2*. 
Prove that the potential at an external point is 

where Qj*=(a*+«) (3*+u), and the limits are X to co . If the attracted point is 
intemal the limits are 0 to oo . 

The potentials of an elliptic cylindrical shell follow by the rule of differen- 
tiation. 

[Put 0=(aar).f(3y)s(c2)* and c=oo in the formula of Art. 247.] 

253. Confocal level surfaces. Ex. Let the law of force be the invei'se xth 
power. Prove that the level surfaces of an,elliptic disc whose surface density is 

1- ^ - p j , where »j=4 (r-3), are confocal quadrics of the disc. Conversely 
R. S. II. 9 
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prove that if the level surfaces are aonfocal quadrics the surface density is that 
given by the expression for 

Thence find the potential for any level surface by placing the attracted point on 
the axis oflhe disc. The proofs may bo found in the Phil. Tram. 1895. 


2S4. The component attraction at P of a uniform elliptic disc in a direction 
perpendicular to its piano may be fouitd by using Playfair’s theorem (Art. 27). We 
describe a cone whose vertex is P and base the elliptic area. The normal attraction 
of the disc is equal to the solid angle of the couo multiplied by the surface density 
of the thin disc. 

When the attracted point lies on the hyperbolic focal conic of the attracting 
ellipse, the cone is known to be a right cone and the solid angle may be found by 
elementary solid geometry. 

If ill this last case the distance of P from the plane be f*, and the major axis of 
the coufocal ellipsoid through P bo a*, we have 

a / «'-•- ar 

2ir \a'^-h-) 

X b I a’ j) u5l/ i-^ + 5» \^ ll 

2ir “ h - h-)^~ 1 h tVa=i-“ + 5V oj * 


where 2fi is the distance between the foci of the attracting disc, and the surface 
density is unity. 

Ex. 1. Provo that the solid angle of the couo Ax^+By’‘-Os*~0 is j , 

whei-e (0 -«)(.! + «) (fl + u). The limits are tt=0 to C, where A, B, C are 

positive quantities. 


Ex. 2. Piove that the solid angle of the cone 

.-11= + Bif + Cr= + 2Dgs + 2Eex + 2Fxy - 0 

is j • "hero A is the determinant in the margin. ’ 

The limits are u—0 to that root of the eqnation A=0 which 
has a different sign to the other roots. 


A+u, F , B 
F , B + u, J) 

E , D , C+u 


Potentials of rectilinear figures. 

255. Potential of a lamina. To find the potential at any point P of a plane 
lamiua of unit surface density. 

Let PX be the perpendicular from P on the plane. Let the plane of the lamina 
be the plane of xy, N the origin and NP the axis of s. Let NP=f. Let {r, $) be 
the polar coordinates of a point on the plane oixy. 

If QQ' be any elementary are of the ourvilinear boundary, the potential of the 

triangnlar area NQQ' is j where the limits of integration are j'=0 and 

r=r. If B=PQ, this reduces to (H-i-)d9. 

Iiitegratiug this again for all the elements of the boundary, we see that the 
potential V at P of the area of any closed plane miroe is J(P-}-)dd. In this 
expression the limits are determined by making the point Q (whose coordinates are 
r, 0) travel completely round the curve in the positive direction, the elementary 
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angle d0 having its propei sign according as the radial angle 0 is increasing or 
decreasing when Q pusses over each element of the perimeter. 

When the perpendicular PN falls within the lamina, the limits of 0 are 0 and 
2ir, the expression for the potential is then jSd0 - 2s-j'. 'VSTien the perpendicular 
falls outside the lamina the upper and lower limits of 0 are the same, so that 
jj^d0=O and the expression for the potential is simply Jitdd. 


ass. We may put the expression just found for the potential into another 
form which is sometimes more useful. 

If rdBdr is any element of the area of the triangle NQQ', u its distance from P 
and 0 the angle u makes with the normal to the plane, the solid angle da 
subtended at P by the triangle la 

d&i= 


f rdBdr 

f tdudB ( 



1 «=> =( 

1 


the limits of u being {" and P. 

The potential of the triangular area NQQ' at P is, by Art. 255, equal to 

B R R 

In dg. 1, the perpendicular PN falls within the attracting area. We then find, by 
integrating all round the perimeter of the area, that the potential at P is 

where a is now the solid angle subtended at P by the area. 




In fig. 2, the perpendicular PN falls without the area. In this ease we must 
subtract from the potential of NQQ: that of NSS'. Since d0 is positive for QQ’ and 
negative for S'S when a point travels round the curve in the positive direction, the 
form of the result is unaltered. 

Let ds he the length of any elementary arc QQ' of the perimeter, p the perpen- 
dicular from N on the tangent at Q. Then since t^dB=pds, the potential at P of 

the area takes the form V'= where the integration extends all round 

the perimeter, and ci is the solid angle subtended by the lamina at P, 

Ex. If the law of force be the inverse fifth power of the distance, show that 
the potential of a plane lamina of unit density at a point P is where 

the integration extends all round the perimeter and the letters have the same 
meaning as in Art. 255. 


9—2 
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267 . Wlien the Inmina is bounded by rectilinear sides, p is constant for each 
side and may therefore be brought outside the integral sign. The integral jdsjS is 
then the potential of that side at P. We therefore have the following theorem. 

Jf V be the potential at any point P, of the area contained by any plane rectilinear 
fiflure regarded as of unit surface density; Kj, Pj, tSc. the potentials at the same point 
of its sides each regnrd-d as of unit line density, to the solid angle subtended at P by 
the area, then V- -fu+i>iPi +PjPa+‘*c-. u>here f is the length of the perpendicular 
rx on the area, and Pi,Pi, die. are the perpendiculars from N on the sides tahen 
with their proper signs. 

■ The signs of the perpendiculars are determined by the following rule. If the 
point <3 trarel round the perimeter in the direction of the motion of the hands of a 
watch, the perpendicular p is positive or negative according as the origin N lies on 
the right or left-hand side of the tangent at Q. 

258 . Potential of a solid. If V" be the potential at any point P of a solid, of 
unit density, and bounded by plane rectilinear faces; Pj', P^', dtc. the potentials at 
the same point uf its faces each regarded at of unit surface density, then 
2P" = fjPi'-hi-;P.'-t-..., 

where f,, f,. iCc. are the perpendiculars from P on the faces taken with their proper 
signs. 

Dcsenlie an elementary cone whose vertex is P and whose base is any element 
of aica of the boundary of Ike solid. Let do be its solid angle. The volume of an 
element of the cono being r^dudr, the potential of the cone at P is 

/ T^dudr , , . , pda 

where r is now the radius vector drawn from P to the elementary area da and p is 
the psrpciidiculur from P on the tangent plane. The potential of the whole solid 

body at P is therefore 1 

When the boundaries of the solid are planes, p is constant for each plane and 
Ipdafr is the potential of that plane face at P. We have at once P"= JSpP'. 

259 . Tlic solid angle subtended at any point P by any triangle ABC is the area 
of the unit sphere enclosed by the planes PAB, PBC, PCA. This area is the same 
as that of the spherical triangle traced on the sphere by these planes, and a finite 
expression for its value is given in books on spherical trigonometry. Since any 
polygonal area con bo divided into triangles it follows that the solid angle subtended 
at P by any rectilinear figure can always be found. The result may he complicated 
but it involves no integrations which cannot be effected. 

It immediately follows from Arts. 257, 258 that the potentials of all rectilinear 
figures and the potentials of all solids bounded by plane rectilinear faces can be 
found. Thus the three integrals which express the components of the attraction of a 
rectilinear lamina or solid can be found in finite terms. 

260 . Components of Attraction, Some simple expressions may be found for 
the components of the attraction of the lamina. We know by Playfair’s theorem, 
that the component along the perpendicular PN on the lamina is equal to the solid 
angle subtended at P by the lamina, see Art. 27. 

We may obtain an expression for the resolved part of the attraction along a 
straight line drawn in the plane. If this straight line be called the axis of a: and 
the boundary of the lamina be a closed curve in the plane of xy, the a component 
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of the attraction is 2 '= j where B is the distance of an clement of the boundary 

from the attracted i oint P. 

Divide the lamina into elementary rectangles having their lengths parallel to 
the axis of z, and let the breadth of each be dy. If AB be any one of these 
(regarded as of unit surface density), its z attraction on P in the direution AB is 


dy, see Art. 11. The attraction of the whole lamina is therefore jdyjli, 

where B stands for either PA or PB, and dy is taken positive or negative according 
as the ordinate y is increasing or decreasing when a point Q travelling round the 
curve jiasses A or B. 

261. A solid body of unit density is bounded by plane faces: it is required to 
find the resolved part of its attraction at a given ]u>int P in a given direction Px. 
Whatever the form of the eolld may be, its component of attraction in the 

direction Px is j , where dz is an element of the surface, ^ the angle 

the normal at cUr makes with the given direction Px and B is the distance of da- 
bom P. 

When the solid is bounded by plane faces, ooa 0 is the same for all the elements 
of the same face. It may therefore be brought outside the integral sign. Since the 
integral jdajB is obviously the potential at P of the face, we have at once 

X" — Fj' cos (bi + F«' cos ij>n + = SF cos i)>, 

where Vf, Vf, itc. are the potentials at P of the plane faces regarded as of unit 
surface density, and ^ 2 , (So. are the angles the normals measured inwards make 
with the direction in which X Is measured. 


262 . Ex. 1. If o. 7 , S be the iiuadriplauar coordinates of a point P referred 
to the faces of a tetrahedron, show that the potential of the solid contained by tlie 
tetrahedron regaided as of miit density is i(I’io4 1 ^ 2 / 3 + I^s7+ ^ 4 ®) where Fj, F,, 
Fj, Fj are the potentials at the same point of the several faces regarded as of unit 
siu’face density. 

Ex. 2. Show tliat the solid angle <a subtended at any point P by a triangular 
area ABC is given by 


(3 + '■)•- o’* (r+p)"-b^ (F + 7)''-s“ 
2) ~ 4 • 4 • 4 


where v is the volume of the tetrahedron ABCP and p, q, r are the distances of P 
from the angular points of the triangle. 

Ex. 3. The triangle OBC is right-angled at B, and at 0 a straight line OP is 
drawn perpendicular to its plane. If the triangle be of unit surface density, prove 
that its attractions at P icsolved parallel to OP, OB, and BC respectively are 


tan-* — (a'- 4- b® + c - ton-i - 
oe c 

c (b°+e»)® + (a»+6=4^)i_ e + (n= + 6=4^ 

j 6 + (a'-‘ + 6^) * L..I 0 + 

a ' ~ {b^+eS)i a ' ’ 


where a=OP, b=OB, c=BO. Since any rectilinear figure in the plane of xy may 
be divided into right-angled triangles having a common comer 0 by dropping 
perpendionlars from 0 on the sides and joining 0 to the comers, these results give 
the three resolved attractions of any plane rectilinear figure, [Knight’s problem. 
Todhunter’s History, p. 474.] 
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Laplace's Functions and Spherical Harmonics. 

263 . In mnnj- parts of the theory of Attractions, the integrations are shortened 
and made more eompiehensive by the use of Laplace’s functions. In other parts 
the necessary processes could not be effected without their help. There ate several 
tieatises on these functions from which the reader may acquire n knowledge of this 
important branch of Pure Mathematics. The propositions however which are 
warned iu Atti actions are not very numerous and these books contain much more 
than is here reqiiiied. At the same time the subject of Attractions is generally 
approached by the student at a period of his course when he has not yet reached 
the pioper study of these functions. For these reasons it seems proper to make 
a preliminary statement of a lew elementary theorems which the reader acquainted 
with Laplace s functions may pass over. 

264. Expansion of the inverse distance. Let P, P be 

two points, one of which will afterwards be taken as a point of the 
attracting mass and the other as the point at which the attraction 
is required. Let (x, y, z), (x', y\ a') be their Cartesian coordinates 
refeiTed to any I'ectangular a-KOS, (r, 6, (r’, 6', <j>') their cor- 

responding polar coordinates. Let R be the distance between the 
points and lot p — cos POP. We therefore have 

It will be found convenient to expand 1/Ji in a convergent 
series of ascending powers of either rjr' or r’jr. Supposing first 
V < /, we write h = r//. We then have by the binomial theorem 
(1 - iph + h^)-^ = 1 + i (2j?/t - /t=) -1- 1 {2ph -h?f+... 

Expanding these terms and writing P^, P.^, &c. for the 
coefficients of the several powers of h 

(1 ~ 2ph + k-)-i = 1-1- P^h + Pth’‘ + (2). 

The terms containing A* are evidently the first in {2ph — 
the second in (2ph - and so on. It is therefore clear that 
Pn is a rational integral function of p, whose highest power is p''’ 
and whose powers descend two at a time, the terms being alternately 
positive and negative. Thus P„ is of the form 

p« = + A^p'^ + (3)^ 

where ul„, An^j^, &c. are constants. 

These constants are easily found when n is a small integer by 
the use of the binomial theorem in the manner shown above, thus 
l\=p. P.= kW-V), Pa = i(5p»-3p), 

Pi = i (35p‘ — dOpP -1- 3), &c. 
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265. The function ia u.sually called a Legendre's function 
of the Jith order. It is sometimes written in the form Pn(p) 
when it is desired to call attention to the independent \ariable. 
Regarding one of the two radii vectores OP, OP' as a fixed axis 
and the other as capable of moving into all positions round the 
origin, P„ is a function of the inclination of the latter to the fixed 
axis. The fixed radius vector is called the axis of reference of the 
fuwstion or more shortly the axis of the function. 


266. If (a', y3', 7 ') are the direction cosines of OP’, we have by 
projecting OP on OP' pr = a'x + P’y + fe, 

.-. P„r»= J.„(o'a;+y 3 '^+ 7 'A)’*+dL,t_a(a'a!+; 8 'y+ 7 'A)''-*(a;>+y®+A“)+ . . .. 

Regarding OP' as fixed in space and OP as moving about 0 we 
see that Par" is a homogeneous rational and integral function of the 
coordinates of P, 

The quantity 1 jR, regarded as a function of the variables (®, y, z), 
is known to satisfy Laplace’s equation, Art. 95. Since this is true 
whatever {x, y', z') may be, provided they are fixed, it follows that 
the coefficient of every power of 1/r' in the expansion 


j. 

R 





.(4) 


satisfies Laplace’s equation. 


267. Any homogeneous function of {x, y, z) vhich satisfies 
Laplace’s equation is called a spherical harmonic function. Its 
degree may be any positive or negative integer, it may be 
fractional or imaginary. 

When the function ia such that it may be written in the form 
r‘^f(8) whore 9 is the inclination of the radius vector to a fixed 
straight line, it is called a zonal spherical harmonic. We therefore 
see that Pnr® is a zonal spherical harmonic of the nth order. 


268. The expansion (4) has been made in pow'ers of rjr' on 
the supposition that r is less than r'. If the contrary be the case 
we must make the expansion in powere of r'/r in order that the 
series may be convergent. We then have 


1^1 py py» 

jB r^ ^ r^ 


( 5 ). 


It follows in the same way that the coefificient of r'", viz. 
P„r~<’*+^*, is a homogeneous function of the — (n + ljth order 
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which satisfies Laplace’s equation. Thus both and jPnr~<"+^ 
are zonal harmonics of difiereul orders. 

269. It is useful to notice that the values of P„ when p = + 1 

and p = 0 follow at once from the series (2). Thus when p = + 1, 
P„ is the coefficient of /i“ in the expansion of (1 + When 

p=l,P„=l and when p = — l, P„= + 1 or —1 according as Ji is 
e\ en or odd. Both cases are included in the statement that P„ = p™ 
when p = ± 1. 

It follou a that the sum of the coefficients of the several powers 
of p in the expansion of P® is unity. 

Altei difieicntiating the series (3) k times we find 

p,{l-3ph + Ifi)'~^ = ft + &o. + — » ft”-* + 4o., 

op* dp* dp* 

whcio /i=l .3 . 5...(2 k- 1). It follows that when p= ±1, ^ !'(”+*) P" * 

dp* L(n-K)L{K) 2it 

The value when is sonaewhat more complicated. 

270. Any integral rational function of p of the nth degree, 
say F (p), can be expanded in a series of the form 

^iP) ~ P»Pn + Bn—iP n— 1 + • • . + 

Since the highest power of P„ is A„p» we can, by properly 
choosing the constant P„, make P(p)-PnP„ = P,(p) contain 
p”-‘ as the highest power. Choosing again the constant P„_i 
properly we can make Pa (p) - B„_iP„_i contain p»-» as the 
highest power and so on until we arrive at zero. In this wav 
we find ’ 

p^ = K2Pa+P,), P’ = K2P, + 3P0, P* = ^(8P.+ 20P, + 7P.), &C. 
It follows from Art. 269 that the sum of the coefficients of the 
functions P« in any one of these expressions is unity, 

271. To prove that Pn = ^r- ^ fn* — 11" 

2”j«(Zp»'^ V- 

Let u =p + ^ («= - 1) A. then by Lagrange’s theorem 

“ = (A> 

By solving the quadratic and differentiating we find 
du _ 

^ = + (l-2pA + /i»)-» (B). 

The coefficient of /i" in the expansion (B) is by definition P„. By 
diflerentiatiug (A) and comparing the two expansions the theorem 
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follows at once. The positive sign in (B) must be taken, because 
when w = ] , =p. This expression for P„ is due to Rodngues. 

272. OoR. Since all the roots of (p* — 1)” = 0 are real and lie 

between + 1 inclusively, those of — 1)'* = 0 are also real and 

lie between those of (p“ — 1)" = 0. By continuing this process we 
sec that all the roots of Pn = 0 a,re real and lie between ± 1. 

273. The two following equations are important 

+ <«• 

(a + 1) P„+i - (2ft + 1) pP„ + )iP„_x = 0 (2). 

The first is usuallj' called the differential equation and the second 
the equation of differences and sometimes the scale of relation. 

To prove these we notice that, if w = SPbA®, the left-hand sides 
of the equations are the coefficients of h”' in the expressions 

$} + 

By .substituting m = (1 — 2ph + h-)~i these expressions are found to 
be zero. 


The following theorems are also useful 


( 3 ). + 


.(4). 


These may be proved by substituting in 




274. The cqualioii F„=0 has «o equal roots, for if P„ and UPJdp were v.ero 
simultaneously it would follow from the differential equation (Art. 273) that either 
p=±l or d-PJdp‘=0. The first alternative is impossible since these values of p 
make P„= ±1. Differentiating again we piove in the same way that <PPJdp^=.0 
and so on. But this would make d^P^dp^^O which it is not, for by Art. 201 it is 
equal to 

275. Tlie roots of Pn=0 lie betioeen those of Pn+t=0. Let a,, Og, ... a„ be the 

n roots of increasing order of magnitude. Then dPJdp is alternately x 

and - when we give these values to p ; it has the same sign as P„ when p > a„ and 
is therefore positive when p=a„. But by (4) of Art. 273 ^'n+l and ilPJdp have 
opposite signs when P„=0 and p<l. Hence P„^.i is alternately - and + when we 
putp=Oi, (fee. a„, and is negative when p=a„. Again Po+l is positive when p=l 
(being in fact unity), hence one root of P„ 4 .i =0 is >a„, n - 1 routs lie between those 
of P„=0. and the (n-l-l)th root must be coi. 

276. The reader is recommended to trace the polar curve r=a + l>P„ for the 
values n=l, 2, 3, d:o. where ■^11 -Pa* Ac. have the values given in Act. 204 and 
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P=cs09e. The constant 6 should be regarded as much smaUer than a. The two 
theorems of Arts. 271 and 27D wiU be found useful in tracing the relations which 
exist between the several functions. 

277. Ii: is important to notice that the function is not numerically greater 
ihau unity for any lalue of p less than unity. For the proof of this wo have heie 


no loom. 

Supposing h to be less than unity, the series 

(1 — 2pfc t- A*)l=Po+Fj/i +Fjh“+... 

is convergent even when we replace every coefficient by its greatest numerical value 
and make every term positive. Tin aeriet ia therefore abaolutely convergent when 
both p and h are less than unity, 

f+1 

278. To prom that J f(p)Pndp = 0, wher'e f(p) is any 

intef/rul rational function of p of less than n dimensions. It 
follows from this that when m and n are unequal (so that one is 
c+i 

less than the other) J P,^P„dp = 0. 

By a theorem in the integral calculus we have 

fudv = uv — u'Vi + u"Vn ( 1 ), 


where accents denote differentiations and suffixes denote iu' 
tegrations. Lot Q he finite between the limits and let 


dpo^t ’ dp"^ ’ dp'^~‘ 

Each of the terni.s v, ... »n-i contains the factor Q at least once 
and therefore vanishes when p is put equal to auy root of Q = 0. 
If we also put ii=f(p) the scries terminates before we arrive at 
the final integral. It follows that the integral (1) is zero when 
the limits are any two unequal roots of Q = 0. Let Q — 1 , the 
integral is then zero when the limits are^= ± 1. See Art. 271. 


• '1^11 ~ 


&c. 


279. If f{p) is of n or higher dimensions, the only term on the right-hand 
aide of (1) (Art. 278) ■which is not zero is the final integi’ol. This is also true ?/ 
/(^)=P* (whore k is a positive quantity =: or >n) and the limits are p=0 to p = l. 
In this case all the terms up to u'^V/e are zero because the first factor vanishes when 
p=0 and the second when p = l. The final integral is made one of the standaid 
forms in the integral calculus by putting p= cos 9 and its value can be wiitten 
down. As these integrals are not required here, it is suiBcient to state the result 

x+S-’? '*■ 


in the form 


/; 


yp„di> = ; 


-n fl 
Vn Jo 


P'^Pn-t^P- 


~K + 1 + J- J . 

This result is also true when the limits me - 1 to +1 and k is integial. For if 
*+7i is even each side is then doubled and if odd each side becomes zero. 

Ex. Prove dp z=--_l_ Jp*-tp„_jdp where the limits are 0 to 1, and 
ic is a positive quantity gi eater than or equal to 
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aao. To find iP^P^dp between any limits. The functions P„ satisfy 

+ . n(«4-l)P„=-| {(l-F=)‘-g^} . 

Multiply the first by and the second by P„ and integrate each product by parts. 
We then obtain by subtiaction 

(m-n)(»a+«+l);P,„P„dp=(l-p») |p„ - P„ i?^j. , 

where the right-hand side is to be tahen between the gU'cn limits. 

It immediately follows that where the limits are -1 to +1 the integral is zero. 
When m is even and n odd, we deduce from Art. 2G0 

jo “ “ ^ (ii-m) (m+ni+l) ' 2. 4. 6.. .7/1 ' 2. 4. 6 ...(«- 1) ‘ 

When m and n are both even or both odd, the integral is half that of the same 
iutegial with the limits and is therefore zero. 

Since Po=l we find m{m+1) j ^ P,„dpisegual to the value of dP^jdp when p=0. 
Also f^^P„dp=0. 

/■+! 2 

281. To prove that 7 . 

J -1 Aft -h I 

This important result may be deduced from Art. 278 by putting 
f{p) — P„, but the following method is of more general ajiplication. 
We multiply the equation of differences, viz. 

nP„ - (2n - l)pP„.r + (ft - 1) P„_s = 0, 
by Pn and integrate between the limits p = + 1. Wo then have 
nfPn^dp - (2n - l)/pP„P„_idp = 0. 

In the same way, if we multiply by P„_j and integrate between 
the same limits, we find 

- (2« - i ) .f pPn-,P„_sdp + (ft - 1 ) fP'n-sdp = 0. 

We now write ft -pi for w in the last equation and eliminate 
/pP„P„_idp. We thus arrive at 

(2n + 1)/P„=dp= (2n - 1) JPVirfp. 
provided n is not zero. By continued reduction we find that each 
of these is equal to fPo'dp = 2. The result follows at once. 

382. Ez. 1. Prove dp=n{n + l). dp=?^!j^.^^\ 

where p = cos $. 

To prove the first, integiate by parts and notice that since d-PJdp^::=P" 
is of lower dimensions than P». JP„P'dp=0. To prove the second, write 
dd= -dpI^ICL-p"), integrate by parts and use the differential equation. 

Ex. 2. Prove that -^’’'-^^^dp=m(m+l) it n>m, and m+n is even. It 


r+idp^ 
I -1 dp . 


is evidently zero if 7n-|-7t is odd. 
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Ex. 8. Let ^^ (?) = (! '*"“>• 

Prove ^ +n(»+ic-l) 0 { 2 ))Q„=O. 

(n+ 1 ) 0 b+{"+*~®) 

J'fi U?) <?»,e»<ip=0, (?) Q,?dp=Ni^ (?) OVi'^P. 

where N= (2n + « - 3) (it + k - 2)/n (2n + » - 1) and the limits are - 1 to + 1. 

/ +i /I’^P df^P 

n "sO, if m and n are unequal. [It 

-1 dp* d?* 

follows at once from Ex. 3 by using Art. 2C9.] 


283. Potential of a body*. To apply these expansions to 
find the potential of a body, we regard (»', y', z') as the coordinates 
of any particle m of the attracting mass. We now multiply l/iJ 
by m and sum or integrate the result for all the attracting 
particles. At some points of the body we may have r' > r, at 
others r > ?•' ; we may therefore have to use both the expansions 
in Arts. 266 and 268 each for the appropriate portion of the 
attiaoting mass. In this way we find 


F= 2 1= F.+ + ... + f + 5 + ^ (6). 


where 


F„ = S 


mPn 

r'n+l 


and Zn=^'Lmr'^Pn- 


These summations cannot be effected until the form and law 
of density of the heterogeneous body are known. We notice 
however that both F„ and are the sums of a number of 
Legendre’s functions with coefficients and axes depending on the 
given structure and shape of the body. Regarded as a function 
of {x, y, z) both F„r’” and Z^r” aie integral rational spherical 
harmonics. When therefore we use Cartesian coordinates we 
write the series in the form 


F = /S'o + 5 + - + .. . 

r IT 7* 

where 8n, Tn are spherical harmonic functions of ®, y, z ot n 
dimensions. 


284. liaplace’s equations. In this way we have been led 
to an expansion of F in powers of r which must hold for all 
attracting masses. Let this be written F= 2 YnT’’^, where n may 
be either a positive or a negative integer. Substituting this 

* Ibis cxprc.ssion for tbe potential V is given by Hir G. Stokes in his memoir on 
the Variation ot Gravity, .to. Gamb. Tram. 1849. He obtains the BvpranainT. by 
solving Laplace B equation. 
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series for V in Laplace’s equation as expressed in polar co- 
ordinates (Art. 108) and equating the coefficient of r® to zero, 
we have 

d . 1 d-Yn , , 

+ -^- +«(»» + !) 5 ^- 0 ... ( 0 . 

where /i = cosd. 

The coiTesponding equation for is found hy writing m for 
n. If we choose m so that m (m -1- 1) = n (»i + 1) we have m = n or 
m = — (n. -t- 1). It follows that there are two powers of r, and only 
two, viz. r" and such that their coefficients in the series 

(6), viz. Tn and Zn, satisfy the differential equation (7). It 
a^ipears therefore that F« and are both solutions of the 
differential equation (7) and differ only in the arbitrary functions 
or constants which occur in the solution. 


Any function of two independent angular coordinates (such as 
the direction angles 0, <f) of the radius vector) which satisfies 
equation (7) is called a Laplace's function. Thus is a Lajjlace’s 
function of the order n. The corresponding function F„r® when 
expressed in terms of (», y, z) satisfies Laplace’s equation and is a 
spherical harmonic, Ai't. 207. A Laplace’s function when expressed 
as a function of the Cartesian coordinates of the point at which 
the radius vector intersects some given sphere with its centre at 
the origin is called a spherical surface harmonic. 

285. If s', <pf be the diiection angles of a fixed radius vector OP and 
cos FOP = p, we have p = cos B cos 9' + sin 9 sin 9’ cos -</>'). 

The Legendre’s function P„ is therefore a symmetrical function of 9, ^ and 
9', 0'. Begardcd as a function of 9, 0, we see, by comparing the series (4) and 
(5) of Arts. 2G0, 2G8 with (6) of Art. 283, that is a special case of F„. It follows 
that F„ must also satisfy Laplace's equation (7). 

If the axis of the function i.e. OP, be taken as the axis of reference, we 
have p=p and dPJd^=0. The differential equation then becomes 

( 8 )- 

The general solution of the differential equation (8) has two arbitrary constants. 
To find the general solution when a partial solution has been found we use a rule 
given in the theory of differential equations (see Forsyth's Diff. Eq. Art. 58). 
The general solution is thus found to be 

■iPn+ PPn j pJ^Zx) ’ 

where A and B are the two arbitrary constants. Since is an integral rational 
function of p we may by using partial fractions effect this integration. The process 
is rather long and the results will not be required. It will be sufficient to notice 
that the part of the solution derived from the integral is not an integral rational 
function of p. It follows that the only integral rational solution is AP„. 
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In the same way the general solutiou of the equation of differeneea 
(11+2; (2u+3iptt^i-t-(n+l) «„=0 

is «„=AP„+RQ„ where 

O-^r + 

y»- „ 3 n-r + l 2r-l 

Both these partial solutions are integral rational functions of p. This result is 

easily verified by substitution: if we remember that the equation la satisiied by 

«n=-Pii> coefficient of every P„ is zero. 

286 . We have seen in Alt. 283 that the potential of any body can he expanded 
in a series of splioiicnl harmonics of integral orders. In this expansion l'„r» and 
are both integral and rational functions of x, y, zota positive integral order. 
Changing to polar coordinates we find that is an integral function of cos 9, 
sin 9 cos sin 9 sin Expanding the powers of sin^, cos0 in multiple angles, 
we have 

y„=:.do+(Aieos^+BiSin^) + (daCoa20+BjBin20) + ... + (d„oo3M.^+P„Binn0)...(9), 
where Aq, Ai...A„, Bi...P„are all integral and rational functions of sin 9 and cos 9. 
Substituting this value of y„ in (7), we see that both and Bj, satisfy 


i ( 10 ). 

where /i=cos 9. 

Siiioo the equation (10) reduces to the form (8) when i=0, we haveyi|,=a„P„(/i), 
where is an arbitraiy constant. 

The values of Aj, Bj <Sro. will not be required; it will therefore be sufficient to 
mention that their values found from equation (10) are 

Ji=:ni(sln9)»^?^^j^, Bj=6t(sin9)t^^^i^\ 

where a/, and b/^ aie aibitiary constants. 


d*P (») 

The function (u^ cos sin 1:0) (sin 9)* — 1® called a tesseral surface 

harmnnic of degiee n and order k. In the particular case in which tlie 

function is called a sectorial surface harmonic of degree n. 


287 . The case in which Y„=P„{p) is sometimes useful in the theory of 
attiaclions. Since p is the cosine of the angle between the directions (9, 0), 
(9', 0'), P„ is a symmetrical function of (9. 0), (9', 0'). We therefore have 

dtp dtp ' 

■Pn iP) = «oPnP»' + (sin 9 sin 9-)* cos ft (0 - 00, 

where P„=P„(m),P„'=P„{/), ja=cos9, p' =oob 9' and 2 implies summation from 
ft=l to n. By putting 9=0, 9'= 0 we see that ag=i. In a similar way by putting 

9=Jw, 9'=4ir we deduce that When ft=0, we take half this value. 

288. Three theorems. The great utility of Laplace’s 
functions depends on three theorems. To these we now turn 
our attention. 


Theorem I. If Fm, Yn he two Laplace’s functions of different 
orders then Ji ^Yndio = 0, where deo is an elementary solid angle 
and the integration eoct&nds over the whole surface of the wnit sphere. 
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The following is Kelvin’s proo£ Put V = F, V = F»?" and 
apply Green’s theorem (Art. 150) to the surface of a sphere of 
radius a, whose centre is at the origin, then 


dtr^jV — dcr. 


dr 


Substitute for F, V aud we have 

a®+"+'in/F,„ Ynda> = a“+"+’ni./lm Yndw ; 
hence unless m and n are equal, fY,„Ynda> = 0. 

When m and 7i are positive these values of F and F' arc both 
finite throughout the sphere. If however m, or n, is negative it is 
necessary to integrate over the two surfaces of a spherical shell, to 
avoid the infinitj- at the centre. If a and b he the radii we then 
have — 6«>+«+i) nfYmYndeo = — 6™+«+i) mfYmYndw. 

It follows that ^Ym7nda = 0 unless m=n or »n + n + 1 =0. 
We have also fYmP„dea = 0 and since Po = l, fYmda> — 0, where 
the integration extends over the whole unit sphere. 


289. Theorem II. Let F* be a Laplace’s fwiction of the 
angular coordinates (0, ajwZ P„ a Legendre’s function of the 
same cooi'dinates having (&, for its axis. Let both these be of 

the same order, viz. n, then fY„PndQ} = - 


2n + l 


where the 


integration extends over the whole unit sphere, and F„' is the value 
of Fn iL'hen (O', <^') have been substituted for (0, ^). 

To find the value of /F„P»cZs>, let us take as the axis of z, the 
axis of P„, (Art. 265) so that P„ = Pn{p), where /i= cos 0. Also 
d(o = sin 0d0d<f> becomes — dpd^. The limits of integration are 
= 1 to — 1, ^ = 0 to 27r. 

Taking the value of F„ given in Art. 286, viz. 

F„ = a,Pn (fi) + X (Ah cos k<j> + Pj, sin k<j>), 
we notice that /cos ktf)d<l) = 0 and /sin k<f>d^ — 0 when the limits 
of <}) are 0 to 27r. Hence 

JY„Pnda> = — a„JJPn^dfid^ = Oo . 27r . • 


It remains to find the value of a,. Referring to equation (10) 
of Art. 286, we see A *, = 0 and = 0 when = 1 except when 
k=Q. Also Pn(fi)=l when ;4=1. Thus is the value of F„ 
at the point where the positive direction of the axis of z cuts the 
unit sphere. Since the axis of P„ has been taken as the axis of e 
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ib follows that a. is the value of F* at the positive extremity or 
pole of the axis of P„, aud this value has been represented in the 
enunciation by F„'. 

290. Theorem III. Any function of the two angular co- 
ordiniites of the radius vector can be expanded in a series of 
Laplace’s functions, and the expansion can be made in only one way. 

For a discussion of this important theorem we must refer the reader to the 
treatises on these functions. It will suffice here if we consider how we may 
practically use the Iheoiem in those simpler cases which generally occur in the 
theory of attrucrion. 

Let us firet suppose that the given function is an integral rational function of 
the direction cosines of the radius vector, le. of sin 6 cos ip, sin S sin ip, and cos $. 
On transforming to Cartesian coordinates and multiplying each term by the proper 
power of r the function becomes an integral rational function of x, y, z, which we 
can arrange in a series of homogeneous functions. Taking any one of these, 
bay /„ (as, y, r), we shall show how it may be expanded in a series of spherical 
harmonics combiued with powers of r. Thence (if it be necessary) we deduce the 
expansion in Laplace’s functions by giving t any constant value. 

Subtract from /„ the expression (a?+p“+*®)/„_j, where /„_j is an arbitrary 
integral and rational fuuotion of {x, y, z) of the (n-2)th degree, viz. 

.... 

Substituting V=f„ - {x’‘+y‘+z^)f„..^ in V^F, there results a homogeneous function 
of (x, y, :) of the (u - 2)ih degree, which therefore contains as many terms as there 
aie H a} s o( making liomogeneous products of x, y, z ol tliat degree. Bnt/,j_j is an 
arbitrary hoinogenoons function of the same degree and contains an equal number 
of terms. Tliuc are therefore just enough arbitrary conetauts Ag, A^, &e. to 

enable us to make the coefficients of every term in V“F equal to zero. Assuming 
that the linear equations thus formed to find A„, A^ &c. are not inconsistent with 
each other, the expre.ssion/„- (i-+y'-+^)/„_,=S„ satisfies Laplace’s equation and 
is therefore a spherical harraonio. 

lltpf.itiiig this proee.'S with the function we have 

and so oir. We tinally end with a constant or an expression of the first degree 
according as » is an even or odd integer. 

AVriting j-s for x=+ff’>+a» we have /„=S;+r=’B„_a+r^S„_ 4 + ..., where S„. 

A’c. are all spherical hai monies. It should be noticed that this equality is a mere 
algebraical transformation, and involves no assumptions as to the meaning of the 
lptter.s. 

If we now regard r as the radius of the unit sphere or any suitable sphere, S„, 
*n-s become Laplace’s functions, and the required expansion has heen made. 

When the function does not contain powers of x, y, z above the onbe, this 
process will be unnecessary, for the arrangement in harmonics can then be generally 
performed at sight. 

291. When the Cartesian equivalent of the given function is not an integral 
rotional function of the coordinates, an expansion in a finite number of terms cannot 
be obtained. AVe then proceed in another way. Assume that the expansion can be 
effected in a convergent series, say/(9, ^)=rg + yi + r,+ ..., where r„iB a Laplace’s 
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function of the nth order. Let be the Legendre’s function having (0', </>’) for its 
axis, BO that is a symmetrical function of (0, <p) and (6', tp') ; Art. 285. Multiply 
both sides of the equation by and integrate over the -vrhole surface of the unit 

sphere ; tlien by Art. 289 '!>) oiTTl ^ ’ 

vrhere is the value of F, when (S', ^') have been written for (0, p). When the 
integration on the left-hand side has been effected, the result will be a known 
function of 0', p' only. Since 0*, 0 ' are arbitrary we can replace them by 0, 0 and 
thus the form of Y„ has been found. 

Laplace’s expansion is an extension to two independent variables of Fourier’s 
expansion of a function of one variable in a series of sines and cosines of its 
multiples, and like that theorem is subject to limitations. The process of expansion 
given above is not in any way a proof, it ia to he regarded as merely a convenient 
method of applying Laplace’s theorem to special cases. It fails to give the limita- 
tions and must be used with caution when the function to be expanded is not single 
valued. 


293. Ex. 1. What are the conditions that 

( 1 ) ax+bi/+e£, ( 2 ) AaP+Sy^+Oz^+SDys+SEzx + lFri/ 
may be spherical harmonics? The first is always so, the second when A -i-P-)- C=0. 


Ex. 2. Expand sin^ 0 oos^ 0 in Legendre's functions. 

This is the same as if the axis of x be taken as the axis of reference. Now 
hence p*-*Pj=Jp. The result is p*=|P 3 -b|Pi. 

Ex. 8 . Expand sin” 0 sin 0 cos 0 + cos” 0 in Laplace’s fnuctions. 

The result is Fj-hlj-br,, where Fi=fcoB 0 , F,c 3 Bm” 0 smf>oo 3 0 , r 5 =J(ocos *0 
- 3 cos 0). 


Ex. d. Expand log (1 -t- cosec ^0) in Legendre’s functions. 

The result is Pq-H JPi-t-JP 5 + 

Ex. 5. Prove by successive induction or otherwise the equalities 


[Coll. Ex.] 


P<,= 3Pi» -b &c. -t- (2n -t- 1) = (n -H)” P, 


J 


-bS 


(^^i)V*e. + {2n + l)("iy=5{(«.b2r(' 


V-(P=-1)(' 


dP, 

dp J 


dp J 




Ex. (i. If ^-‘=SorPr and ='S,h,P,, prove that 

a,= 2 r-bl and 6 ,=J ( 2 s -bl) («-s) (n +1 + s). 

Multiply the series by P^ and P, respectively and integrate by parts between the 
limits ±1. The expansion of the rnth differencial cocQicient of P„ is investigated in 
the Proceediniis of the London Math. Soc. 1891. 


Ex. 7. Ifp'' = (iKP*-b...-ba,Pn-b... Jjrove tliat 

^^^-3s^7j-bl „ ^ (2« + l)|« 

n„ 2»! + i K-7r+2’ 2 .4 . 6...^K - /«) . 1 . 3 . 5...(K+7t-bl)' 

29a. Ex. 1. The polar equation of a nearly spherical surface is 

r=a{l-b/S(r„-bri-b ...)}, 

where (S is a small quantity whose square can bo neglected. Prove the following 
results, 

(1) The volume is Jtto” (1 -b SjaFj) and the surface is i7ra<‘ (1 -f 2,3T„). 

(2) If rYj=Ax+Sy + Cz, the coordinates of the centre of grarity of the volume 

10 


B. S. II. 
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are x=§Aa, f=pl)a, i=|SOa. The centre of gravity of the surface coincides with 


that of the volume. 

(3) If r“r, = Ax^ + By^ + + ^Dyz + ^Ezx + iFxy, the moment of inertia 

about the axis of * is (X-pC+S^Y^, and the product of inertia about the 


axes of X, y is — - . pF. 

9 O 

It follows from this example that when the origin is placed at the centre of 
gravity of the volume the term Tj is absent &om the equation. When the constant a 
is so chosen that it is equal to the radius of the sphere of equal volume, the term r„ 
is absent. 

To obtain any of these results, we proceed as follows. Let M he the volume, 
J>, = oosfl, Ac., then 3Iz—jjr-iird<a.z=jiT*da)Pj. Substitute for r, expand and use 
Art. 289. The result is iirn^/Sr/, where Yj' is the value of Yj at the extremity of 
the axis of z and in the small terms this is G. Similarly the moment of inertia is 
jjr‘di diii . sin® d = J tr’du • S (1 - -PsL We then proceed as above. 

Ex. 2. The polar equation of a nearly spherical surface is r=a [1+pP^ where 
^ is a small quantity whose powers above the second may be neglected. Prove that 


the area of the surface exceeds the area of a sphere of radius a by ‘iira^p- . 


n- + n + ‘2 


2« + l ’ 

except when 7i=0. [Math. T.] 

Ex. 3. Provo that the surfaces r=<i(l+/9rj), r=o{l+/3 (Y^+Yj + Yj)}, where 
the square of p can be neglected, are respectively a sphere and a coniooid. The 
coordinates of the centre oi'e the same as those of the centre of gravity already 
found. 


294. Attraction of a spbeiical stratum. A thin hetero- 
geneous stratum of attracting matter is placed on a splme of 
radius a. It is required to find its potential at any internal or 
external point. 

Let p be the surface density at any point Q of the sphere, da 
an element of area at Q; 6, <}> the polar coordinates of Q, then 
da=»m6d8d<j3. Let P be the point at which the attraction is 
required, and let the coordinates of P be (r', O', 

If R be the distance between the points Q and P, the potential 
of the whole stratum at P is F = JpdajB. Let p he the cosine 
of the angle between the positive directions of the radii vectores 
OQ and OP, then IP = a® + r'- — 2apr'. 

If the point P is inside the sphere, r' is less than a, and we may 
expand 1/P iu a convergent series of ascending powers oir'ja. If 
the point attracted is outside the sphere, we must expand in powers 
of ajr. Since P is a symmetrical function of a and r we have 






+ ••• 


i- 


or 
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The surface density p is a given function of the coordinate.*! of 
Q : let it be expanded in a series of Laplace’s function.-j or surface 

harmonics, thus p=Y„+ 1' + Fj + 

Substituting these values of p and l/K in the exprcsssion for 
V, we have by the theorems I. and 11. in Arts. 288, 289, 

V= iira I r; + 5 F/- + i F/ f-V ’ ^ 


: +. 


2)1 + 1 


r-. I Z-+ 1 F.' 1 + 1 ,v (2)'+ ... , F.' (3% . 


according as r' is less or greater than a. Tlie first of these two 
expansions gives the potential at any internal point, the second at 
any external point. 

If F„ is expressed as a function of the angular coordinates 
(^, of Q, then as already explained (Art. 289) F» is the value 
of Yn when the polar coordinates O', <f>' of the attracted point P 
have been written for (d, <^). If however F„ is expressed as a 
homogeneous function of the Cartesian coordinates («, y, z) of Q, 
then Yn' is obtained from F« by writing the Cartesian coordinates 
of P for (ff, y, z) and multiplying the result by {ajr'Y. 

We notice that by Art. 80, the potentials at two inverse points 
are connected bj' the equation V' = Vajr'. It follows that either 
of the series in the brackets must change into the other when we 
write a^jr' for ?■'. 


296 . Ex. 1. The surface density at any point Q of a sphere is a quadratic 
function of the Cartesian coordinates of Q, Eind the potential at any point whose 
coordinates are («*, y’, z'). 

Let the surface density p be given by />=/la!®+JJy*+Cz®+2Dj)z+2Eza:+'2i:'.r7). 
Let us represent this function by/(j:, y, z). 

As this function would be a spherical harmonic if J + R + (7=0, we make the 
nece'isary expansion in surface harmonics by subtracting and adding G (a'+y^+z’), 
■where 3(?=.«l+B + <7. We therefore have p=r 5 +Tj, whtie 
Y^=Ga\ rj=/(a, 3 ,,z)-G(!i^+/)» + z»). 

The required potential at the point P is therefore 


r=4wa|yi'+iy,' , or r iy ,' (i)] . 
according as P is inside or outside the sphere. Here Y 2 ={f(x', y', z')-Gr'®}^*,^ , 


and Yl = Ga^. Substituting these values for Yo and 7,' in the formulas for V and 
V the required potentials have been found. 

Ex. 2. The surface density at any i>oint of a sphere is p=mxy : show that its 
potential at any point (a', y', z') is x'y' or x'y' , according as the 


point is within or without the sphere. 


10—2 
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Ex. 3. The snrfaeo density at any point of a sphere is mxyz : show that the 
potential at an internal point is f tram t^y’z'. 

Ex. 4. Matter of mass M is distributed on a spherical surface whose centre is 
at 0 and radius a, so that its density at any point is proportional to the square of 
its distance from a point 0 outside the sphere where OC = 6 ; prove that the 

. .t , • 

potential at an e\leinal point P distant T from the centre is Jif — 3 (aS+jiaJ JSj * 
where s:=r cos POC. [Oaius Coll. 1897.] 

Ex. 5. If the BUI face density at any point Q be an integral rational function of 
the Cartesian coordinates of Q of a degree not higher than the nth, prove that the 
potential at any internal point P is an integral rational function of the Cartesian 
coordinates of P also of a degree not higher than the nth. 


296. Attraction of a solid sphere. To find the potential 
of a solid heterogeneous shell hounded hy coTicentric spheres when 
the density p at any point is a homogeneous function of the 
coordinates of the kth degree. 

Lot the density p be expanded in a series of the form 

p=rMFo+r,+ r, + ... 1. 

whore r„ is a Laplace’s function of the angular coordinates. The 
potentials of an elcmontary shell whose radii are r and r + dr at 
an internal and c-xtcrnal point respectively are 


y * 

dF=47rr^+'dr2-T^,- (- , 
’In + 1 \rj 


r ^2ft+lir7 • 


The potentials of the solid sphere are found by integrating 
these expau-ions between the limits a and h, wdiere a, b are the 
internal and external radii of the given shell. 


Ex. 1. The density of a shell bounded by concentric spheres of radii a 
and h is pnen by p=mxy. Show that the potential at an internal point is 
% iiiTT {b- - a-) x'y\ 

Ex. 2. The density of a solid sphere of radius a is given by pssmxyz. Show 
that its potential at an external point is x'y’z'jT'f, 

297. Nearly spherical bodies. The strata of equal density 
of a solid are nearly spherical and both its internal and external 
boundaries are surfaces of equal density. Find to a first approxi- 
mation its potential at an internal and an external point*. 

Let any surface of equal density be r = a + af(j9, <f), a), where 
a is a constant and f a function whose square can be neglected. 


The formulie here give>i are those need by Laplace to find the potential of the 
earth ipgiuded as a stratified heteiogeneous body, Mec. Celeste, vol. ii. p. 4-1. 
Wlicn the strata are not so nearly spherical that the square of fie, A) can be 
neglected the algebiaical pioeosses become very complicated. For these the reader 
IS reterred to memoiis by Poisson in the Coiinaissance dea Temps for 1829 and 1831. 
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The quantity a is the parameter of the strata, i.e. by its variation 
we pass from one stratum to another. Let the iuteriial and 
external boundaries be defined by a=a, and a = aj. Let the 
density of any stratum be p = F{a). 

Let the equation of the stratum be expanded in a series of 

Laplace’s functions, viz. r = a{l 4 SF„) (1). 

The solid bounded by this surface may be regarded as a sphere of 
radius a, together with a stratum of surface density placed 
on its external boundary. 

The potentials of this solid, regarded as homogeneom and oj 
unit density, at an internal and an external point are respectively 


(2 6 




2n 4 1 


•( 2 ). 





If we differentiate each of these with regard to a, we obtain the 
potentials of a stratum of unit density bounded by the surfaces 
whose parameters are a and a + da. The actual density of the 
stratum isp = F (a); if then we multiply the differential coefficients 
by p and integrate between the limits a = ao and a — ai, the 
required potentials at an internal and external point are found 


to be 


F= 47r J p |a 


d ^ IV rf" 
da 2a 4 1 a’*“= 
¥,: a»+^' 
271 4 1 »■ ’* 


da. 


da . 


•i4), 

•(5). 


the limits of the integrals being Oo and aj. 

We may also find the potential at any point of the solid 
defined by the value a = a' of the parameter. In this case the 
point is external to the strata between ao and a' and internal to 
those between a' and aj. The required potential F" is therefore 
the sum of the two expressions for F and V ', the first between 
the limits a, and a' and the second between a' and aj. The result 


IS 


F"s=47r 


j[pU 


4 2 






2n + l da \i 




da 


where 2 implies summation for all the values of n which occur in 
the equation (1), ?■', d', <f>' are the coordinates of the attracted 
point P, Yn is a known function of ff, (j}, a', and p is a function of a. 
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After the integration has been affeeted, the potential 7" is expressed as a 
tuncliou oi r', O', and a'. In the terms which contain the small factor r„' we 
mai put a'=r'. In the first term of the second line where there is no small factor, 
we use the equation r'=a'(l + 2:y„'). 

To obtain the component attractions at P it is necessary to differentiate the 
potential with regard to the coordinates of P. If no lubstitution has been made 
for a' we must remember that a' is a function of r', S', d>'- We shall however 
immediately prove that the partial differential coefficient dV"ldai=0, so that the 
first differential coefficients of V" with respect to s', O', p' may be correctly found by 


treating a' as a constant. 

Wo have by diffeientiating (C) 

dV" , ( , 

_=4vp |-a - 


2|| -r 1 da 




’“+‘ ‘2n+lda‘ 






We now put a'^/r' = a' (1 - Y„') and in the remaining terms r' = a'. It is then easily 
seen that the terms independent of Y„' cancel, while the coefficients of both Y„' and 
dY'jda' arc zero. Thera are some remarks of Poisson on this point in the memoir 
alieady referred to. 

Another proof. The change of a' into a’+da' transfers an element from one 
integral of (G) to the other and this is equivalent to moving the stratum bounded by 
the surfaces a' and a'+da' from one side of the point P to the other. But this 
change docs not alter the potential of that stratum at a point on its surface, 
(Art. 145), that is dV"lda'=sO. The potential at P is therefore only alteied by the 
direct change of the coordinates of P. 


298. Br. There is some reason to suppose that the strata of the earth are 
elliptical and that the density decreases from the centre to the surface. Assuming 
then that r=a (1 + Ifj) and that pssgan^, where m is greater than - 2, prove that the 
poteutial at any internal point is 


4jrg 


e 


,2+ju 1 

o rr ^ " 


(2+m 3+m ?•' i'* 6 + /71 

where a is the value of a at the boundary, and r'=a (1 + 1','). 


299. Let the •potential he given at every point of the surfaces of 
two concentric spheres, radii a and b, there being no attracting 
matter between the spheres. Find the poteutial throughemt the 
intervening space. 

Tlic potentials, being given functions of 6, tj) when r = a and 
r=b, may be expanded in one way only in a series of surface 
harmonics. Art. 290. Let these expansions be respectively 
y = ^Sn', where and are known functions of 
0, <j>. The general expression for the poteutial is 

r=2(F„r»+.?„/r"+*). 

The condition.^ of the question are satisfied if we take 

r„ a» + Z„/a«+i = s„, r„ + Z„lb«+^ = Sf. 

Thus F„ and Z„ are found. Wo know by Art. 133 that there is 
hut one value of V which satisfies the given conditiona 



ART. 301] 


SOLID OP REVOLUTION. 


151 


If the inner sphere (radius a) include all the attracting matter 
wc may put b = <x>, and then F„ = 0. The potential V takes the 
form V = 2Sn and has only the inverse powers of r. 

If all the attracting matter is outside the sphere r=b we may 
put a = 0. We then have Zn = 0 and the potential has only the 
direct powers given by F = S)S„ (>•/«)”- 


300. Solid of revolution. To fin^ the potential of a solid of 
revolution at any point P not occupied by matter. 

Let the axis of the solid be taken as the axis of z with any 
suitable origin. We have then by Art. 283, 

V=T,+ ^^T,r + ^+ ( 1 ). 


Since the attracting body is symmetrical about the axis of z it is 
evident that V cannot be a function of the angular coordinate 4>. 
Hence by Art. 286, F, = CoPoi K = Co'Po, F = c,Pi, &c., where c„ c«' 
&c. are as yet undetermined constants. To find these we put the 
attracted point on the axis; we then have Po = 1, Pi = 1, Szc Tlie 
equation (1) thus becomes 


F=e, + "^+Cir + ^,+ .. 


...( 2 ) 


Suppose then we know the potential of the solid at all points 
of its axis in a convergent series, then (2) is a known series, and 
therefore the coefficients Cj, c,', &c. are also known. The series (1) 
for the potential at P then becomes 

V=(o, + P, + (c,r + j!) Pi + (3.1 

Thus the potential has been found. 

In this way we arrive at a theorem of Legendre, viz. if the 
atti action of a solid of revolution is known for every external point 
which is on the prolongation of its axis, it is known for every 
external point. See Todhunter’s History, Arts. 782, 791. 

301. It may happen that the expansion (2) giving the 
potential at points on the axis takes different forms at different 
points. Thus when r is less than some quantity a there may be 
only positive powers of r, and when r is greater than a there may 
he only negative powers. Again, if the solid of revolution have a 
cavity extending to the axis, (2) may assume one foim within the 
cavity and another outside the solid. 
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If the solid have a ring-like hollow symmetrically placed about 
the axis of revolution but not extending to it, it is clear that 
a point P situated in this hollow has no corresponding point Q on 
the axis from which the potential may be derived. In such a case 
the \alues of some of the constants Co, Ci, &c. may be determined 
when we know the values of V along some line passing through 
the cavity and making an angle 6= a with the axis. It should 
however bo noticed that one of Legendie’s functions may vanish 
when 8= a and the unknown constant which accompanies that 
function would remain undetermined. Since each Legendre’s 
function is unity when 8 = 0 this does not occur when the values 
of the potential along the axis are given. 

r* d/^ TT ttt 

302. By integration — . , ^ r= "rrt — We write 

Jo tt + ocosi/r V(a' — o) 

a = \—hp, b = h — 1) and expand both sides in powers of h. 
Since only the first power of h occurs in the denominator on the 
left-hand side, the general term is easily found. Comparing the 
coeflScients of we have 

w /o - 1) cos i/r}” d-f = P„ (4). 

This formula is given by Laplace, Mdcanique Celeste, Tome V., 
page 40. 

Since p is less than unity, this integral appears to be imaginary. 
If however we expand the nth power, the integrals of the odd 
powers of cos will vanish between the limits, and a real 
expression for P„ will remain. We may therefore take either of 
the signs before the radical. There is another integral which may 
be deduced from (1), viz. 

A- if' (5). 

’’■Jo(p + Vp“— 1 cos '■ 

Suppose that for any portion of the axis the potential is given 
where /(r) is such an expansion as (2) Art. 300 with 
either positive or negative powers of r or both. Substituting 
for in (3), the integral (4) in the terms with positive powers 
ol r, and the integral (5) in those with negative powers, we have 

2 rr 

^ ~ f (,1'P ± r cos -(/r) di|r (6). 

Thus when the potential is known along the axis in the form 
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V ^f(r), the potential at other points is known in the form of the 
definite integral (6). 

Other forms for and therefore for V may be obtained by other substitutions. 

/■ir M jr 

For example if we begm with / r ^ — = -n -:: — — jr and put 

jo ® + *'cos2i^+CBm2if' 

u = l-ph, b=ph, c=^hd(-l) we find 

P„=^ (ain^)“{psini^±;^(-l)cos^}"d^. 

This result is due to Catalan, BuUetiii de See. Math, de France, 1888, yol. xvi., 
p. 129. 


303 . Ex. 1. To find the potential of a uniform cireulaT Tin<] of infinitely small 
section at any point not on the axis. 

Let the origin he the centre of the ring and let the axis of the ring he the axis of 
X. Let a be the radius of the ring, JIf its mass. 

The potential at any point Q on the axis distant r from the origin is evidently 
We shall expand this in jiowers of r/a or ajr according as r is less or 
greater than a. Taking the first supposition, we have 

Wlien r is greater than a the expression may be deduced from that just written 
down by interchanging a and r. 

The potential of the ring at any point P not on the axis is therefore 
a I 2 





1^5 /; 

2.4.6^'V 

^y+&c.[, 


1.3. .5 

i) +<S:c.|-, 

2.4.6 'Vi 


according as r is less or greater than a. 

Ex. 2. A solid ring is generated by tho revolution of a closed curve about an 
axis Oz and is symmetrical about the equatorial plane. Prove that the level 
surfaces in the immediate neighbourhood of the intersection 0 of the axis with that 
plane are given by 2e^-x^-y^=g where j8 is a constant. 

Since the potential at a point on the axis is of the form A + Br^, the result 
follows from Legendre’s rule. Art. 300. 


Ex. S. A solid anchor ring is generated by the revolution of a circle of small 
radius a, the centre describing a circle of radius e. Prove that in the neighbourhood 

M f a" 2s® — a;® 

of the origin the potential at the point xyz iBF=— jl-gp 

Ex. 4. Prove that the potential V' of a homogeneous oblate spheroid of mass ilf 
at an external point P is 









(3»i + l){2n + b) ' 

where r, $ are the polar coordinates of P referred to the centre and axis of 
revolution, and e is the eccentricity of tho generating ellipse. 

To prove this we first find the potential V at an external point on the axis and 
then use Legendre’s rule. 

By nsing Laplace’s role. Art. 297, we at once dednoe that the potential of a 
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heterogeneous spheroid whose strata of equal density are co-axial spheroids and 
whose boundary is a surface of equal density is jp^da, U.e limits being a=0 

to a. Here a is the semi-axis major of any spheroid, p=/(a), e = f(a) are the 
corresponding density and eceentrioity and o=a at the surface. 

If this body represent the earth, we notice that e is very small and a few terms 
only of the series are necessary to find the potential e\en at points near the surface. 

304. OlairauVs theorem. To investigate the law according 
to which gravity at any point on the surface of the earth varies with 
the position of tltat point*. 

Without making any hypothesis respecting the distribution of 
matter in the interior of the earth, we assume the principle that 
the surface of the earth is a level surface of the attraction of the 
earth and of the centrifugal forces. If a be the angular velocity 
of the earth, the centrifugal acceleration at a distance p from the 
axis is to-p and the potential is At all points of the surface 

we have therefore V -i- ^m’r^sin® 6 — k (1), 

where 6 is the co-latitude of the point, r the radius vector and ic a 
constant. 

The potential F is therefore such that at all points of the 
surface its value is given by (1), and at all points infinitely 
distant F = 0. It follows by Art. 133 that the potential V is 
detei’minate at all points of space external to the surface. 

Let the equation of the surface of the earth be 

^ r = c{l + Ui + Ut + ...) ( 2 ), 

where j u,, &c. are Laplace’s functions of the first and higher 

* 'OH imous theorem was given by Olairant in his Thiorie de la JiguTe de la 
assumption wus made about the law of density in the interior 
except' ^ e strata of equal density are spheroids of small ellipticity, and that 
the exti^ ^rface is one of equilibrium. The theorem was extended by Laplace 

who, asst only that the strata are nearly spherical and the surface stratum 
0*56 of equi ? iin, established a connexion between the form of the surface and the 

variation of vity -which m the particular case of an oblate spheroid gives directly 

Clairaut’s thfec ^ m. Stokes, without making any hypothesis respecting the state of 
the interior of ihe earth but assuming that the surface is one of equilibrium and 
nearly spherical, obtained Laplace’s equations. Camb. Phil, Trans, 1849. O’Brien 
5^ ^*5® Mathematical Tractij 1810, remarks Uiat if the surface of the earth and also 
the law of vniiation ol gravity are known the effects of the earth’s attraction on the 
moon follows as a natural consequence independently of any theory except that of 
unneisal gravitation. These effects may also be deduced from MacCullagh’s theorem 
on the potential of a body given in Art. 135. See also the author’s treatise on Rigid 
DijnaniicSf vol. it . ebap. xii. 

The extension of Claiiaut’s theorems to include terms of the second order of 
small quanpies was first effected by Airy, Phil. Trans. 1826, part ra. This is also 
investigated by Cahandreau, Annales de VObservaioire, Paris, 1889. There is also 
^*5 the Monthly Notices of the Astronomical Society^ London, 
io.iW, i>no gives a short summary of the works of Helmert. Callandrean, Wiecheic 
on the terms of the second ordci. 
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orflera. We shall assume as the result of observation that the 
surface is so nearly spherical that all the terms after the first are 
small quantities. The origin of coordinates is either on the axis 
or distant from it by small quantities of the first order. In the 
latter case the term sin® 6 in (1), which already contains the 
small factor m®, is altered only by terms of the second order. The 
constant c is the radius of the sphere of equal volume and the 
term has therefore been omitted. Art. 293. The term Wj would 
also be zero if the origin were taken at the centre of gravity of the 
volume. 

The potential at all points external to the earth is given by 
V V 

+ ^ + (3). 

r 7^ 

where the constants in Pii depend on tho.se in tti, z/j, &c. 

Since a® is small, it follows from (1) that V is nearly constant 
over the surface of the earth. Hence when we put r = c, the 
expression (3) for V must differ from its first term only by small 
quantities. It follows that the functions F,, Fg, &c. arc small. 

Using (1) and (3) we find 

4" + . . . + -J- w*c' (§ + ^ “ cos* 6) = K, 

where sin*0 has been arranged as the sum of two Laplace's 
functions. This equation gives r as a function of 6, <j> and must 
therefore reduce to an identity if we substitute for r from (2). In 
this substitution we write the value of r true to a first approxi- 
mation in the term Yo/r, but in the subsequent small terms it is 
sufficient to put r = c. We therefore have 

^ (1 — It] — «a — &c.) + -f-^-P&c. -I- — cos®0) = «. 

Equating to zero the functions of the same order, we deduce that 


-r =0, Fi = cFot«i, Fa = c* FoiZa — — COS* 6), &C. 

• ■ (J + ? + ^ + 

This formula expresses the potential of the attraction at any point 
of external space when the form of the surface is Liiown. It is 
evident that F# is here the mass of the earth. 


305. The force of gravity at a point on the earth’s surface is 
the resultant of the attraction of the earth and the ceutrifuual 
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force due to the rotation. If v be the angle between the vertical 
anil the radius vector, ^ cos v is the component along the radius 
vector Since v is very small, we have 


g = -^(V + ia>\^sia‘e) 


= r. (i + ^ + &C.) - ^ a - cos* d) - co^r sin* 9, 


after substituting for t from (2) and rejecting the sc^uares of small 
quantities we find 


^ ^ (1 - 2ui - 2 w 5 - &c.) + 5 (2iti + 3m, + &a) 


— |a)*c (J - cos® 6) — cij*c (I + J — cos* 0). 

Let G be the mean value of g taken over the whole surface of the 

earth, then (Art. 288) 

G=fjg sin 6d6d(j>j4iir = ^ — | <a’c. 

c 


Let m i-epresent (b*c/(?, we then have 

y = <? {1 - (^ — cos* 0) + % + 2m, + Sit, + &c.} (5). 

The law of variation of gravity is therefore found, when the form 
of the surface is given. 


306. The surface of the earth is known to be very nearly an 
oblate spheroid of such small ellipticity that the difference of the 
polar and equatorial semi-diameters is only 1 /300th part of either. 
We may therefore write its equation in the form 

r = a (1 — € cos* 6) (6). 

Putting 9 = ^17 and 6 = 0 in turn we see that the equatorial 
and polar semi-diameters are a and a (1 — e). In order to make a 
comparison between the equations (6) and (2) we write (6) in the 
form r=afl — ^€-|-e(^ — cos* ^)} = c {1 e — cos* 0)}. 

We have therefore 

c = a(l-^6), M, = e — cos* 0), it, = 0, — 0, &c. 

The ex'pres^ion for g therefore becomes 
y = ff (1 - (S?« - e) (^ - cos* 0)} = G' {1 + ( - e) cos* ^}. ..(7), 
where <?' = G (1 — Qtji — e)}. Putting 6 = we see that G' 
represents the acceleration due to gravity at the equator. 

The centrifugal force at the equator is ®*a and the time of 
rotation ot the earth (viz. 27rfa) is 24 hours. Taking a to be 
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about 3963 miles, and mean gravity to be 32-18, we find that 
a)’’a/(r = 1/289. Since this ratio contains the small factor a>® we 
may put a = c and G — We may therefore define the quantity 
m = a)^clG to he the ratio of the centrifugal force at the equator to 
equatorial gravity. 

307. The potential of the earth at any external point follows 
from equation (4). If we put E for the mass of the earth, we 
have T^ = E, a)°o = m(? = Mii?/c’‘. The potential is therefore 

7=f+(im-s)^(cos»0-^) (S). 


If P, Q be the polar components of the attraction at any external 
point, say the moon, we have 


^ = - ? = S + 3 (im - (cos» e - \). 


dr 

fdd^ -2(im-e) — sm^cosft 


308. By comparing Laplace’s expressions for the potential, 
(4) or (8), with that given by MacCullagh (Art. 135) we may 
obtain some information respecting the distribution of matter in 
the interior of the earth. If the origin in (2) be taken at the 
centre of gravity of the volume, the term iti becomes zero. Since 
the term containing I/?-’ in the potential is then absent the origin 
is also at the centre of gravity of the mass (Art. 135). The centres 
of gravity of the volume and mass must therefore coincide. 

Since by (8) the potential is independent of the longitude, the 
same must be true in the expression 


y^E^ A + B + G-5T 

r 2r* 

This requires that the axis of rotation shoidd he a principal axis of 
the mass. Again writing B = A, and I=A sin° 6 + G cos® 6, wc see 
G—A 2/ 

Ec^ ~3V 2 )’ 


that 


309. Clalsant’B theoreiD to a second approxlmatlen. It is not difficult to 
carry the approximation to the second order of small quantities if we follow the 
same reasoning. We make no assumption about the law of density of the earth 
except that the potential is symmetrical about the axis of rotation and on each side 
of the plane of the equator. As a trial solution, we omit the even powers of 1/r 
and take instead of (1) and (3) of Act. 304 the equations 

K+i»»i^sin=fl=x (1), r=|+^ + i^+.- 


.( 8 ). 
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■where E is the mass of the earth ; P^, P4, Ac. are Legendre’s functions and p, y 
are two constants. We shall also suppose that the surface of the earth has the 

foim r=:a (1 — e cos’* $ —p^ain- 6 cos® 0) (2), 

where a is the semiaxis major and if the form be a spheroid, p®— 

If we substitute from (2) and (3) in (1) as in Ait. 304 the result should be on 
identity. This will be found to be true if and y are small quantities respectively 
of the first and second orders, and the expression for V in (3) is restricted to the 
first thiee terms. Equating to zero the coefficients of cos® 9 and cos^B, (all the 
higher powcis having coefficients of at least the third order), we thus obtain two 
equations to deierinine /3 and y. 

Let m be the ratio of the centrifugal force at the equator to equatorial gravity, 

dV 


then 


" ( o \ 

<ii-fl=-in| ; — w'a 1 , 

\ dr J 


where a is to be wiitten for 
008 0 put equal to zero. 

In this way we obtain the three results 


after the differentiation has been performed, and 


B 2 B {tn ) 

3 u* I 2 - ' (1). 

(3), 


8 E 




a** 


ttra s= . 


.( 0 ). 


After eub’^tituting these values of /S and y in (3) we have an expression for the 
potential of the earth at all external points. 

To find gravity g at the surface, we have 


® ■‘‘VTdd 


dr 1 fdr\* /E 
^ ~ dr'^i\rd9) 7^ 


■{’!). 


whtie F=FTlu®/®sin®d. On substituting this value of V we soon see that tlie 
expie-'sion for g contoins teims which are constant multiples of oos'ff and cos<9. 
We may therefore write 

,9 = ®‘ 1 1 + A cos® 9+fi sin* 0 cos* 9} (8 j_ 

To find the thiee constants G‘, A, n we notice that p = (?' when 9 = Jw. Hence G' is 
the value of equatorial gravity, and may be found from (7) by putting r=a and 
9= Jir after the dilferentiations have been performed. We observe next that \G' is 
the diffcioi.ee between the values of gravity at the pole and the equator and that 
both these may bo deduced from (7). Lastly we notice that ~pG' is the coefficient 
of cos 9 ill tlie value of g ; and this may be very shortly deduced from (7). In this 

way we find G'^^ |l _ jm+e iHe+5m»+te**+^^2j. ^ 

The angle 9 is the angle the radius vector r makes with the axis of rotation. If 9' 
he the angle the direction of gravity makes with the axis of rotation we have 
6—6^ +2€ sin 6' cos 

We then ftnd by an easy substitution 

9 = (?' {1 + X cos** 9' + Oa - 4Xej sin* 9* cos* 9'}. 

We may extend Clairaut's theorem to a third approximation by proceeding in 
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the same way. We then include a fourth term SPglr' in equation (3) in which i is 
a small quantity of tlit thud older. We have also an additional term in (21. The 
numerical calculations are troublesome and the additional tciins too small to be of 
any interest. 


310. Figure of Saturn. To find, to a first ajyproxhnntion, 
the effect on the figure of Saturn of the attraction of the ring. We 
suppose the form of Saturn to be nearly spherical, the to be 
circular, concentric, homogeneous, of small section and situated in 
the plane of the planet’s equator. The planet rotates with a small 
angular velocity. The principle of the investigation is that the 
surface of Saturn is a level surface of the attractions of the pl.met, 
riug and the centrifugal forces. 

Let the polar equation of the surface of Saturn be 

r = c(l + ri+ F 2 + &C.) (1). 

Since the surface is nearly spherical, all the harmonics F,, 1%, 
&c. are small quantities whose squares and products are to be 
neglected. By omitting the term F>, we have made c to be the 
radius of the sphere of equal volume. Also the mass Jlf = ^7rpc’. 
where p is the density. By Art. 294 the potential of Saturn at 
an external point is 


cd 

We now substitute from (1) in the first term of (2) and put r = c 
in the small terms. We thus find 

&c.) + ^ I* + + &c.) . . . (3). 

The centrifugal force at any point is o)‘x, where w is the 
angular velocity of the planet and ® the distance from the axis 
of rotation. Putting a; = rsin^, the potential of the centrifugal 
forces becomes 


2 




(4). 


Since m’ is small, we put r = c in this formula. 

Lastly if M/n is the mass of the ring, supposed to be condensed 
into a circle of radius a, the potential of the ring is, by Art. 303, 



Since 1/n is small, we again put r = c in the small terms. 

We now substitute these three potentials in the equation 


V,+ V,+ Vr=K. 


( 6 ). 
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where /e is a constant. Since there can be but one expansion of 
the potential in harmonic functions, the sums of the several 
potentials of each order must separately vanish. 

The potentials and F, contain no harmonics of an odd 
order; hence those in Y, must also vanish. We therefore have 
yj = 0, 73 = 0 . &c. After substituting for V„ Fs, F, and 

equating to zero the sums of the harmonics of the second and 
fourth orders, we have 


T, 


_ c» 


2 \2na* 47rpJ 


‘-]p„ 


16n Va 


The remaining terms contain higher powers of c/a. Since this 
fraction is nearly these terms may be disregarded in a first 


approximation. 

Representing these results by Fs= — and 7*= 7 P 1 , we see 
that a near approximation to the form of Saturn is given by 

r = c (1 — /SPj (cos d) + 7 P 4 (cos d)} (7), 

where d is the angle the radius vector makes with the axis of 
rotation. 

If the last term of (7) were omitted the surface would be an 
oblate spheroid, Art. 306. The effect of the small term 7 P 4 is to 
lengthen slightly both the polar and equatorial diameters and to 
shorten those in middle latitudes. 


Tlie real sliape of Saturn was at one time a matter of great controversy. The 
first observations were made by Sir W. Herscbel who found that the deviation of 
the figure from that of an oblale spheroid was so great that the longest diameter 
was in latitude 49° 2(f. Hcrsohel believed that this peculiarity was due to the 
attraction of the ring. But it was soon discovered that this opinion was not 
confiimed by a theoretical examination of the effect of the ring. Bessel however 
afterwards pioved by diiect measurements of several diameters that the true form 
was ver} neaily that of an oblate spheroid. Probably the discrepancy was due to 
an optical distoition of the planet when seen through its atmosphere. These 
measmeinenls of Bessel are given in a memoir On the dimensions and jpohition 
of the rtng of Saturn arid those of the planet. See a translation in the Additions & 
la Connaissance des Temps for the year 1838, page 47. 

311. Ex. 1. If the free surface of equilibrium of the earth is an ellipsoid, and 
if € is the mean elliptioity of the meridians, tj the eUipticity of the equator, and I 
the longitude reckoned from the meridian of greatest eUipticity, and \ the latitude, 
prove that ff=a{l-(iOT-6)(i-Bin3X) + 4,,00B3XC082Z}. [Math. T. 1807.] 

Ex. 2. Jacobies ellipwid. An ellipsoid revolves about a principal diameter with 
an augular velocitv which is not necessarily small. Prove that the internal le\ el 
surfaces due to the atti action and the centrifugal forces are similar ellipsoids. 
Prove also that the resultant force at any point P on a given level surface is 
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proportional to the length of the normal intercepted betrreen P and the principal 
plane perpendicninr to the axis of rorolniion. If the boundary of the ellipsoid is 
itself a level surface and the angular velocity is small, prove by comparing this 
result with Clairant’s formnla for gravity that e=Smji. 

By adding to the valne of F in Art. 212 the terms due to the centrifugal forces, 
viz. we see at once that the level surfaces are similar elUpsoids, By 

Art. 46, the force at any point F on a given level surface is inversely proportional 
to the distance dp between two neighbouring level surfaces, In our case dp is 
proportional to p (Art. 195) and therefore inver.«ely proportional to the length of 
the normal. For points on the axis of rotation but on different level surfaces, the 
force is Cpz, (Art. 213]. 

313. Ex. Let the earth be a solid heterogeneous nearly spherical nucleus 
completely covered by a homogeneous ocean. If the system is made to rotate, with 
equal angular velocities, about the principal axes at the centre of gravity of the 
nucleus in succession, the ocean will assume three different forms. Prove that the 
mean of the three radii veotores in any given direction is the same as the radius 
vector of the ocean when supposed to be in equilibrium on the nucleus without 
rotation. 

Let r=a(l+TM„), ^=5(1+211^ be the equations of the surfaces of the nucleus 
and ocean as in Art. 304. Then since the nucleus and the mass of the ocean are 
given, a, b and ?{„ are known and we have to find The potential of a homo- 
geneous mass of fluid extending from the centre to the surface of the ocean is given 
in (8) of Art. 297. The potential of the excess of the nuolens above that of an 
equal volume of fluid, and the potential of the centrifugal forces are given in Art. 304. 
The sum of these three potentials is constant along the surface. By equating to 
zero the sum of functions of the same order, we notice that v„ is independent of u 
except when n=:2. 'We find that V 2 =Z,+A (|-cos®e) whore is independent of u, 
and A is a multiple of a. Since the sum of the squares of the direction cosines of 
a radius vector is unity, the mean of the three values of Uj is independent of a. 

318. Ex, Let the earth consist of a spheroidal homogeneous fluid nucleus 
surrounded by a consolidated crust whose external surface is also a spheroid, the 
two spheroids being level surfaces of the attractions and centrifugal forces. If c', e 
be the ellipticities ; a', a the mean radii of the inner and outer spheroids ; p’, p the 
densities of the two substances, prove that 

«/>+ «'{p'-p)=f (2e-m) A, 

(«' - e) p -b #e'p'= imA, 

p'-p=(A-p) (i)*, 

where the mean density A is given by tire last equation. The whole mass is 
supposed to rotate about a principal axis at the centre of gravity with a small 
angular velocity a. 

To obtain the first two equations we use the formulee (2) and (3) of Art. 297 to 
find the potentials of the two portions of the earth. The sum of these together 
with that of the centrifugal forces is constant ^ong each spheroid. 

In the case of the earth A=2p, in=l/2B9, e=l/300, and a=3958 miles. With 
these numbers the Bev. S. Haughton deduced from these equations that tho 
thickness of the crust is 768 miles, Trans. Soyal Irish Academy, 1851, vol. xxn. 
dated 1855. It is remarkable that the thickness should be so great. The Jirst 
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attempt to discover the thioknees of the crust wae made by W. Hopkins, who 
estimated the minimum thickness to be not less than one-fourth or one-fifth of 
the earth’s radius, Fhil. Trans. 1842. Much has been written on the subject 
since then. 

Magnetic Attractions. 

314, Potentials of Magnets. Two equal particles, each of 
mass m, are placed at two points A, B, whose distance apart is 2a. 
Any particle being placed at B one of these repels the particle at Py 
while the other attracts it. Such a combination may be called a 
simple magnet*. See the figure of Art. 316. 

It will be convenient to take repulsion as the standard case. 
Let the mass of the particle at A be called positive, then that at 
B is the negative mass. The particle at P, if of positive mass, 
will then be repelled by the particle at A and attracted by that 
at B. The ends A and B are called respectively the positive and 
negative poles of the magnet. 

Since the particle at each end of a magnet repels a particle of 
the same sign, it is a matter of convention to call one positive 
and the other negative. The convention adopted in Maxwell’s 
Electricity is that when used as a compass the positive pole points 
north (Art. 394). It follows that the north pole of the earth 
attracts the positive pole of the magnet. The south pole is 
therefore the positive pole of the earth. 

315. The line BCA is called the axis, and the distance BA 
the length ; the positive direction is BA. The middle point C is 
called the centre. The quantity m is called the strength and the 
product of the length by the strength, viz. 2am or M, is called the 
magnetic moment. 

If the point P lie in the axis, the magnet is said to be end on. 
If the a.xis is perpendicular to the distance OP, the magnet is 
broadside on. 

The strengths are so measured that the force exerted by m on 
m' at a distance r is mm'l'P. As explained in Art. 6 the dimensions 

* The latin treatise of W. Gilbert of Colchester, De Magnets (&c., 1600, 
(translated by P. Mottelay), 1893, is generally referred to as one of the earliest. The 
book discusses in general terms, and without Mathematics, the magnetic theory of 
the Earth. The mathematics of Magnetism was first properly discussed by Poisson, 
and he was soon followed by other great mathematicians. In 1849 Kelvin gave a 
complete theory which, without assuming any hypothetical magnetic fiuid, is 
founaed. on facts generally known, see the Reprint of papers on Electrostatics and 
Magnetism. The student of Magnetism will find the treatise of J, J. Thomson of 
great assistance, and also that of Maxwell when more advanced in the subject. 
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of strength axe LF^ where L represents length and F force. The 
dimensions of magnetic moment are L'FK 

In all that is here said (unless when otherwise specified) the magnets are supposed 
to be used in air. The effects of the medium axe not included. 

316. To find the 'potential of a svmple magnet at any point P. 
Let r be the distance of P &om the middle point C of A£ and 
let 6 be the angle PGA. We notice that the angle 0 is measured 
from the positive end towards P. We have in a field without 
induction 


Y ^ I 

~AP^ BP' 
2am f 


m 


V(^’ + — 2arcos \/{fi + a^ + 2arQoad) 


c.}. 


=^|cos0+p.g+&c. 

When the length 2a of the magnet is small compared with the 
distance r, it is often a sufficient approximation to reject all but 
the first term of this series. Put M = 2am, the potential of the 

magnet as given hy its prmaipal term, is then The 

order of the first term rejected is the fraction (a/r)’ of the term 
retained. Magnets in which it is sufficient to take account of the 
principal term only are sometimes called small magnets. 

Since repulsion has been taken as the standard case the 
component forces (Art. 41) at P in the direction GP and perpen- 
dicular to OP are respectively 


F — :^ = 

dr 


dV 2Mcoa 6 


0 =- - -= 
^ rdd 


dV ilf sin 0 


the latter being measured positively in the direction which makes 
d increase. In the figure the arrow-heads 
indicate the directions of the forces at 
P due to the repulsion of A and the 
attraction of B ; while the double arrows 
indicate the positive directions of the 
components F and G. 

It appears from the investigation that both the potential and 
the force at any point P are not altered by changing the length 
2a and the strength m provided the product M—2am is kept 
unchanged. A small 'magnet is therefore given when we know 
(1) the position of its centre G, (2) the positive direction of its assis 
and (3) the magnetic moment M. 
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317. Resolution of Magnets. When a small magnet of 

moment M' is end on to P so that 0 = 0, it follows from Art. 316 
that the resultant force at P is directed along CP and is equal bo 
2il/7r“. When a small magnet of moment M" is broadside on to 
P so that 0 = ^, the resultant force at P is perpendicular to CP 
and is equal to If we take M’ = M cos 0, M" — Mi sin 0, 

we notice that the component forces at P due to the magnet M 
are the same in direction and magnitude as those due to two 
magnets M', M". It therefore follows, that the small magnet M 
may he resolved into two components M cos 0, M sin 0. This rule 
being true for a rectangular resolution may be extended to include 
all oases. Hence small magnetic moments may be compovmded and 
resolved by the parallelogram law. 

One advantage of the resolution into components “end on'' 
and “ broadside on ” is that the direction of the force due to each 
component is at once evident, the direction being in every case 
parallel to the nosis of the component magnet. The force at P due 
to a magnet “ end on ” acts in the positive direction of its axis ; 
the force due to a magnet “broadside on" acts parallel to the 
negative direction of the axis. 

318. Mutual action of two small magnets. Let the two 

small magnets BGA, B'C A’ be in one plane and let their moments 
bo M, M'. Let CC = r, and let r be measured positively from 
G to O'. Let 0, 0' be the angles the positive directions of the 
axes make with the positive diiection of r, that is with GG' 
produced, and let B'G'A' = 2a'. 

We resolve the acting magnet M into M cos 0, M sin 0. These 
produce forces P and G at the 
centre O' of the magnet PC' A' 
respectively where 

F = 2M cos Ojr* 

and G — M sin 0/r* The former 
acts along 00' and the latter perpendicularly to 00' in a direction 
tending to increase 0. 

These may also be regarded as the forces at any point in the 
neighbourhood of O', provided the magnets are so small that we 
can reject Fajr and Ga'Jr. "We therefore apply them without 
alteration of magnitude or direction to the pole A' and also with 
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their signs reversed to the pole B'. The action of the one magnet 
on the other is therefore a couple. See Art. 320. 

To find the magnitude of the couple, we take the moment about 
the centre G' of the force which acts at the positive pole A' only and 
double the result. The couple tendisg to increase O' is therefore 
r' = — 2m' a' (F sin + ff cos 6') 

— ~ (2 cos ^ sin F + sin 6 cos 0'). 


319. When the two magnets are not in one plane we proccorl in 
the same way. Let GO' be taken as the axis of sc, and let 
(fi'pfv') be the direction cosines of the positive directions of the 
two magnetic axes. We resolve the acting magnet into Jlf\, Mp, 
Mv. The former being “end on” produces a force at O' which acts 
in the positive direction of its axis and is therefore X = 

The two others being “broadside on” produce forces which act in 
the negative direction of their axes and are Y= — Mpjr^ and 
Z=~Mvlr‘. These forces are transferred to act at the positive 
pole A' whose coordinates are a/—a'\', f — a'p', / = a'v'. Twice 
their momenta about any axes having C' for origin give the 
couples which represent the action of one magnet on the other. 
The couples about the axes of sc, y, z are (bj' Art. 257, vol. I.) 


A,'. 


:^(2)u-'+XV), Ki — t!^'(2V+XV). 


To simplify the results, let the plane containing GG' and the 
magnetic axis B'G'A' be the plane of ccz. Let 0, ff be the angles 
the magnetic axes make with the axis of a> and let be the angle 
between the planes in which 6, & are measured. The coordinates 
of A! are then = a' cos &, = 0, a' = a' sin &. The forces 

X = 2M cos 6 Jr* and Z= — M sin 0 cos ipjr* act in the plane scs and 
produce a couple 

MM' 

P = ^5— {2 cos 0 sin 0' + sin 0 cos ff cos <f>]. 


This couple when positive tends to increase &. The force 
F= — Jf sin 0 sin produces a couple A' in the plane yG'A' 


where 



sin 0 sin 0. 


When positive this couple tends to vnerease 0 and acts from A' to y. 


When the plane xz contains the axis B'CA', X=co3 0, /3=ain 0 «in <p, 
«>=sm9aos^, X'=ooB fl', /i'=0, i»'=sin9'. The coaples A'=: -Ar,,sinff'+A’. cos tf', 
and T'=-Ky may then be at once deduced fiom those of KJ, Ky, KJ. 
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820. The component forces at tha poles A', B' have been regarded as equal in 
but Opposite in sign. To this degree of approjtimation the forces whioh 
tend to more the centre of gravity of the magnet B'A' are zero. This means that 
the erpressions for their magnitudes contain an additional factor r in the 
denominator so that the farces vary as the inverse fourth power of the distance. 

These forces are very small and are generally neglected. We must however 
notice that, though the moment ahout O' of the foroes in Art. 318 which aot between 
the poles of the magnets is T', the moment T about 0 of tiie same foroes differs 
from I” by the moments of the forces which act at the centre C. Though these 
forces ace very small, yet the arm r is here very great and the resulting couple is of 
the order 1/r®. 

It is sufficient to indicate the method of finding these forces and to state their 
magnitudes. Let (a, y, t), (a*, y', s') be the coordinates of the positive poles A, A' 
of the two magnets referred to origins G, C' respectively. The distance D between 
A, A' is 

The forces X, Y, Z are then 

E'=S^'(r+x'-a), r=S^'(»'-y), r=*c. 


We now expand these expressions in inverse powers of T and effect the summation 
of each term for positive and negative values of m, m'. Pinally we write x=ah, 
e!=a'\' <tc. We than find 


8 J/M' „ BJlfjlf',. 

ju- -»»'), r =— pr-W +^H ^'=— (V+V>>). 


Ex. Two small magnets float horizontally on the surface of water, one along 
the direction of the straight line joining their centres and the other at right angles 
to it. Prove that the action of each magnet on the other reduces to a single force 
at tight angles to the straight line joining the centres and meeting that line at one- 
third of its length from the longitudinal magnet. [Coll. Ex. 1000.] 

321. Potential energy. A small magnet, whose moment is 
M‘ is acted on by a number of given magnets; it is required to find 
the potential energy. Let m' be the strength, 2a' the length of the 
small magnet B'G'A', then M' = 2a'm'. Let V, T be the potentials 
of the field at the negative and positive poles of the small magnet, 
then 1?' = — (F"' — F)/2a' is the component of force, due to the 
field, at the small magnet in the positive direction of the axis. 
Art. 40. The mutual potential energy is, by Art. 69, 

If — Vm' + V'm' = - M'F'. 

The required potential energy is dieref ore found by multiplying the 
moment M of the small magnet by the aenal component of farce F' 
and changing the sign. 

322. To find the potential energy of two small magnets. We 
use the same notation as in Art. 319. The component forces due 



ABT. 322] 


POTENTIAL ENERGY. 


167 


to the magnet M are X = 2ilfA,/r®, F= — Mfijr^, Z = — Tlie 

resolved part F' of these along the axis of the magnet if' is 

F' = ^(2XX'-V-i/k'). 

The required potential energy is, by Art. 321, 
ifif' 

W ii^(2XX'-,*/i'-i/i/) (1). 

If is the angle which the positive directions of the magnetic 
axes make with each other 

cos i/c = XX' + /jifi + vv ' ; 

W — ^ (3XX' - cos t) (2). 

If the magnetic axes EGA, B'G'A' make angles 6, 6' with GG' 
and if the planes AGG', A'GG' make an angle ^ with each other 
we may put, as in Art. 319, 

X = cos 6, fi = sin d sin v = sin 0 cos <f>, 

X' = cos 0', n' = 0, v = sin ff, 

MM' 

W= ^{2cosdcos^ — sin08in0'cos 1 ^} (3). 

The potential energy W being known, we deduce without 
difficulty the couples which represent the action of the magnet 
M on M', Eeferring to the figure of Art. 318 we see that 
r' = — dWld0' is the moment of the couple in the plane in which 
0" is measured (Art. 41). The couple in the perpendiculai- plane 
(that is the plane yG'A') is A' = — dW/am0'd^. 

Ex. 1. If the law of force be the inverse xth power of the distance, prove 

(1) that the potential of a small magnet at any point P is V=MooBeir^ and 

(2) that the potential energy of two small magnets is 

{eos 1^- («+l) COB 9 cos 9'}, 

where the notation is the same as in Art. 322. 

To prove the first port we proceed as in Art. 316. To obtain the second result 
we follow the method of Art. 322, using the rule in Art. 821. 

Ex. 2. A small magnet free to move about its centre is acted on by another 
fixed magnet and the law of force between the poles is the inverse xth power of the 
distance. The magnets are placed with the axis of one along and that of the other 
perpendicular to the straight line joining the centres. Prove that the couple 
tending to produce rotation in the free magnet when the fixed magnet is “ end on ” 
is K times that when “broadside on.” 

By making experiments on the magnitudes of these couples Gauss determined 
the value of k and thus proved that the law of force is the inverse square. The 
experiments are shortly described in J. J, Thomson’s Electricilij and Mapnetism. 
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323. A series of particles whose masses {positive or negative) 
are rrh, (fee. are placed in a straight line Ox at given points 
Ai, Ai, cfcc. Find the equations of the lines of force. 

Let n, Ta, &c. be the distances of any point P from A^, An. &c.; 
^1, 0j, &c. the angles these distances make with Ox. Let &c. 

he the angles the tangent to the line of force through P makes 
with the radii vectorea n, r^, &e.; then taking any one of these 
sin (ji = rdOjds. 

Since the resultant force at P acts along the line of force, we 

have S ^ sin (b = 0, .*. Xm — = 0. 

r 

When the points Ai, A3, &c. lie in the axis of x, 

I'l sin 01 = rj sin 63 = &c. 

Hence Smsin 0, .\ ‘S,m cos 0 = K. 

The equations of the lines of force and the level surfaces written 
at length, are therefore 

mi cos 01 + nil cos 03 + &c. = K, 

+ mj/rj + &o. = K', 

where K and K' are arbitrary constants. 

In a magnet 703 = — nii, the lines of force and the level 
surfaces reduce to 

cos 0 — cos 0" = JTj, 1/ri — 1/ra = Ki. 

Line of force from one particle to another. When a line of 
force passes through one of the attracting or repelling particles, 
the radius vector at that particle becomes a tangent and 6 is then 
the angle that tangent makes with the positive direction of the 
axis of X. Let a line of force pass between the points Ai, Ajg. 
Then, equating the values of K at these two points, we have 
nil + &c. + m, cos 0 i — THi.^ — &c. = 7»i + &c. + 7/1* cos — mji^i — See. 
. ■ . nil sin- ^ dj -J- TWi+j -|- &c. -)- jnjfc—i -h to* cos® J = 0. 

If all the masses have the same sign the only line of force 
which can pa-ss from one particle to another is the straight line Ox 
on which all the particles are situated. 

Lme of force from a particle to an infinite distance. Let a line 
of force pass from the particle to a point at an infinite distance 
in a direction which ultimately makes an angle with the axis 
of a. We then have in the same way 

+ wij -h &c. q- roi cos 0 i — m,+i — &o. = (Sm) cos /3, 
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In a magnet where 2m =0, no line of force can pass to an 
infinite distance except the one along Ox- 

Parallel rods. We may obtain a corresponding theorem for a 
series of thin parallel attracting rods. Let the rods be cut by 
a perpendicular plane in the points Ai, A^, &c. and let (vi, 0i), 
(? j, 9i), &c. be the polar coordinates of any point P in this plane 
referred to Ai, A,, &c. as origins. If mj, m., &c. are the line 
densities of the rods, Uie lines of force and level curves in this 
plane are respectively 'Emd = K, 2m log r = if'. 

324 . Ex. 1. Prove that the lines of force of a simple magnet BOA (not 
necessarily small) are eymmetrical curves concave to the magnet and passing 
through its poles. If P be the middle point of one of the lines of force, prove that 
the curvature at P is three halves that of the circle BP A, and that the curvatures 
at B and A are zero. If BPA be an equilateral triangle prove that the line of 
force meets the magnet at right angles. [Math. T. 1871.] 

Ex. 2. A small fixed magnet BOA acts on a small magnet B'C'A' free to turn 
about its centre. Prove that when the free magnet is in equilibrium its axis lies in 
the plane AGO' and that tan 0’=-i tan d. 

Let the magnetic forces of the earth be represented by those of a small magnet 
placed at the centre with its positive pole pointing south. The north-seeking pole 
of the compass needle is then its positive pole. It follows that in north magnetic 
latitude X, the dip D below the horizon of a small magnet free to turn about its 
centre of gravity (usually called a dipping needle) is found by writing Jir-bX for 9 
and - D for 9', Hence the tavgent of the dip it twice the tangent of the magnetic 
latitude. 

Ex. 3. A small fixed magnet BOA acts on a small magnet B'O'A’ tree to turn 
about its centre in the plane AGO'. Prove that the two positions of B'O'A' in 
which the couple P', tending to produce rotation, is greatest and zero are at right 
angles. Prove also that the maximum couple is E (1 -l- 8 cos‘ 9)i where E = MM'lr^, 
and that when the magnet B'O'A' makes an angle 0 with its position in equilibrium 
the couple is proportional to sin </>. 

Ex. 4. A compass needle B'O'A' is free to turn about its centre C' in a 
horizontal plane and is acted on by a small vertical magnet whose centre G lies on 
the circumference of a horizontal circle having its centre in the vertical G'Z. 
Prove that, if p, p' be the angles the planes ZG'G, ZG'A' make with tlie magnetic 
meridian, sin (^ - 0')/8in 0' is approximately the same for all positions of the 
disturbing magnet. 

Ex. B. Three small magnets are placed with them centres at the angular points 
of an equilateral triangle ABO and being free to move about their centres rest in 
the following positions. The magnet at A is parallel to BO whilst those at B and 
C are at right angles to AB and A<7 respectively. Prove that the magnetic 
moments are in the ratios ,^3:4:4. [Math. T. 1880.] 

(Use Art. 318.) 

Ex. 6. Two small magnets of moments M, M' are fixed at two corners of an 
equilateral triangle with their axes bisecting the angles. A third small magnet is 
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free to move et the other angular point. Prove that its axis makes with the 
biseotor of the third angle an angle whose tangent is iJ3 {il/~M')/7 (HI I -I/')- 

[Math. T. 1882.1 

Ex. 7. Point charges e, -e* are placed at 0, A, B respectively which aie 
in a straight line and OA = OB. Prove that, it e:>2e', the greatest angle a line of 
force leaving 0 and entering A can make with OA is a, where «ein-io=e'. 

[Coll. Ex. 1900.] 

[If the line of force pass from 0 to an infinite distance we must have 
ecose<«-2e'; if it arrive at A, we have esin-^flsve'sin® Jd', where 0, 0' are the 
angles the tangents at O, A make with OA and A 0 respectively. If 0 is greater than 
the value of a given above, the line cannot go to .d ; if less it cannot go to an 
infinite distance. See Art. 323.] 

326 . To determine by experiment the numerical values of (I) the horizontal 
force H due to the earth’s magnetism and (2) the magnetio moment HI of a gh en 
magnet. There are several ways of effecting this, but in general two experiments 
have to be made, one to determine the ratio BjM and the other the product BM. 
The tivo following examples will explain the process without details. A minute 
account of the methods of conducting these and other experiments for the same 
purpose is ^ven in Maxwril’s BUctrieity, vol. n. chap. vn. The quantity H 
lepresents the horizontal component of force on a unit pole and is directed towards 
magnetic noith. 

Ex. 1. A small compass needle free to turn round its centre in a horizontal 
plane is acted on by a fixed magnet of moment HI whose length is perpendicular to 
the magnetio meridian and whose centre is in the horizontal plane. If the 
deviation of the compass needle from the magnetic meridian be prove that 
tan^=2Hf/Sr’. This determines MjB when 4> has been observed. It also gives 
the value at Moi B when the other is known. 

Ex. 2. A magnet of moment HI is suspended by two fine threads of length 2 
from two points B, E oi a horizontal bar. The strings are attached to two points 
D', E' of the magnet which are equally distant from the centre. The magnet 
being acted on by the earth’s horizontal force assumes a position of equilibrium. Let 
the bar be turned round a vertical axis until the magnet, when again in equilibiium, 
is perpendicuiar to the magnetio meridian. In this position let the bar make an 
angle 6 with the magnet. Prove that (P-db'sitf sin 6/HHI, where iris 

the weight of the magnet and 26 the length of either BE or B'E'. This experiment 
determines the product Bil. 

326. Potential of a magnetic body. We have hitherto 
supposed that the attracting and repelling particles of a magnet 
were situated at two definite points of the axis, called the poles. 
But there are no such ideal magnets in nature. When a real 
magnet is broken into pieces the fragments continue to exhibit 
polarity. We must therefore suppose that the magnetism (what- 
ever that may be) is distributed throughout the body. We shall 
here assume as a working hypothesis that each element of volume 
ot a magnetic body acts on an external magnetic element as if 
it were occupied by a small simple magnet whose strength and 
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length are indefinitely small. Let m and 2a be the strength and 
length of the small magnet which occupies the element dv of 
volume, and let ilf= 2am be its moment. The moment per unit of 
volume is 2amldv. Representing this ratio hy I, we have the 
relation Idv= 2am = M. The positive direction of the axis of this 
ideal magnet represents the positive direction of magnetisation of 
the body at the element dv, and the intensity of the magnetisation 
is measured by I. The potential of any element of a magnetic body 
at a point P which is at a finite distance r from the element is 
Idv 

cos 6 where 6 is the angle which the distance r makes with the 
positive direction of magnetisation. 

327. Elementary rule. The potential Idv cos B/'P is the 
same as the repulsion of the element dv, supposed to be of density 
I, when resolved in the direction of magnetisation. It immediately 
follows that when the direction of magnetisation is uniform 
throughout the body the potential at a point P is the same as the 
repulsion at P of that body, supposed to he of density I, when 
resolved in the direction of magnetisation. If the intensity I is 
not also uniform, the body is supposed to be heterogeneous. This 
simple rule frequently enables us to write down the potential of 
a magnetic body. 


328. Magnetic rod. The potential of a thin uniformly mag- 
netised rod AB of volume v and length I at any external point P 
Iv ( 1 1 \ Iv. . _ . . 

T\AP-BP) 

by Arts. 10, 11, according as the direction of magnetisation is 
along, or perpendicular, to the length. In the former case we see 
that the magnetic rod acts as if it were a simple magnet of equal 
length whose strength is Ivjl. 

This result may also be arrived at by d priori reasoning. The 
effect of the elementary magnet in any element dv of volume is 
not altered if its length is increased (without changing the 
moment I dv) so that the magnet occupies the full length of each 
element. The positive and negative ends of the successive 
magnets then destroy each other, leaving a positive element of 
magnetism at one end of the rod and a negative element at the 
other. 



112 


MAGNETIC ATTRACTIONS. 


[ART. 330 


It folloTTS from Art. 27 that the poteatial at P of o thin 
dTcula/r disc, of volume v, area A, uniformly magnetised per- 
pendicularly to its plane is IvoajA where ca is the solid angle 
subtended by the disc at P. 

329. Magnetic sphere. Since the attraction or repulsion 
of a homogeneous solid sphere of volume v and unit density is 
w/r®, it follows immediately that the potential at P of the same 
sphere when uniformly magnetised is Iv cos OJr^, where r is the 
distance of P from the centre and d the angle r makes with the 
direction of magnetisation. The potential of a uniformly magnetised 
solid sphere is therefore the same as that of a small concentric simple 
magnet, (called the equivalent magnet), whose moment is M=Iv 
and tvhose axis is in the direction of magnetisation. 

When equivalent magnets can be determined for two bodies we 
can at once deduce from Art. 322 their potential energy. In this 
way we see that the mutual potential energy of two spheres 
uuifoimly magnetised in different directions is 

(cos — 2 cos 6 cos ff), 

where r is the distance between the centres and 6, & have the 
same meaning as in the Art. just referred to, 

330. Magnetic ellipsoid. The potential of an ellipsoid 
uniformly magnetised in a given direction can be obtained at 
once by using the rule. The component repulsions of a homo- 
geneous ellipsoid at an internal point are lAx, IBy, IGz. By 
resolving these in the direction of magnetisation (I, m, n) we find 
that the magnetic potential at an internal point (f, rj, f) is 

V=I(Al^ + Bmr) + (7n£) 

where A, B, 0 are the quantities defined in Art. 212. The 
components of magnetic force at any internal point are therefore 
= — IAl, Y = — IBm, Z = — IGn: Art. 41. These are constant 
in magnitude and direction at all internal points. 

At an external point, the magnetic potential is 

r = I^{A'l^+B'mv + C'nO, 

where A ,B ,G and a', b', d have the meanings defined in Art. 223. 
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331. An ellipsoid is placed m a field of uniform magnetic 
farce, it is required to find the magnetism induced in the ellipsoid. 

The theory of induced magnetism is discussed in the section on 
magnetic induction. It is enough for our present purpose to say 
that when certain neutral bodies are acted on by magnetic forces 
each element dv of volume becomes magnetised in the direction 
of the resultant force F which acts on that element and that the 
intensity I = kF. The constant k is called the magnetic sus- 
ceptibility ; another constant /a = 1 + ink afterwards introduced 
is called the magnetic permeability. 

Let I, m, n be the direction cosines of the direction of the 
induced magnetisation at any point P of the ellipsoid. Let 
X, Y, Z be the components of force at P due to the field, 
X', Y', Z' those of the force due to the ellipsoid now become 
magnetic. The force F is the resultant of X, Y, Z and X', Y', Z'. 
Since the intensity 7 at P is given by 7 = kF, we have 

Il = kFl = k{X->rX\ lm = k(J+Y'), In=-k{Z -V Z‘). 


Let us assume as a trial solution that the ellipsoid becomes 
uniformly magnetised in direction and magnitude. We then 
have X' =— lAl, &c. while X, Y, Z are given constants. The 
equations give at once 


11 = 


kX 

l + *4’ 


7m = 


kY 

\ + kB’ 


r kZ 


Since these equations give constant values for the components 
of magnetisation the trial solution satisfies the conditions of the 
problem. This therefore is one solution. If we use the constant 
(I instead of k, these equations become 


11 = 


(fi-l)X 

47r + (|a — 1 )j1 ’ 


7m = 


(/*-!) F 

47r + (^— 1)B 


, In = 


4nr + {(i — 1)C‘ 


333. Ex. 1. A sphere and a ciicalar cylinder, oonstmcted of the same kind 
of material', are placed in snccession in a uniform magnetic field, the axis of the 
cylinder being perpendicular to the force. Prove that the intensities of the 
induced magnetisms are in the ratio 3 {/t+l) to 2 {n+2). [In a sphere A, B, 0 are 
each equal to 4v/3. Their values for a cylinder are given in Art. 232.] 

Ex. 2. An elliptic cylinder, which has ont transverse axis very much longer 
than the other, is placed in a uniform magnetic field with its infinite axis 
perpendicular to the direction of the force. Prove that the intensity of the 
induced magnetism when the transverse longest axis is in the direction of the force 
is approximately /a times that when the some axis is perpendicular to the force. 
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Ex. 3. Piove that the potential of a thin plane lamina uniformly magnetised 
perpendionlaily to its plane at a distant point (fijf) is 

where the axes of coordinates are the principal axes of inertia at the centre of 
gravity, -ua-, the moments of inertia about the axes of a and y, and r is the 
distance of the point from the origin. [To prove this we differentiate with regard 
to f MacCullagh’s expression for V, Art. 135.] 

333. Hagnetle cylinder. Prop. 1. The dentUy at any point of an infinite 
right circular cylinder (radius a) is ^ (x, y), the axis of the cylinder being the axis 
of z. Prove that, if ip (x, y) satisfy Laplace's equation and be of i dimensions, the 
potential of the cylinder at an internal point (f, rj) is 

IVe obtain this result by mahing e infinite in the first theorem of Art. 247, 
noticing that Qlc=a!‘+u when a=b. The potential is therefore 


U=rra4^ h 
J u*+a [ 


fll+na»J)ii 




i(»+l)i(B)2-' 

The operator Z)= , and satisfies Iiaplace’s eqnation, hence all 
the teims except that given by «=0 are zero. The potential becomes 

At an internal point, the limits are 0 to oo , 

At an external point, the limits are X to <z> , 

.. cr o“+Xf^®’ ’')• 

Prop, 2. The x and y components of magnetisation of a right circular cylinder 
are Il=dfldx and Ivi=dfjdy, where f (z, y) is a homogeneous function of x and y of 
i dimensions which satisfies Laplace's equation. Prove that the potential of the 
cylinder at an internal point is 2ir/(f, 17). 

The potential of a magnetic cylinder whoso intensity is 11 is equal to the 
lesolvcd repulsion of a cylinder whose density is B (Art. 327). The potential of 
the cylinder dne to both components of magnetisation ie therefore 
y- + ff_c^ + df) 

» J dif di; * J dqf 

Bince df[d^ and djfdi^ are both of i — 1 dimensions. 

The potential at an external point is fonnd in the same way. Since a®+X=:^+i;®, 
the result ie P'=2r ij). 

Plop. 3. A right circular cylinder is placed in a field of force whose potential is 
Prove that, if .f(f, y) is a homogeneous function of i dimensions which 
satnfus Laplace's equation, the magnetic potential inside the cylinder is 
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A‘.snme as a trial solution that the x, y components of magnetisation are 
Ld/jdx and Ldfjdy, The ei^natinn of condition (Art. ‘631) Il=k(X I X') becomes 

= - fc . Hence I.(l+27rft)= -ft. The other equation of 

condition leads to the same result. The potential inside the cylinder is therefore 

The potential at a point outside the cylinder is 




Ex. A right circular cylinder is placed in a field of magnetic force whose 
potential is A Prove that the potential of the magnetic force nithin the 

cylinder is where A' (l + n)=2A. [Coll. Ex. 1899.] 

In the same way, if the potential of the field were Axy, the magnetic potential 
would he A'xy, where A' has the same value. This result follows at once from the 
former because becomes -2fV when the axes are turned round OZ through 

half a right angle. 

334 . To flvd the mutual potential energy of two magnetic bodies. By Art. 321 
the potential energy of a magnetic body and an elementary magnet of moment ilf' 
is - H/'E', where E' is the component of force dne to the magnetic body in the 
direction of the axis of the elementary magnet. If the elementary magnet 
represent the magnetism of an element dv' of a second magnetic body, we have 
M'=I'dn'. The potential energy of the two bodies is therefore TTs —jF'Z'dv' where 
the integral extends throughout the volume of the second body. 

If V be the potential of one magnetic body, X', p', lA the direction cosines of the 
direction of magnetisation at any point of the other, the expression for W takes 

the form g j X'dx'dy'dz'. 

This integral is the same as that considered in Green’s theorem (Art. 149], and is 

equivalent to W— VI' cos t'de' - jv + 

If the magnefisatioa I' is such that its components I’\'=dfjd3^, and where / is 
a function which satisfies Laplace’s equation, the expression for IV is reduced to a 
surface integral. 

335. Terrestrial magnetism. The phenomena of terrestrial 
magnetism can be roughly represented by the action of a powerful 
small magnet placed near the centre of the earth (Biot, Traite de 
Physique, 1816). This supposition is equivalent to treating the 
earth as a sphere uniformly magnetised jin direction and magnitude 
(Art. 329). The theory altogether fails in accuracy when applied 
to explain the irregularities at special places. An attempt was 
therefore made by a Norwegian observer, Hansteen, to explain 
the observed facts by the action of two large magnets within the 
earth, both being excentric. But the results, though superior to 
those derived from a single magnet, were not satisfactory. 
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336. Ganss '' investigated the potential of the magnetism at 
a point P on the supposition that it was distributed irregularly 
throughout the earth. To effect this he used a formula equivalent 
to that given in Art. 283, viz. 

F= 7. + F, ^ + &e. + (“J + &c (1). 

where a is the radius and r the distance of P from the centre of 
the earth. If the causes of magnetism are inside the earth the 
second of these series alone is to be retained. When P is at a 
great distance from the attracting mass, this reduces to Z^ajr. 
It follows that Z^a is the attracting mass and is therefore zero. 
After some preliminary trials Gauss decided that it would be 
sufiBcient for a first approximation to retain only the terms up to 
and including (a/r)*. This is to be regarded as a trial solution 
to be accepted or rejected after a comparison of its results with 
the observed facts of magnetism. With this limited value of V 
the theoretical components of force in three rectangular directions 
can be found by differentiation. Let the directions be, one parallel, 
a second perpendicular to the meridian, and a third veiliical. 
Representing these components by X, Y, Z, the declination S of 
the needle and the dip i are given by (2C*+ F“) tan*z = and 
X tan S = F. The values of the declination, dip, and intensity were 
known in Gauss’ time at nearly 100 places. The observations 
at 12 of these (pro 2 ierly chosen) were used to determine the 24! 
unknown constants which occurred in the functions Z^ &c. Gauss 
then tabulated side by side the observed and computed values of 
the declination, dip and intensity at 91 places on the surface of 
the earth, so that an easy comparison could be made. 

337. In general the agreement was so accurate as to leave 
no doubt on the fundamental correctness of the theory. The 
observations made since Gauss’ time are also in sufficient accord- 
ance with the theory. The small discordances which remain are 
ascribed by Gauss partly to errors in the observations and partly 
to the fact that all the observations used do not correspond to 
the same year. The terms beyond the fourth order in (1) may 
have sensible effects and possibly other less influential causes of 
magnetism may exist. 


* Gauss’ paper is translated in Taylor’t Seientifie Memoirs, vol. n., 1841, 
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338. The causes of magnetism have been assumed to be 
inside the earth. If there are any external causes, their effects 
could be represented by including some terms of the first series 
in (1). If the causes were wholly external to the earth the 
potential would be represented solely by the first series in (1). 
The vertical force would then be — 2nF„/a instead of 2 (« + 1) Z„la. 
Since the observed vertical force does closely satisfy the latter 
of these two very different expressions Gauss considers it proved 
that cmly a small part of the ten'estrial magnetic force can be due 
to causes external to the earth. This argument docs not apply 
to the periodical changes of the needle which have not been 
considered by Gauss. 


339. Poisson’s theorem. To investigate a general formula 
for the potential of a magnetic body. We resolve the intensity I 
into three components A—IX, C = lv. Let us find the 

potential due to the first of these. Let (3Q'= dx be an element of a 
column LM parallel to x (figure of Art. 222). Let QP = r and let 
Q'n be perpendicular to QP, then Qn — ~ dr and cosPQQ'=—drjdj‘ 
The potential of the column at P is then 

and the potential of the whole magnetic body at P is 

Following the same reasoning as in Green’s theorem (Art. 149) 
we put this into the form 




.dS 1 

f/dA dG\ 

j7cos»--J 

vc^ d^ dz) 


where dS is an element of the boundary and dv of the volume of 
the magnetic body. 

It follows from this equation that the magnetic potential at P 
is the same as that of a quantity of matter distrihvted partly 
internally and partly supes’ficially. The volume density p of the 
internal distribution, and the surface density a- of the superficial 
distribution, are 

^ Vd® dy ^ dzJ 
Here i is the angle the direction of magnetisation at any point 
of the surface makes with the outward normal at that point. 

12 


' dG\ , . 

<r = /cos». 


R. S. 11. 
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340. Since the total quantity of attracting matter in each 
eleuieiitary magnet is zero, it is e^4dent that the sum of the 
internal and superficial distributions in Poisson’s theorem ts also 
zero. 

The mass distributed over the surface S of the magnetic body, being jTcosidS, 
is evidently the flux of the vector J across the bonudary of S. 

So also, if the surface S' is the boundary of any portion of the body, the mass 
distributed internally is egual and opposite to the flnx across the surface S', Thus 
~ pdxdydz is equal to the outward flux across the six faces of the Cartesian 
element dxdydz, "We may therefore deduce the value of p for polar, cylindrical, or 
otlier orthogonal coordinates by finding as in Art. 108 the flux acioss the faces of 
the corresponding element. 

If Ij, /a are the polar components of J in the directions in which r, 0, tp 
ore measured, then (Art. 108) 

_ 1 d(Tii^ 1 d(IsBind) 1 dl, 

^ dr ^rsind dS rsinffd^* 

In cylindrical coordinates R, ip, z 

1 d(Z,R) ■ 1 , dTj 

~'‘~R dR *Rdd,*dz‘ 


341. Ex. A magnetio sheU is bounded by spheres of radii a, b. The 
direction of the magnetisation at any distance r from the centre is radial and its 
magnitude is Kr\ Rind the potential at an internal and external point. 

The internal distribution is p= — and the superficial distribution 


»■,=■ -/co" and (r 3 =+K 6 * on the two boundaries, 
at an internal point fArt. 64) is 

iirr^dr 4jrii® 4wa? , 

( p — ^ + ffj - - - <ri — — = -4jr 




The potential of all these 
*(»"+* -a'+q 

n + 1 


The potential at an extvrnal point is zero. 


342. The force of induction*. The magnetic force at a 
point P of space void of magnetised matter is the force on the 
po!^itive pole of a magnet of unit strength, the positive pole being 
placed at P. To find the force at a point P situated within a 
magnetic body we imagine an infinitely .small space round P to be 
removed and a positive unit pole placed at P in the cavity. 

Consider the effect of this removal ; the attraction of the solid 
distribution of Poisson which once filled the space has disappeared, 
and there is now a superficial distribution on the inside of the 
cavity. Since the attractions of similar and similarly situated 
bodies on the same point vary as their linear dimensions (Art. 94), 


* The distinction between the magnetic force and the force of induction is due 
to Xelvm E<nd is fully explaiued in his Theory of Magnetism, Arts. 479 <Src. The 
foimer nanit w due to him, und the latter to Faraday and Maxwell. See the 
treatise on Electricity and Magneiiua, Art. 428. 
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the solid distrdnction is not affected hy the removal of the infinitely 
Small quantity of maMer (Art 101). But the superficial distribu- 
tion on the inside of the cavitj- does affect the force in a manner 
which depends on the form of the cavity. 

“Thus the resultant force at a point inside a magnetic body is 
made up of two components. One of these is ilue to (1 ) all external 
causes, (2) the whole solid distribution, (3) the superficial distribu- 
tion on the external boundary. The other is due to the superficial 
distribution on the inside of the cavity alone. The forvier com- 
ponent is defined to be the magnetic force at a point within the 
magnetic substance. 

343. Let the cavity have the form of an infinitelj' small 
cylinder whose length is 2i and radius a, and let the generating 
lines be in the direction of magnetisation. Lot P be at the 
central point of the cylinder. The superficial surface density, 
being I cos i, is zero along the generating lines and + J at the 
two circular ends. The “outward” normal for the cavity^ tends 
towards the point P and therefore the surface density is -f / for 
the negative end of the cavity and — I for the positive end. The 

V^fcljbyArfc. 21 

acting in the direction of the magnetisation of the body in the 
neighbourhood of P. It appears that the force depends not on 
the absolute dimensions of the cavity but on the ratio of the 
length to the breadth. Hence however small the cavity may be 
made, the force due to the superficial distribution on its walls will 
in general remain finite. If the radius a is infinitely smaller than 
the length b, the force due to the superficial distribution is zero. 
If the radius is infinitely greater than the length the force is ^irl. 

The actual force, due to all causes, on a positive unit pole 
situated at the central point P of a cylindrical cavity, whose 
length is in the dii’ection of magnetisation and is infinitely greater 
than the breadth, is the same as the force already called the 
magnetic force at P, The actual force, due to all causes, on the 
pole when situated at the central point of a thin disc-like 
cylindrical cavity, whose plane is perpendicular to the direction 
of magnetisation, is called the force of induction at P. 

By taking cavities of different forms we may contrast the two 
forces in other ways. Let the cavity be of a thin disc-like foira, 
the normal to the plane making an angle i with the direction of 


repulsion of the two ends at P is iirl |l — 


12—2 
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magnetisation. The distribution on the curved side is ultimately 
zero. The distributions ± I cos i on the two plane faces act on P 
as if they were distributed on infinite planes ; the repulsion at P 
is therefore 4Tr/ cos *. Thus the actual force on P is the magnetic 
force or the force of induction according as the plane of the cavity 
contains or is perpendicular to the direction of magnetisation. 

344. Ex. Prove that when the cavity is spherical the force at the centie dna 
to the superficial distribution is |irl (see Art. 9B). 

346 It appears from what precedes that the force of induction 
at P is the resultant of the magnetic force at P and a force 4^-/ 
acting at P in the direction of magnetisation of the body in the 
neighbourhood of P. 

Let A=IX, B = IfL,0=Ivhe the Cartesian components of the 
vector /; X, Y, Z and Xj, Pi, the components of the magnetic 
force and the force of induction. Let F be the potential of the 
whole magnetic body at any internal point P, as given by Poisson’s 
theorem, Art. 339. Then 

X^-dVIdx, X, = X + 47rX, 

Y=-dVldy. F,= F+47rP, 

Z = — dV'jds, Zi = Z AirO. 

346. Bodies not uniformly magnetised. When the mag- 
netism of a body is not uniform, either in direction or intensity, 
it becomes necessary to choose special forms for the elements’ ' 

The magnetic lines are curves such that the direction of 
magnetisation at any point is a tangent to the curve at that 
point. In a line of force the direction of the force is a tangent, 
Art. 47. If we draw a magnetic Une through every point "of a 
closed curve we construct a tube which is called a magnetic tube. 
VI hen the section of the tube is very small it is sometimes called 
a filament. By analysing a magnetic body into elementary tubes 
or filaments we may often find its magnetic potential at any exteinal 
point P with great ease. 


347. Solenoids, Let da be the area of a section of a 
magnetic filament at any point Q, ds an element of length 
measured in the direction of magnetisation and / the magnetic 
intensity. Using the same notation as before (Art. 316) we notice 
that e IS the angle in front of the radius vector QP and that 
herefore cos0=-dr/ds. Hence since dv==da.ds the potential 
of the filament at P is 
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When the magnetism of the hody is so distributed that Ida — d/j, 
is constant for each magnetic filament, the hody is called a solenoid. 
The integration can then be effected at sight. If R, S be the 
intersections of the filament with the surface of the body, RS 
being the positive direction of magnetisation, the potential at any 

external point P is V= ^ . 

The potential of a solenoidal filament is indepe^ident of its 
form and depends solely on the magnetism Ida of a cross section 
and on the positions of its extremities. A closed solenoid exerts iio 
action on any external magnet. 

348. The potential of a solenoid, or of any portion of a 
solenoid, may be found by summing up the potentials of the 
filaments which compose the body. Let any filament intersect 
the boundary in an area dS and let the direction of magnetisation 
make an angle i with the outward normal. Then since 
Ida = Ids cos i, 

the potential of the hody is the same as that of a thin snperjicial 
stratum an the boundary, and this stratum is the same as that given 
in Poisson’s theorem (Ai’t. 339). 


349. Since this must be also true for every element of volume 
of the body, it follows that the solid distribution of Poisson must 

be zero. We have then — p=^ + ^ + ^ = 0, 

dx dy dz 

where A, B, G are the components of I at the point x, y, s. This 
is a necessary condition that the magnetism is solenoidal. 


To prove that this condition is snjkient. By Poissou’s theorem the potential 
of every portion of a body is equivalent to that of a surface distribution I cos 9 
and a volume distribution p. Let this portion be an arbitrary length I of a 
magnetic filament. The potencial of the filament is 


. d(Ua) 

• ds 

where the suffices refer to the ends of the filament. The potential of the fila- 
ment is therefore the same as that of a surface distribution I cos 6 and a volume 


V=[ldad(- 

A _ Jida^ _ Iqdoa _ f 

J 

J n ~ ~ J 


distribution Since the surface distribution of the aibitrary filament 

is the same as that given by Poisson, the density p' of tho volume distribution 
must also be the same as p. Henoe when p=0 we must have Ida coustant for any 
filament. 


350. Iiamellar shells. If the magnetic lines can he cut 
orthogonally by a system of surfaces we can conveniently analyse 
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the body into elementary shells. Let the equation of these 
surfaces .be f{jB,y,z)—c. Consider the shell bounded by the 
surfaces c and c + do. Let dtr be an element of area at any point 
Q of the first surface, i the thickness of the shell ; the volume of 
the coiTesponding element of the shell is then dv = fd<r. Let t be 
measured in the direction of magnetisation and let I be the 
intensity. The magnetism of the element dv is equivalent to that 
of a small magnet whose moment is Idv and whose axis is normal 
to the suiface. The potential at any point P is Idv cos ^/r“, where 
?■ and 6 have the same meanings as in Art. 347. 

Let d(o be the solid angle subtended by do- at P, then 
do- cos BjP = dta (Art. 26). The potential of the shell at P is 
theiefoie F=/Jdacoa6/r’ = /Pd6i. 

Here the sign of da> follows that of cos 6. Let that side of do- 
be called the positive side to which the direction of magnetisation 
points. Since 6 is the angle QP makes with that axis, Ihe solid 
angle d<o is positive or negative according as P lies on the positive 
or negative side of the elementary area dir. 

Let P travel from a position P^ close to dtr on its positive side to a position P, 
also close to d<r on its negative side, the jonmey being made outside the elemental^ 
area. When P crosses the tangent plane to dv at some external point, the solid 
angle subtended at P changes from positive to negative. The solid angles at 
and Pj are 2ir and -2ir, hence if wo suppose P to travel from P, to P^ through the 
element of aiea the sohd angle is increased by 4ir. 

351. The product It is called the strength of the elementury 
shell at Q. When the shell is such that the strength is every- 
where the same the shell is called a simple magnetic shell and the 
distribution of magnetism is said to be lamellar. If the strength 
vanes from point to point, the shell is called a complex magnetic 
shell and the distribution of magnetism is said to be complex 
lamellar. LetJt=^. 

352. When the distribution of magnetism is lamellar the 
potential takes a simple form. Putting ® for the whole solid 
angle subtended at P by any portion of the elementary shell, we 
find that the potential at P of that portion is 

V — Jltdio = Itia. 

It follows from this result that if two thin lamellar shells have 
the same rim and the positive sides are turned the same way. the 
potentials a/nd therefore the forces at any point P are equal each to 
each. The dimensions of ^ are those of potential. 
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Let a thin lamellar shell enclose a space. The potential at P 
of any portion has been shown to be It a. Let this portion 
increase and finally cover the shell. If P be inside the empty 
space the solid angle «» subtended at P increases and is finally -Att. 
If P be outside, the angle o> will presently begin to decrease and 
will be finally zero. It follows that tlie potential of a closed lamellar 
shell at an internal point is 4ir/t, at an external poiivt the potential 
is eero. 


353. If a thin lamellar shell is in the presence of a number 
of magnets, the mutual potential energy of any clement dv and 
the field is — FIdv by Art. 321, where F is the axial component of 
force at the element dv. Since Idv = <f}da- and <j> is constant when 
the distribution of magnetism is lamellar, the mvtual potential 
energn of the whole shell and the field is — ff> fFda. The integral 
fFd<r represents the flux of the force due to the field entering the 
negative side of the shell. 


354. To determine the condltiom that the distribution of magnetism is lamellar. 

Let X, /i, V, expressed as funotions ot x, y, e, be the direotiou cosines of the 
tangent at any point i2 of a magnetic line. The analytical condition that the 
magnetic lines can be ont orthogonally by some system of surfaces is that 
hdx+fidy + vds can be made a perfect differential of some function /(.r, y, z) by 
multiplication by a factor, and the orthogonal surfaces are then /(s, y, z)=c. Let 
p be one of these factors, the three equations 


pX= 


df 

dx' 


df 


df 

'”’= 5 ? 


.( 1 ) 


must then be satisfied by simultaneous values of p and /. If A, B, C be any 
quantities proportionut to X, p, e, say A=:m\ &e., we find, by eliminating p/»i and /, 


«■ 

Let a shell be formed by the two surfaces f=c,f=c + dc. Let x.y.z-, x+dx, <6c. 
be the coordinates of two adjacent points Jl, S, one on each surCacu. The tliickucss 
t of the shell at it is the sum of the projections of dx, dy, dz on the normal at it, 
hence pt==p(\dx+iidy+vdz)=df. 

The product pt is therefore constant and equal to dc for the shell. Now two 
quantities (say pt and It) cannot both be constant for the same shell, unless I bear 
a constant ratio to p. Thus It will be constant only if I=Pp, where i* is a function 
of X, y, z which is constant all over the surface f=:0. Hence P=F (/), and it is 
evident that p'=Pp is another factor which also makes Xdx + &c. a perfect 
differential, viz. the differential F (/) df. It is therefoie necessary that I should 
be equal to some one of tbo values of p which satisfy the conditions (1). 

Let the magnetism of the body be given by the components A,£,C oi the vector 
I expressed as known functions of x, y, z. The necessary and iujicieiit conditions 
that the distribution of magnetism should be lameHar are that 


dx’ 


B-^-f 


a^df 

^-Tz' 
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where f is an arbitrary function of x, y, z. The condition (2) that the magnetic 
lines can be cut orthogonally by some system of surfaces is satisfied by these values 
of A, B, C. The function / is called the potential rf magnetisation. It must be 
distinguished from the magnetic potential V. 

366. Ex. Each element Q of a thin spherical shell is magnetised along the 
direction OQ, where 0 is a given point on the surface, with an intensity I which 
varies as the distance OQ. Prove that the potential at any external point P is 
proportional to cos 9/r“ where r is the distance of P from the centre C and 6 is the 
angle r makes with 00. 

Resolve the magnetism at Q into the two directions CQ and 00. Taking the 
former alone, the distribution is lamellar and the external potential is zeio. 
Taking the latter, the distribution is uniform and the potential is known. 


366. To find the magnetic force exerted by a lamellar sheU of strength ona 
unit pole at P. 

Describe a cone whose vertex is P and whose generators pass through the rim 
or margin A QQ' of the shell, 
and let this cone be cut by a 
sphere, whose centre is P and 
whose radius c is very great, 
in the spherical segment 
BUR'. IVe replace the given 
shell by another shell with 
the same rim, but having for 
its surface the spherical seg- 
ment and that portion of the 
cone which lies between the 
rim and the segment (Art. 

852). 

The small magnet equiva- 
lent to the magnetism at TP on any elementary area dS of the cone is “broadside 
on ” to P and the force exerted at P is therefore tpdSjf^, where r=PT. When P is 
on the positive side of the given sheU the positive pole of the small magnet at T is 
directed inwards towards the given shell and the force at P tends outwards in the 
direction indicated by the arrow (Art. 317). Let the angle QPQ'=df, then 
(lS=idifidr. The force at P due to the magnetism on the strip QQ'RR' 

becomes by integration where r is now PQ. This reduces to its first 



term when c is very great. 

The equivalent magnets which represent the magnetism on the spherical 
segment BBR' are ‘‘end on ’’ to P. The force on P due to any elementary area 
dS is 20dS/c®. Since dS=ic^dut (where dw is the solid angle subtended at P) this 
foice is zero when c is very great. 

To find the force at P due to a thin lamellar sheU we divide the rim into elements. 


Thejorce due to the eliment QQ* is equal to ipdi/ijr and also to ipdAfr^j where r=PQ, 
QPQ = dip and dA is twice the area QPQ'. This force acts at P perpendicularly to 
the plane QPQ'. The resultant of these elementary forces is the force on a unit pole 
at P. 


867. We notice that the magnitude of the force due to the elementary arc QQ* 
and its direction relatively to the plane PQQ' are not changed by rotating that 
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plane abont QQ' as axis. Tlie side of the plane to ^vhicb the force tends (when 
not already obvious) is therefore easily found. If P is brought by the rotation from 
the positive to the negative side of the ^ell, the force on a positive nnit pole at P 
acts in the direction of motion. 

When the rim is a plane curve and the point P lies in that plane, the force at P 
is normal to the plane and equal to ^ J d^/r. 


36S. To find the Cartesian components of the force at P due to a lamellar shell. 
^at ((, 77, f) be the coordinates of P, (x, y, z) those of a point Q on the rim. 
Let (X, p, v) be the direction cosines of the normal to the plane PQQ'- The z 
component of force is therefore vijidAjt*. By projecting the area dA on the plane 
of xy we have (®-f) dy-(y~i))dx=i>dA. 

Hence J — — — ■n\_dx gimilarly 

J (l/-v)dz-(z-i-)dy J (z-t)d.T-(x-()dz 

The integration in each case is conducted round the rim in the positive direction. 
The left-handed system of coordinates being need (vol. i. Arts. 97 and 272) ; the 
positive direction is clockwise as seen by an observer with his feet on the shell and 
his head on the positive side. 

We may put these expressions for the forces into another form. Let 





Then since r®=(x-{)® + &o., we have ^ 


399 . To find the potential of a lameUar magnetic body. Let the components 
of I be A = dfldx, &o., and let r be the distance of a point P from any element of 
volume dv. The potential at P is (by Art. 839) 


by Green’s theorem. Now = -icoee, where B is the angle the 

dn dn IT 

distance r makes with the outward normal (Art. 347). Also or -da- 

according as P is without or within the substance of the body. Hence 


7 


-I' 


, COB eds , 

= (/-— a— + 4”-(/) 


( 1 ). 


where (/) is the value of /at the point P. 

Let the surface integral be represented by O. 

Then V=S}+47r (f) (2). 

The components of magnetic force at on internal point P are given by 
Xs-dV/dx &c., and the components of magnetisation by A=d{f)ldx &c. It 
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follows at once from Art. 345 that the components of magnetic induction are related 
to if by the equations Xi= -dOjdx &c. 

Let fii, 0. be the values of O at points 2*i, Pj respectively just outside and just 
inside the surface S. Now cos edSjr^ is the solid angle subtended by dS at P and 
hence, by the same reasoning as in Art. 142, Oi-fi 3 =(/) (ui-oij), where Mi, Wj are 
the solid angles subtended at Pj, Pj by the elementary area dS. The difference of 
these solid angles is 4w by Art. 350. We therefore have Oi - fia=47r (/). If Pi , 
are the values of V at the same points, Pj and Pj, we have by (2) 1^1= $)i and 
V 2 ==(li+in- (f). Hence Pi=Pj. The magnetic potential is therefore continuous 
when the point P enters the substance of the magnetic body, but the potential 0 is 
not continuous. 


360. The mutual potential energy of two thin lamellar shells mag be found by 
the formula W= —g>y)'jj^^^dsds', which involves only integrations round the two 

rims. Here ds, ds' are elements of the two rims, e is the angle their positive 
directions make with each other, and tfii are the strengths of the shells. 

Let us first find the mutual potential energy of the shell whose strength is 0 
and a portion of the other shell which is so small that we may regard its rim as a 
plane curve. Let this plane be taken as the plane of xy and let ({', rf) be the 
coordinates of any element da' of the area. The potential energy is by Art. 321 


= - j ZI'dv'=, -j Zl't'da'^ _ _ g) di'dr,’. 

By the application of Green’s method to plane curves (Art. 149) this surface 
integral is replaced by an integration round the rim which in our case gives 
J(PiJJ' + Gdi)'). We now substitute for P and 6 their values from Art. 858 and 
remember that di'=0. The ezpresdon for the potential energy is then 
d^di'+^ydn'irdz^ ^_ j I 

To find the energy when the second shell is of finite size we integrate the 
expression just found. Let two adjacent elements touch along the arc AB. When 
integrating round these two elements, we pass over the arc AB in opposite directions 
and therefore for this arc the angle e (being the angle the direction of integration 
makes with an arc ds of the first shell) has supplementary values in the two 
elements. The sum of the integrals for both elements may therefore be found by 
integrating round both as if they were one, omitting Ihe common arc AB, The 
same reasoning applies to all adjacent elements, hence the total energy for two 
shells of finite size may be found by integrating round their perimeters. 


361. The theory of thin lamellar shells derives additional importance from its 
connection with electric currents. According to Ampere’s theory the forces on a 
magnetic pole doe to a closed electric circuit are the same as those of a thin 
lamellar magnetic shell, of proper strength, whose rim is the closed circuit. 

The direction of these currents may be usefully remembered thus : if the earth’s 
magnetism were due to currents round the axis, their general direction would follow 
the sun, that is, would be from east to west. Now the south pole of the earth has 
been taken as its positrve pole (Art. 314). Hence the currents equivalent to a small 
magnet flow round it anti-clockwise when viewed by a person with his head at the 
positive and feet at the negative pole. 


362. Examples. Ex. 1. Prove that the force due to a thin lamellar shell, 
whose rim is a circle of radius a, (I) at the centre is Zj=27r^/<i and (2) at a point 
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P situated in its plane at a small distance { from the centre i% Z=Z^ {l + 3plia?). 
[Use the formula .E=^Jdjt/r.] 

Ex. 2. Prove that the potential of a thin lamellar shell whose rim is a circle of 
radius a at a point P distant f from the plane and at a small distance ( from the 

r=2jr4,(l-^- 

where Prove also that the component forces at P are 

It is evident from the sjrmmetiy of the figure on each side of the plane that the 
potential can contain only even powers of The expression for V is therefore 
correct up to the cubes of the small quantity 

Ex.. 3. Prove that the mutual potential energy IP' of a thin circular lamellar 
shell and a small magnet whose centre G is on the axis of the circle is 

Tr= - |6in 6 + ® (2 sin® » - 3 cos- 3) + &c. 

where a is the radius of the shell, h, I the distances of C from the centre and rim of 
the shell respectively, p the half-length of the magnet, $ the inclination of its axis 
to the plane of the shell, and M its moment. 

If the magnet C he placed on the axis of the shell at a distance frmH its plane 
equal to half the radius, the terms of the order p^ are zero. It follows that the action 
of the shell on the small magnet 0 is equal to that of another small magnet whose 
moment is M'—va*ipl5JS placed end on at the centre of the shell. A similar theorem 
for electric currents is given by H. Gaugain in the Comptes Pendus, 1863. 

We may obtain this result by expanding the expression for the potential found 
in Ex. 2 in powers of p, then twice the sum of the odd powers after multiplication 
by the strength of the small magnet is the energy required. 


Ex. 4. If the law of force be the inverse sth power of the distance, prove that 
the mutual potential energy W of two thin lamellar shells of elementary areas is 


W=- 


B 


•' 11 ^ 


Usds', 


where B is the distance between two points one in each area. It appears that we 
cannot extend the theorem to shells of finite area unless the law of force be either 
the inverse square or the direct distance. 


Electrical Attractions. 

363. Introductory statement*. When certain bodies are 
electrified one evidence of the presence of electricity is the 

* Many theorems in Attractions are important because they are used in the 
theory of Electricity and would seem almost purposeless without some notice of 
these applications To enable these to be properly understood it is necessary to 
give a brief introductory account of the principles ro be afterwards assumed. In 
this statement only so much of these principles is given as is reqirirod in what 
follows. For example, the experimental proofs of the laws of electricity are not 
described. These may be found fully drseussed in Everett’s edition of Deschanel's 
Natural Philosophy, I'JOl, in J. J. Thomson’s Treatise on Electricity, and in that 
of Maxwell. 
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attraction exerted on other electrified bodies. For the purpose 
ot' illustrating the theory of attractions we shall here replace the 
electiicity by that system of repelling particles which exerts an 
equal lorce at every external point. 

364 If ni, m' be the masses of two particles we assume hero 
that the force of repulsion exerted by one on the other is mm'jr* 
(Art 1). But the masses are not restricted to be positive, two 
particles whose masses are of opposite signs attract each other. 
The electricity is called positive or negative according as it is 
represented by particles of positive or negative mass. Since like 
particles repel each other the fundamental formulae connecting 
potential and force are X= — dYjdx &c. (Art. 41). 

It is obvious from this definition that either kind of electricity 
may be called positive, provided the other is called negative. 
A convention is therefore necessary. Let a piece of glass and a 
piece of resin be chosen which exhibit no signs of electricity. Let 
these be rubbed together and separated. Each body is now found 
to attiact the other. The electrification on the glass is called 
positive, that on the lesin negative. If a body electrified in any 
manner repels the glass and attracts the resin, it is positively 
electrified. If it attract the glass and repel the resin, its 
electricity is negative. 

365. When a particle A, say positively electrified, is brought 
into the presence of certain bodies it is found that electricity is 
immediately developed in them. Some positive electricity is 
repelled and driven to the parts of the body most remote from A 
and some negathc electiicity is attracted to the neaj-er parts. If 
a second and then a third particle be made to act on the body 
moie positive and negative electricity are developed and separated 
as before. In all these cases the arrangement of the electricity 
u hen in equilibrium is altered by the approach of a new particle. 
Ihis result is interpreted to mean that when electricity is in 
eiiuilibrium the force acting on each element of the volume of the 
body is zero. If it were not zero, more electricity would be 
developed and the existing arrangement would not be in equi- 
librium. It follows that the electric potential due to its own charge 
and to the external electiical particles is constant throughout the 
body. 
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366. We have here supposed that the electricity is able to 
move wilhouL constraint from one element of volume to another. 
A body which permits this transference is called a perfect con- 
ductor. There are also bodies in which the electricity cannot 
travel through the volume hut is forced to remain in the place 
where it has been developed. These are called perfect non-con- 
ductors. There are in nature no perfect conductors and no perfect 
non-conductors, but in some bodies the developed electricitj’ 
travels so easily and in others with such difficulty that they are 
usually distiuguished as conductors and non-conductors. Metals, 
fluids and living bodies are conductors, while dense dry gases, 
glass, silk are non-conductors. 

367. If we represent the electricity by repelling points wo 
must be able to apply Poisson’s theorem to a body which is 
without constraints. Art. 105. We then have 4sirp = — V^V, where 
pdv is the excess of the positive over the negative electricity in 
the elementary volume dv. Since X, F, Z are zero in equilibrium, 
Art. 365, this equation gives p = 0. The element therefore contains 
equal quantities of positive and negative electneity. 

This holds at every internal point but not at the boundary of 
the solid, for here the surface constraint comes into play. The 
conductor is supposed to be surrounded by a non-conducting 
medium through which the electricity cannot pass. This medium 
by its pressure constrains the electricity to remain in the con- 
ductor. There may therefore he an indefinitely thin layer of 
attracting or repelling particles on the boundary. 

When equal quantities of positive and negative electricity 
occupy an element, that element is said to be neutral. It exerts 
no force at any external point. When there is an excess of either 
kind in any element, that excess is said to be free. In a conductor 
the free electneity resides on the surface. 

368. The potential of the electricity is the .same as that 
of an indefinitely thin layer of repelling matter placed on the 
surface of each electrified conductor. We measure the amount of 
the electricity at any point by the surface density of this equivalent 
layer. The whole quantity of electricity is measured by the mass 
of the layer. 

369. Surface density. Since the potential is constant through- 
out the interior of a conductor, the theorem of Green proved in 
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Art. 142 takes a simpler form. Let p bo the surface density at 
any point P, let X be the normal force in the non-conducting 
medium at a point infinitely close to P and let the positive 
direction of X he from the conductor into the non-conductor, then 
477/3 = X. If dn be an element of the normal drawn outwards, 
V the potential due to all causes, this equation may be written in 
the form 4nrp — — dVldn, 

The repulsive force on the electricity which covers any element 
dtr of the surface is ^Xp da, (Art. 143). This may be wiitten in 
either of the equivalent forms 2n-f^da or (X‘j8’jr)da. Since this 
IS always positive, the directwu of the force is necessarily outwards. 

370. If an electrified conductor is joined by a wire of con- 
ducting material to the earth its potential must become the same 
as that of the earth (Art. 365). At the same time the potential 
of so large a body as the earth is not affected by any transference 
of electricity to or from it. Supposing the earth to be in its 
ordinary neutral state, the potential then becomes zero. When a 
body IS thus joined to the earth, it is said to be uninsulated. 

Electrified bodies are in general supposed to be insulated 
by air, unless otherwise stated. When the density of the air is 
diminished its resistance to the escape of the electricity also 
decreases. When the pressure is still further reduced its resistance 
increases again. A vacuum, that is to say, that which remains in 
a vessel after we have removed everything which we can remove 
from it, is a strong insulator. Maxwell’s Electricity &c. Art. 51. 

371. Capacity. If one conductor is insulated, while all the 
other conductors in the field are kept at zero potential by being 
put into communication with the earth, and if the conductor, 
when charged with a quantity E of electricity, has a potential F, 
the ratio of E to V is called the capacity of the conductor. 

In this definition the capacity is supposed to be independent of the special 
nature of the non-conducting medium which surrounds and separates the con- 
ductois. But the medium is iteelf acted on and reacts on the conductors. To 
take account ol these actions it is necessary to introduce into the definition a new 
factoi called the Sj}eufic Inductive Capacity of the medium. The effect of this 
factor i% a subject for separate discussion. In what follows (until otherwise 
stated) it will be supposed that the medium is such that the effects of the induction 
on it can be di^icguided. This is the case if the medium is air or generally any 
di^ gdb. Ill these media the specific inductive cafiacity is nearly equal to unity. 

Bx. Let fk sphere of radiua a be at a great distance from all other bodies 
and let it be charged with a quantity M of electricity. The potential is JSja, 
(Art. 64). The capacity of an insulated sphere is therefore equal to its radius. 
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372. The electrical problem. Let a conductor have a 
charge M of electricity and be acted on by an external charge M\ 
Then in equilibrium a mass M + ft, oi free positive electricity and 
a mass — yi4 of negative electricity (where (jl is one of the unknown 
quantities to be found) will be arranged on the surface of the 
conductor in such a manner that the sum of the potentials of 
M', M + /j, and —/a is constant throughout the interior. The 
electrical problem is to find the superficial density at every point. 
Conversely, if the electricity be thus arranged it will be in 
equilibrium. First, we notice that the component forces at every 
internal point are zero. Next, the tangential component just 
inside the surface is zero and therefore by Art. 146 the tangential 
force at any point of the stratum is zero. The resultant force on 
any superficial element of the electricity is therefore normal and 
by Art. 369 acts outwards. It is therefore balanced by the 
reaction at the boundary, (Art 367). 

373. Ex. 1. The potentiala of an electrical system at the corners of a small 
tetrahedron are Yj, Vg, prove that the potential at the point which is the 
centre of mass of particles mn, nig, mg placed at the corners is 'ZmVl'Sm. 

This follows at once from Tayloris theorem. [Trin. CoU. 1897.] 

Ex. 8. An insulated conductor of finite volume is charged; prove that t/ie 
electrical layer completely coven tlie conductor. 

If there were any finite area on the surface unoccupied by electricity, the 
potential must also be constant throughout all external space which can be reached 
without passing in the immediate neighbourhood of repelling matter, Art. 117. 
Hence X=0 both on the inside and on the outside and the surface density would 
be everywhere zero. 

Ex. 3. A conductor is charged by repeated contacts with a piste which after 
each contact is re-charged so that it always carries the same charge E. Prove 
that, if e is the charge of the conductor after the first operation, the ultimate 
charge is Ee/(E-c). [Coll. Ex.] 

When the plate touches the conductor the whole charge on both is divided 
between the two bodies, so that their potentials become equal. If the whole charge 
were increased in any ratio the potentials would bo increased in the same ratio and 
equilibrium would still exist. It follows that just after each contact the quantities 
of electricity on the plate and the conductor are in a ratio p : 1 which only depends 
on their forms. 

Let Xn be the quantity on the conductor after n contacts. After the next 
contact, - x„ is taken from the plate. Houoe the ratio of if - + x„ to 

is |3 : 1. After the first operatiou the quantities on the plate and conductor 
ore E-e and e, and this ratio also is j9 : 1. To find the ultimate ratio (when n is 
very great) we put !Cn+i=®n' then find by eliminating /3. 

Ex. 4. A soap bubble is electrified; prove that the diffcreiice between the 
pressures of the air inside and outside is 2T\r—ini?, where T is the surface 
tension, r the radius and /> the surface density of the electricity. 
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374. Two spheres joined by a wire. Two small spheres 
of radii a, h, placed at a noTisideraWe distance from each other, are 
joined by a thin wire and the system is insulated from all other 
attracting bodies. The spheres and the wire are made of some 
conducting material. A charge E of electricity is given to the 
system, determine approximately how it is distributed over the 
several bodies. 

Let I be the distance between the centres A, B of the spheres ; 
CO, y the quantities of electricity on their surfaces, z the quantity 
on the wire. The electricity is so distributed that the potential 
is constant throughout the interior and therefore the potentials at 
A, B are equal. Since the centre A is equally distant from every 
point of that sphere, the potential at A of the electricity on its 
surface is ceja. Since A is very distant from every point of the 
other sphere, the potential at A of the electricity on the sphere B 
is very nearly yjl. Neglecting the electricity on the wire for the 
mouieut we have the two equations 


X y X V „ 


when the radii are very small compared with their distance we 
can reject the terms with I in the denominator. The electricity is 
then distributed aver the surfaces of the two spheres nearly in the 
ratio of the radii. 

We shall now prove that the quantity of electricity on the cylindrical wire may 
he neglected if the radius c is sufficiently small. Let D be the average surface 
density on the wire, then «=2ir(j?D. The potential of a cylinder of length { and 
of uniform siiiface density at the middle point of its axis is 




very nearly, since cjl is very small. Since V is nearly equal to xja or yjh it is 
clear that z can be made as small as we please by using a wire sulficiently thin 
compared with its length. 


875. Ex. 1. A conducting sphere, of radius a, is joined to the earth by a 
fine wire and is acted on by an electrical point Q at a distance 6 &om the centre 
of the sphere. Prove that the electricity on the sphere is — Qajh* Prove also that 
the mutual atti action between the sphere and the point approximately varies 
inversely as the cube of the distance and as the square of the charge. 

Ex. 2. Two conducting spheres (radii a, 6) are joined by a long thin conducting 
wire, and the total charge is zero. A cloud charged with a quantity of electricity 
passes much nearer to one sphere than the other, but at a considerable distance 
from both. Prove that the transference of electricity from one sphere to the 
other is nearly a&E/(a+&) where V is the distance of the cloud firom tha nearest 
sphere. 
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Ex. 3. Two conducting spheres of capacities c, c' are at a great distance I from 
each other and are connected hj a long fine wire. Prove that the capacity of the 
conductor so formed is approximately c+c'-2cc'/!. [Coll. Ex. 11)00.] 


376. An ellipsoidal Conductor. Let a solid ellipsoid be 
charged with a quantity M of electricity and be not acted on by 
any e.xtornal forces. We know by Art. 68 that the stratum 
enclosed between the given ellipsoid and a similar and similarly 
situated concentric ellipsoid exerts no attraction at any internal 
point. We therefore infer that the infinitely thin .stratum of 
electricity mil be in equilibrium, when distributed on the given 
ellipsoid so that the surface density p at any point P is proportional 
to the thickness of the thin shell. By Art. 71 the surface density 

at P is I'fhere p is the perpendicular from the centre 

ou the tangent plane at P. 


377. Let points ou two ellipsoids be said to “correspond’' when their 
coordinates referred to the axes are in the ratio of the parallel a.xes, thus xjn=x'ja’ 
iic. Let two curves he drawn, one on each ellipsoid, such that the points on 
one correspond to those on the other and let the spaces onolosed be called 
corresponding spaces. The quantltien of electricity on correipondiny epacee are 
in the ratio of the whole chargee given to the illipsotdb. 

This theorem follows at once from the proof in Ait. 201, if we regard each 
electrical stratum as a thin homoeoid. It may also bo proved by the method of 
projecting one ellipsoid into the other ns explained in vol. i. Art. 42'^. 

Ex. 1. Prove that the quantity of electricity on the portion of the ellipsoid 
bonnded by any two parallel planes is the same fraction of the whole electricity 
that the portion of the diametral line between the planes is of the whole diameter. 

If a portion of nu indefinitely thin shell formed by two uoncenlric spheres 
be cut oil by any two parallel planes we know that tho intercepted volume is 
proportional to the distance between the planes, (vol. i. Art. 420). Projecting the 
spherical shell into an ellipsoidal one, the plane sections project into planes and 
the theorem enunciated follows at once. 

Ex. 2. Two planes drawn thiougb any diameter POP' of the ellipsoid inteisect 
the diametral plane of POP' in OR, OS', and D is the diameter parallel to the 
chord RR'. Prove that the electricity E on the June included by these two 
planes is given by E={Mjir) sin“‘ (RR'/J?) where M is the whole electricity on the 
ellipsoid. 

378. The constant potential inside the electrified ellipsoid 
can he found only as a definite integral, (Art. 197). When tho 
ellipsoid is one of revolution so that a =6, the integration can be 
effected without difficulty. 

Let the axis of z be the axis of revolution. The quantity of 

13 
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electricity between the planes e and z + dz is dz.Mj2o, Axt. 377. 
The potential at the centre is therefore 


F=- f— 

2oJ r’ 


r^=a‘ + - 


— 


Effecting the integrations we find 


F = 


M 


-sin 




F= 


M 


log 


c + V(c°-a°) 


according as the spheroid is oblate (a > c) or prolate (c > a). The 
internal potential of the prolate spheroid is found more easily by 
taking F to be the potential at the focus, for then r = o + ez. 

The potential of the oblaie spheroid is also V=Mtf>/f, where /is 
half the distance between the foci of the generating ellipse and ^ 
is half the angle subtended by 2f at the extremity of the axis of 
revolution. 


379, We know by Art. 205 that all the external level surfaces of the ellipsoidal 
couduotor are oonfocal ellipsoids. If P be any point situated on the confocal 

whose semi-axes are a', b’, c' the potential at P is iJlf / . . 

J {la> + \)(bO+X)lc^+\)}i’ 

whtio the limits are X=fl'''-a*to a>, (Art. 200). 


380. The external surface of a conductor charged with a 
given quantity of electricity is not acted on by any external 
body. Prove that the electricity at evei'y point has the same sign. 

Let Fo be the potential and first let this be positive. If there 
be any point P on the surface at which there is negative 
electricity, dVjdn must there be positive because the surface 
density m is given by 4,irm = -dVldn (Art. 369). Hence the 
potential increases outwards along the line of force at P. But 
this is impossible since the potential at every point between the 
surface of the conductor and the surface of a sphere of infinite 
radius must lie between F„ and zero, (Ai-t. 116, Ex. 2). A similar 
prool applies if Fo is negative. 

381. A conductor, charged xvith a given quantity of electricity, 
is acted on by given forces. Prove that there is but one arrange- 
ment of the electricity which could he in equilibrium. 

If possible let there be two distributions of the electricity, 
either of which could be in equilibrium, though the potentialo 
are not necessarily the same. By subtracting one of these from 
the other, as in Art. 129, we obtain a distribution of electricity in 
equilibrium in \^ hich the external forces are absent and the total 
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mass is zero. This distribution must have both positive and 
negative electricity on the surface, but this has just been proved 
to be impossible. 

382. Elliptic Disc. To deduce the distribution of electricity 
on an insulated elliptic conducting disc from that on an ellipsoid 
we put c = 0. Then 




The surface density p at any point (x, y) of the disc is then given 

, Myi M 1 

by 


Mp 

^ 4nrabc 


4Tr ab V(1 ~ — y^jb^) ’ 

where ilf is the whole charge on the disc. This value of p gives 
the surface density on either side. 

The internal potential due to the electricity on both sides is 




M ff rdddr 
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Effecting the 
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where the limits are r = 0 to 1/q and 0 = 0 to Stt. 
integration with regard to r and writing 0=^'7r — <f>, we find 

V= M [*’ 

a Jo Vf! — 8° sin“ ^) ■ 

Ji’or a circular disc we have, if p be the surface density at any 
distance r from the centre. 

M 1 j T7- f2Trrdi'2p Mtt 

4vasJ{p?-r'‘y ^~J r 2a ‘ 

The capacity M/V is therefore 2a/Tr. 

380 . The quantity of electricity on any elementary area ifxdy of the disc is 

— STTSi . If tJieu two elliptio discs (say an ellipse and its auxiliary 
4mib ij{l-x‘la0-y0lb0) \ 

circle) have equal charges, the quantities of electricity on corresponding elements 
are also equal, for in these elements x/a^x'/a' &o., dxja^dx'la' &c. The quantities 
on any corresponding finite areas are therefore also equal. This result follows at 
once from Art. 377. 


384. The potential V of the elliptic conductor at an external 
point P follows from the result stated for an ellipsoid in Art. 379. 
Let the confocal on which P is situated cut the axis of the disc in 
G, G' and let its semi-axes be a’, b', o'. We find after putting 
c = 0, \ = ytt® and p = b tan 0, 
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where the limits are /a = c' to ^=oo and 9 = ^Tr — <f> to 
where ^ is half the angle subtended by the luluur axis of the disc 
at C or O'. 

For a circulai' disc the potential at an external point is M4)fa 
where ^ is half the angle subtended at C by any diameter of the 
disc. 

385. Ex. 1. A chord is drawn on an elliptic inaulated disc, prove that the 
quantities of electricity on each side of the chord are in the ratio of the segments 
of the conjugate diameter, (Art. 377). 

Ex. 2. Prove that the quantity of electricity on an elliptic sector hounded 
by the semi-diameters GP, CP' is 31 (^' - ^)/2ir, where 0 , 0 ' are the eccentric angles 
of P, P' and M is the whole quantity of electricity (Art. 383). 

Ex. 3. A similar coaxial ellipse whose semi-axes are na, nb is described on the 
electiified disc. Pi ore that the quantity of electricity between this ellipse and the 
lim of the disc is -«’). 

Ex. 4. Prove that the line density of a thin eleetrifiei insvlatei rod is constant. 

Ihi-aid the rod as an evanescent ellipsoid in which a and b are zero and c 
finite. The lino density p' is such that p'dz represents the mass between two 
plane, whose ab'oissa! nie ; and z + dz. This we know is 3Idsl2c, Art. 377. 

386. Conductor with a cavity. A body is bounded by 
two surfaces S,, which do not intersect. It is charged with a 
given quantity ill of electricity and is acted on by a given system 
of electrical points (mass J/j) situated within iS^. 

Let j; be the quantity of electricity on M-x that on S.. 
These are so distributed that the sum of the potentials of J/j, 
X and Ji — a; is constant throughout the space between Si, Si. 
Describe a surface <r between Si, Sn and enclosing Si, then by 
Gauss theorem (Art. 106) 47r(i/,-i-a;) is equal to the flux of force 
across <7, and this is zero. Hence ® = - j¥j ; the charge on Si is 
tlu-rolbre — i¥i and that on S', is Jf -f ilfi. 

387. If the charge M=~Mi, the total quantity on S^ is zero. 
It immediately follows from the argument in Art. 380 that the 
charge on each element is also zero. For by that article, the 
electricity ..n every element of S, must have the same sign, which 
IS impos.rible when the whole quantity is zero. The whole of the 
free electricity is therefore concentrated on Si. 

The sum of the potentials of the system Mi and of the 
electncity a; = - il/, is constant throughout the space between S, 
and Si and therefore throughout all space which can be reached 
witiiont passing in the immediate neighbourhood of attracting 
matter, Art. 117. It is therefore constant throughout all space 
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external to iSi and is the same as that at an infinitely distant 
point. The sum of the potentials of Mi and x is therefore zero. 

It appears that the form of the surface Sa maj' he changed 
without in any way distui-bing the electricity on the surface Si. 

388. Lot a solid conductor whose boundary is the .surface 
he acted on by a given external system of electrical points 
(mass J/j) and let the charge given to the conductor be y. The 
condition of equilibrium is that the sum of the potentials of 
ilfo and y is constant throughout the interior. Since this condition 
is not affected b)^ removing any portion of the inside matter the 
equilibrium of the electricity on will not be disturbed when the 
surface Si is made the internal boundary. 

389. If we now superimpose those two conductoi-s, wm have a 
conductor bounded by the surfaces Si, Sj with a given electrical 
mass Ml inside Si and a mass outside <Sj. Let the charge 
given to the conductor be M. 

There will now be a charge a = — JI/j on Si so arranged that 
the sum of the potentials of Mi and x is zero at all points external 
to 8i. There will be charge y = M+Mi on so arranged that 
the sum of the potentials of and y is constant at all points 
internal to Sj. The condition that the equilibrium should remain 
undisturbed is that the sum of the four potentials should be 
constant at all points between (Sj.iSs and this condition is evidently 
satisfied. 

We observe that the distributions of electricity on the two 
boundaries are independent of each other. 

390. Screens. We notice how completely the electricity on 
the surface Si screens the repelling masses Mi from observation by 
an external spectator. If the masses forming the systenj Mi be 
moved about in any way within the cavity the electricity on Si 
rearranges itself continually so that in equilibrium the resultant 
force at every external point is zero. 

In the same way if the external masses M« be moved about, 
the electricity on the surface 8. is rearranged and the motion is 
imperceptible to an observer within the cavity. 

301. We shall now prove that there is but one possible distribution in equi- 
librium on the two surfaces Sj, S, when the charge M and the elccnical njasses 
Ml, il/g are given. 

If possible let there be another arrangement. Then subtracting one of these 
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from the other, -wo have an arrangement of electricity in eqniUhrinm, in which 
there aae no inteinal or external maseee, while theie are charges x and y on Sj and 
So, whose sum a: -l-y is zero. 

‘ The sum of the potentials of x and y is constant over Sj and therefore over 
a surface just inside Sj (Art. 146). This surface contains no attracting matter 
and therefore the sum of the potentials of x and y is constant throughout all space 
within Sj. The forces X, X' just inside and just outside Sj are therefore zero. 
It follows that the density of the electriei^ at every point of Si is zero (Art. 142). 

Consider next the siuface Sj. The total charge on it is zero. Hence, as in 
Art. 381, the charge on each element is zero. 

The two possible distributions must therefore have been the same. 

392. Ex. 1. A solid sphere, radius o, is concentric with a spherical shell, 
radii b and c, both being perfect condnotors, and charged with quantities E, E of 
electricity. To find the potential of the sphere. 

The quantities of electricity on the three surfaces whose radii are a, 6, c ai-e 
respectively £, -E, and E'+E (Art. 389). By Art. 64, the potentials at any 
points inside the substance of the sphere and shell are respectively 
„ E E , E'+B E'+E 

a b^ e ' e ‘ 

If the shell is joined to earth, or if the radius c is very great, in either case 
F’rsO and the capacity of the sphere, viz. E/V, becomes abj(b - a). If a and b are 
also very nearly equal to each other, the capacity is very great. Supposing 
the potential of the sphere to be finite, the charge on the sphere and the equal 
opposite charge on the inner surface of the shell are very large. 

When two conductors, insulated from each other, are placed very near each 
other the system is called a coiidenur. 

Ex. 2. Three insulated conductors A, B, C, are in the form of thin concentric 
spherical shells of radii a, b, c\ and are so charged that their potentials are 
Vj, 1], Vf. Prove that the charge on the intermediate shell B is 

(o-t)*ft-<;) I^i + 6(e-a)Fs+c(a-6)E's}- [Coll. Ex. 1897.] 

Ex. 3. A condenser is formed of two conoentrio spherical thin conducting 
fcheets, the ladius of the inner being 6, that of the outer a. A small hole exists 
in the outer sheet through which an insulated wire passes connecting the inner 
sheet with a third conductor, of cajacitj c, at a large distance r from the 
condenser. The outer sheet of the condenser is put to earth, and the charge on 
the two connected conductors is E. Prove that approximately the force on the 

third conductor is ac^E>j +c^ [Tiin. Ooll. 1897.] 

393 Green’s Method. The law of distribution of a given 
quantity of electricity on a given surface under the influence of 
given forces cannot ahvaj-s be discovered. Two methods of f,nding 
a soliitton in certain limited cases are in general use. The method 
of 'inversion, by which when one problem has been solved the 
solution of another can he deduced, has been explained in Artt 
168 &c. We shall now proceed to Green’s Method, by which the 
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law of distribution of a certain quantity of electricity can bo found 
when the boundary of the conductor is a level surface of a known 
system of repelling bodies. This method has been already dis- 
cussed in Art. 156. Before however proceeding to its application 
we shall give an elementary proof in small type which more fully 
illustrates the principles of attraction. 

394. Let My , A/g be tvra given syKtemn of attracting or repelling particles 
and let N be a su'face enclosing jUi only within its finite space. If the masses Jf, 
were removed and S made the inner boundary of a conductor, a quantity of 
electricity, equal to -Afj, would be found on the surface S and its potential 
together with that of the system My would be zero throughout all apace external 
to S (Art. 387). Let this distribution of electricity on S be called Ey. 

Let us now change the sign of every element of the electricity E, and constrain 
it to remain, otherwise unaltered, on the surface £>. Let this new distribution 
be called Ey. The quantity of the electricity E, is then equal to 4-iU’] and the 
potential of E, is the same as that of My throughout all space external to S. 

Let us next suppose that N is a level surface of My and My and let the potential 
at any point of S be V,. It must therefore also be a level surface of E, and My. 
The sum of the potentials of £, and iU, is therefore constant and equal to V, at 
all points of a surface just inside S. Since no particle of either Ej or My lies 
within this surface, the sum of the potentials of £, and My is constant and equal to V, 
throughout the interior of S (Art. 115). 

If E be made the external boundary of a conductor and the system removed, 
the distribution of electricity E, would be in equilibrium under the influence 
of its own attraction and that of M, (Art. 372). We also know that no other 
distribution of the same quantity My of electricity will be in equilibrium (Art. 381). 

Briefly, Ej, when acted on by ilf], is in equilibrium if 5 is the inner surface 
of a conductor, and E„ when acted on by M,, is in equilibrium if 8 is the outer 
surface. Also Ey and £, differ only in sign. 

The surface density p, at any point P of the stratum Ey when placed on the 
external surface of a conductor follows at once from Green’s theorem, (Art. 142). 
By that theorem iirpy=X where X is the sum of the normal forces due to My and 
Ey at a point just outside the substance of the conductor. But the normal force 
due to Ey has been proved equal to that of My. Hence X is the sum of the 
normal forces at P, due to My and measured positively from the conductor 
towards the non-conductor. 

The density py at any point P of the stratum Ey when placed on the inner 
surface of a conductor has the sign opposite to py. Since the non-conductor is 
now on the opposite side of Sy the density py is given by the same rule, iirpy=X, 
where X is the sum of the normal forces due to My and My measured towards 
the non-conductor. 

395. We arrive at the following rules. 

1. Let 8 be any closed portion of a level surface (potential Ti) 
of a given electrical system, My being inside and My outside. We 
may remove either the mass M, and regard 8 as the internal 
boundary of a solid conductor acted on by the internal mass ilfi, or 



200 BLECJTEICAL ATTRACTIONS. [ART. 396 

we may remove and regard S as the external boundary of a 
conductor acted on by the external mass M^. In either case the 
density p at P is given by the rule 4'n-p = X. where X is the 
normal force at P due to both and M, measured positively 
towards the non-conductor. 

2. The quantity of electricity on S is — ilfi or +lfi according 
its a is an internal or external boundary. 

3. The potential of the electrical stratum at any point R on 
the side opposite to il/, is numerically equal to that of M^. It 
follows that the stratum and have not only the same mass, but 
also the same centre of gravity, (Art. 136). Their principal axes 
at the centre of gravity also coincide in direction and the difference 
of their moments of inertia about every straight line is the same. 

4. The potential of the stratum at any point R' on the same 
.side as J/j is equal to T',— Fj where F* is the potential of M. at 
R', w'hen H is an external boundary. It follows that when S is 
an internal boundary, the potential at R' is given by the same 
expression with its sign changed. 

396. If the quantity Q of electricity which covers any given 
portion a- of the surface 8 is required we use Gauss’ theorem, 
(Art. 106). e describe a surface closely enveloping the given 
portion of jS both inside and out, then 47rQ=/Prfo-. Just inside 
the conductor S the force F is zero and all this portion of the 
integral may he omitted. The required quantity Q is therefore 
given by the above integral, where F is the normal (or resultant) 
force due to the given system J/j, M 3 measured towards the 
non-conductor at the element d<r of the given area, and the 
integral cxtomls over that area. 

hen the systems J/,, JP consist of isolated p.articles of 
ma>sv.s m, , m- &c. the integral can be put into a more convenient 
foun. For any one particle m we have, as in Art. IOC, Fda^^mdm 
where dm is the solid angle subtended at wi by da. This elementaiy 
solid angle is to be estimated as positive when a repulsive force 
emanating from ni traverses da outwards into the non-conducting 
meilium. Adding up the correaponding portions for all the 
panicles, we see that the required quantity Q of electricity is tjiven 
hy IttQ = mtu. 

Image. When an imacilnary gystem of points, if propeily placed on one side 
o a surface, would pioduce at points on the other aide of that surface the same 
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attraciion or repulsion which the actual electricity on the surface produces that 
system of points is railed an image. Thus, when the surface is the external 
surface of a conductor, 2Ii is the image of .S/g, because the attraction which it 
exerts at points on the other side of iS is the same ns that due to the clectritication 
on S when acted on by il/j. 

397. Electricity on a sphere. To find tlie distribution of 
€lectri(yity on a sphere of conducting mutter when acted on by an 
electrical point. 

Let A be the centre of the sphere, B any external point, BD a 
tangent and DG a perpendicular 
on AB. Let the distances of 
A, B, G from 2) he respectively 
'< 1 , b, c, so that a is the radiua 
Let the distances of B and G 
from the centre AhQ f and f. 

Since a? = ff, the points B 
and G arc inverse with regard to 
the sphere. If Q he any point 
on the sphere, the ratio GQjBQ 
is constant and therefore (by 
putting Q at D) equal to c/6 (Art. 86). We also have, by the 
.similar triangles BJDG, BAD, cjb^alfi 

If then we place at B and G respectively quantities of 
electricity E = fib, E' = — pc *, where p is any constant, we have 
at any point Q of the surface 

BQ^CQ~^ 

i.e. the sphere is a level surface of zero potential. Wo may 
therefore at once ajjply Green’s principles (Art. 395). 

398. If the conducting mass is to he a solid sphere sur- 
rounded by a non-conducting medium, we remove the electrical 
point G and distribute the mass E' over the surface so that the 
surface density p at any point Q is given by 4:irp = F, where F is 
the normal force at Q due to E and E' tending towards the side 
of the sphere on which the nou-coudiicting medium lies. The 

* Since CQ-IBQ^=a^lr‘=f'lf, it follows that the squares of the mass partiolcs 
which, placed at the inTcrse points B, C, make the sphere a level snrlace of zero 
potential are proportional to the distances of those points from the cciitie. I'he 
centre oj gravity of maasea proportional to - l/E'-’, placed at B, C reapectively, 
ia at the centre A of the aphere. This result enables us to apply any of the theorems 
relating to the centie of giarity given in vol. i. 
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Stratum thus formed is in equilibrium under its own repulsion 
and the action of the electricity E at the external electrical 
point B. 

The potential of the stratum at any point outside the 
sphere is equal to that of the electrical point E' and is therefore 
E'jGR. At a point R' inside the sphere, the potential of the 
stratum is equal and opposite to that of the external electrical 
point E, because the sum of these two potentials is zero at all 
points inside the conductor. 

399. If the sphere is the boundary of a cavity in the conductor, 
we remove the electrical point B. The surface density p, when 
the electricity is acted on by the electrical point E' = — Ea[f 
situated at G, is the same as that just found for a solid sphere, 
but with the sign changed (Art. 395). 

The potential of the stratum at any point within the sphere is 
therefore equal to that of E at the same point. The potential of 
the stratum at a point outside the sphere is equal and opposite to 
that of E'. 

Another proof. Lei as ennroand the system by a sphere of infinite radius mth 
its centre near C. The point B is now included within the boundary formed by the 
given sphere and the infinite sphere. We remove the point B and spread its 
electricity over the doubie-sheeted boundary. By Art. 886 the quantity on the 
given sphere is equal and opposite to that of C and is therefore - E ' ; the quantity 
on the infinite sphere is therefore E+E'. Since this is a finite quantity spread on 
a sphere of infinite radius, both its potential and attraction at points near B or G 
are zero. This electricity may therefore be removed from the field. 

400. We may at once deduce either of the results given in Arts. 898, 399 from 
the other hy an easy inversion with regard to the centre A of the sphere, the radius 
beiug the radius of inversion (Art. 8G). 

When the sphere is an outer boundary the potential of a charge E at B together 
with that of a surface distribution p on the sphere is zero throughout the interior. 
When we invert this system with regard to the centre, the distribution on the 
sphere is unaltered while the charge at B is moved to C and becomes Eajf 
(Art. 168). It follows, from Art. 177, that the potential of the same distribution 
on the surface of a spherical hollow together with that of a charge Eaff at C is zero 
at all points outside the sphere. This distribution is therefore in equilibrium when 
placed on the inner surface of a conductor and acted on by the charge at G. This 
last result is the same as that obtained in Art. 399 except that the signs of both E' 
and p have been changed. 

401. To find the surface density p at any point Q in terms of 
the distance of Q from either electrical point. 

The outward normal force F due to the repulsions of the 
points at B and C is the resultant of EjBQ^ and E'jGQ^, see 
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figure of Art. 397. Hence resolving perpendicularly to GQ, we 
have -^^sin.6Q<7=— ^'.sin AQ(7. 

But BQsinBQC/ ; AQsin AQC is equal to the ratio of the per- 
pendiculars from B and A on GQ and is therefore equal to 

E BG.a 


BG : GA. 


F=- 


BQ’^ GA ■ 

By similar triangles we have BGjGA = b-Ja^, hence (Art. 369) 


47rpa = a^’=-^, (1). 

In the same way we find by resolving perpendicularly to BQ, 

4>Trpa = aF=-^^ ( 2 ). 


Either of these results may be deduced from the other by 
using the known relations EJb -1- E'lc = 0, bjBQ = cjGQ. Art. 397. 

Jf the sphere is the boundary of a solid conductor, F is to be 
measured outwards from the sphere into the non-conductor, and 
these expressions give the density at any point. If the sphere is 
the boundary of a cavity, the force F must be taken positively 
inwards and the signs on the right-hand sides of (1) and (2) must 
be changed. 


In both cases let the point (B or G) at whioh the acting charge is situated be 
called 0 and let the charge [E or be called Ej. If k- be the product of the 

segments of a chord drawn through 0, the surface density p at any point Q on the 
E l*r 

sphere is given by 4jrpo= - - ’ . 


402. In the case of a solid conducting sphere we may super- 
impose a uniform stratum of any surface density p„. This addition 
changes the potential to V„, where Vt = 4nrp^^la. If p' be the 
resulting surface density at any point Q, we have 


A / I Eb^ V, ,1 E'c^ 

~ a aBQ'~ a^aGQ^ 


(3). 


The quantities of electmcity on the sphere due to the two 
strata respectively are V„a and E', and the total quantity is 
E" =V^a + E' where E'ja = — Ejf. The potential at any extenial 
point R is the sum of the potentials of two electrical points, one of 
mass E' placed at G, the other of mass V^a = E" — E' placed at the 
centre A of the sphere. 



204 


ELECTEICAL ATTRACTIONS. 


[art, 405 


403 . The svr/ace density may also he easily found hy the method of inversion*. 
Proceeding as in Art. 176 we invert the theorem “the potential of a thin spherical 
etratum of density po, radius a, at an internal point P is F’Q=4TrpDa®/a. Let k- he 
the product of chords through the centre 0 of inversion, so that the sphere inverts 
into itself. We immediately arrive at the theorem '*the potential at a point P' 
of a thin spherical stratum of denaty pf=p^{klOQ)^ is I'|,'=ro(A 70 P'),’’ wliereP' 
lies on the side of the sphere opposite to 0. 




Since the expression just found for Vf is olearly the potential at P' of a particle 
Pjk placed at 0, it follows that “ the sum of the potentials at P' of the electrical 
stratum and of the particle ( - V^k) placed at 0 is equal to zero.” Let the arbitrary 
density p,, be such that - V^k=E, then the sum of the potentials at P' of a stratum 

whose density particle E placed at 0, is zero, and is 


therefore constant throughout the space on the tide of the sphere opposite to 0. 

If the sphere is to be a solid sphere of conducting matter we place 0 outside, say 
at B in the figure of Art. 397. If the sphere is to he a cavity in a conducting 
medium we place 0 inside, say at C in the same figure. In either case the density 
of the stratum at any point Q when acted on by an electrical point of mass E at 0 is 


given hy ivp= 


~Ek^ 

o.oy-” 


and the conducting matter is at zero potential. 


404 . In the case of a solid conducting sphere the potential of this stratum 
alone at any point B’ within the sphere (being equal and opposite to that of E) 
is - EjOIV. Placing B' at the centre, we see that the quantity E' of electricity on 
the sphere is given by E'ja— ~ Ejf •where f—OA. We also find the potential V at 
any external point E by inverting the stratum with regard to its centre A as iu 
Art. 399. The stratum is unaltered by this inversion. Its potential at 12 is 

thorofoie If 0' be a point such that AO.AO'=o% the triangles 

OAE', O’AB are similar aud 0B'.AB=0'B. OA. The potential of the stratum at 
any point 12 is therefore E'jO'R and is equal to that of a particle of mass E' placed 


405 . Lines of force and level surfaces. To simplify the discussion of these 
curves, let us consider the case iu which the sphere is at potential zero. We may 

The first determination of the law of distribution of electricity on a sphere 
when influenced by an electric point was made by Poisson whose method required 
the use of Laplace’s functions. Sir W. Thomson discovered the powerful method 
of inversion and used it to obtain an ea.sy geometrical solution of this problem. 
He also expressed the surface density in a much simpler form than that given 
by Poisson. See Section v. of the Reprint of his papers cm Electrontatics and 
Magnetism. The first application of Green’s theorem to this problem is to be found 
iu Haxweil’s Treatise cm Electricity, &o. 
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then represent the attractions by two eiecirical points S, S' siinated at B, Of in 
our case E'=-Ealf is negative. We shall put a//=n tor brevity, and we notice 
that ?i< 1. See figure on page 206. 

The eqnations of the curves have been fonnd in Art. 32S. If (r, 8), fr', d') arc 
the polar coordinates of a point P referred to B and G as origins, BOA being the 
axis of reference, the lines of force and the level curves are given by 
Ecos8+S'eos8'=K, E[r+E'lr'=K'. 

It is clear that the lines of force emanating from one electrical point must either 
pass to the other or proceed to an infinite distance, (Art. 114). 

When a lino of force proceeds from B to an infinite distance we equate the 
volnes of AT at B and at infinity. Since the radius vector at the origin B coincides 
with the tangent and the angle 8' is there equal to r we have 
£ cos d, - E' = (E + E') cos jS, 

whei'e dg and /3 are the angles the tangent at B and the as 3 rmptotc make with the 
axis of reference BOA. Since cos/S must lie between ±1, we see that cosdg must 
lie between — 1 and 1 — fin. 

When a line of force itroceeds from C to an infinite distance we have 
E + E' cos dg' = (E -h EO cos /S', 

hence cos dg' must lie between 1 and (2 - »)/». Since the latter fraction is greater 
than unity, no line of force can pass' from C’ to an infinite distance, except that 
which coincides with uhe straight lino BUA*. 

When a line of force proceeds from B to C we have 
E cos d] -£'=i t-E' COB dj', 

where d^, dj' are the angles the tangents at B, C make with BCA. As cosdj 
decreases from unity to 1 - «, the sign of cos d/ is negative and the linos of force 
arrive at C on the vide ■nearest B. When coBdj = l -ii the line of force at C is 
perpendicular to BOA. When cos dj lies between 1 - /» and 1 - 2n the sign of cos d,' 
is positive and the lines of force enter C oil the side furthest from B. When 
cosd]<l-2n the .line of force goes to an infinite distance. 

To trace the leml surfaces we proceed as in Art. liti. The level surface which 
passes through tbje point of equilibrium A governs the whole figure. This point 
lies in BO produced so that CX=BX,Jn. There is a conical point at X, the 
tangents making aih angle ±tan“^ig^2 with BCA produced (.Art. 121, Ex. 2). This 
surface tchen complSfte consists of two sheets; one of these passes between IS and t' 
because its potenii^Al is less than the infinite positive poteniiiil near B and 
algebraioa-’'. 3 ;^_ f\x than the infinite negative potential near Q. The other 
sheetoBs- ACS he ~ J ^ because its potential is less than that near B and 

gr^Q 2 dmr ‘kai \ infinite distance. The two sheets therefore turn from X 

Anransaunj il city a'°® ^ o“ly other both B and C. This level 

aitiicaj.,Tjmsar(20) ***® ^“® “ *'^® fis«re. Its potential is 

sk>n/B^f® ^^=1. 

HieviiiErievFomef -'^ surfaces fill up the enclored spaces and surround the two sheets. 
Adsv u ilase-rui (U**® represented by tire dotted lines. The level surfaces witliin the 
mj-iw j.„., jj'tin g fad. those outside both are at potentials less than that at X, while 

*Sint *ia Uphere of zero potential surrounds C (but not B), it is clear that no 
liacelTimt Btept CA produced) could proceed from a point on that sphere to a 

P'lint jT m ^ “**® distance at which the potential is also zero (Art. 114). It is 

^SsariLr ®®“ points of equilibrium except on the axis BCA. 
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(liose between the two sheets are at greater potential. The complete level surfaces 
whose potentials are less than that at X and greater than zero arc therefore two- 
sheeted surfaces. The two sheets of the level surface of zero potential are a sphere 
inside the smaller sheet and a sphere of infinite radius. 



Since X lies on the avis of referenoe, any line of force vrhich passes from B to X 
is defined by Eco8fli-E'=E + f!' or eosd,=l-2n. If the potential is to continue 
to decrease, this line must make a sharp turn at X, Art. 114. By doing this it 
could either reach C or proceed to an infinite distance in the direction BGA. The 
line of force from B to X is represented by the thick line in the figure on the right- 
hand side. The closed surface formed by all the lines of force which proceed from 
B to X separates the other lines of force into two systems, those inside this space 
pass from It to <7, those outside proceed from B to an infinite distance. A few of 
these arc represented by the dotted lines. ’ 

The figures represent the level surfaces and lines of force', due to two particles 
placed at B and C. When C is surrounded by a spherical conductor the lines of 
force are cut off by the sphere, and exist only outside the sphere. The potential 
being constant within the conductor the level surfaces become indeterminate. 

The figures are only roughly drawn. The outer sheet, for example, of the level 
surface which passes through X should be very much larger. 

406 . Ex. 1. A sphere charged with a given quailtity of eleetrioity is acted on 
by an external elcctiified point B and a tangent from B touches the sphere at V. 
.Prove that the potential at D of the heterogeneous stratum of electricity is the 
same as if it were homogeneous and its density equal to that ol' the heterogeneous 
stiatnm at D. ' 

Ex. 2. A conducting sphere (radius o) is at potential zero dfjj^ertlie action of 
a quantity E of eleolricity at a point B distant / from the cent.g .^^^gSSphere is 
cut by a plane perpendicular to the diameter BA. Prove tjat; the quaSSfe of 

electricity on the side remote from B is f ^ (^~'^) ’'‘‘“e Q is any poiblt^ 
on the curve of section. 

Problems of this kind may be solved in three ways ; (1) by & mggi theorem the 
quantity Q on any area is given by iTQ=Bu + E'u>' as explaijed in Art. 396; 
(2) the heterogeneous stratum is known to be inverse of a homogeneous stratum, 
hence Qjlc is equal to the potential at the centre B of inversion of th e corresponding 
portion of the homogeneous stratum; (3) the result may be obtained by direct 
integration. f 

Ex. 3. Prove that the potential at any point R on the ^iJameter BA of 
the electricity cut oS by the plane section as described in tfi« question is 
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EV‘ 1 /JSQ 
" 2 / ' 

to cut the sphere. 


Rg \ 

bhJ 


where H is the point of intersection of BA produced 


Ex. 4. A spherical insulated conductor, chBri;ed with a given quantity E" of 
electricity, is in a uniform field of force defined by the potential Fx. Prove that the 
surface density at Q is given by 4Trpa®=B"-3oE!c where j: is the abscissa of Q 
referred to the centre. [In Art. 401 moke B very distant and FIBQ-= - E.] 


Ex. 5. A solid sphere being charged with a given quantity E" of electricity is 
acted on by an electrical particle of mass B situated at a distance / from the centre 
A of the sphere. Fr-ove that the mutual repnlsion between the sphere and iiarticle 

B-af 


_ E”i! EFa 
^=7^ + 7r- 


l/>-aV 


Thence show that if the sphere be close enough to the particle, the mutual force 
is attractive ; and if the sphere is uncharged the force is attractive at all distances. 
If the sphere be allowed to fall from rest towards the particle find the velocity in 
any position. 


Ex. 6. A unit charge is brought to a point B, at a distance / from the centre 
of an insulated sphere, of radius a and charge E ; prove that the total work done is 
E o’ 

7 ~ 


[CoU. Ex. 1897.] 


Ex. 7. Outside a spherical charged conductor there is a concentric insulated 
but uncharged conducting spherical shell which consists of two segments ; prove 
that the two segments will not separate if the di.staaoe of the separating plane from 
the centre is <ab/(a‘+b’)^i where a, b are the internal and external radii of the 
shell. [Coll. Ex. 1897.] 


Ex. 8. If a uniform circular wire charged with electricity of line density - e is 
presented to an uninsulated sphere of radins a, the centre of which is in the line 
through the centre and perpendicular to the plane of the oiicular wire, prove that 
the electiical density induced at any point on the sphere, whose angular distance 
from the axis of the ring is 6, is 

f- - d? Bef ana 

va {a® - 2a/ cos (8 + o) +/®}^ {a® - 2a/ cos [8 -a) +/®} ’ 


where/ is the distance of any point of the ring from the centre of the sphere, a is 
the angle subtended at the centre by any radius of the ring, and 

4a/ sin tt sin fl 




ft* sin* df>, ft*= ■ 


•? - ‘iaf cos {6 + a) +/* ’ 

[Math. Tripos, 1879.] 


The density at any point Q of the sphere due to an element of electricity 
m—ef sin ad[2^) at a point B on the ring is given in Art. 401 and is a known 
multiple of mlB(f. To effect the integration between the limits 0 and Jir we first 
prove by geometiy that BQ is a known multiple of A=,y(l- ft*cos*0) and then use 
the theorem [1 -ft®]jA“’ii0=jA“*d0. This analytical result may be obtained by 
differentiating sin 0 cue 0/ A and then integrating the result between the limits 
0 and 

407. Electricity on cylinders. We may apply either 
Green's theorem or the method of inversion to find the distri- 
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butioii of electricity on an infinite circular conducting cylinder 
when acted on by a thin uniform Ij' electrified non-conducting rod 
placed parallel to the axis either inside or outside. 

Referring to the figure of Art. 397 we see that since OQlBQ 
is constant, log GQ — log BQ is also constant for all points on 
the circle. Let two non-conducting thin rods infinite in both 
directions be placed at B and G pei’pendicularly to the plane of 
the paper; let these rods be uniformly and equally electrified but 
with opposite signs. The infinite cylinder whose cross section is 
the circle is then a level surface of the two rods (Art. 43). 

If the cylinder is the boundary of a solid conductor, we remove 
the electrical rod G and distribute its electricity over the cylinder. 
The repulsion of the stratum at any external point B. is the same 
in direction and magnitude as that of the rod G. Its magnitude 
is therefore 2mlGR, where m is the line density of the rod. At 
any internal point R' the repulsion is equal and opposite to that 
of B, Art. 365. 

If the cylinder is the boundary of a hollow in a conductor we 
remove the rod B. The distribution of the electricity on the 
cylinder is the same as that found for the solid cylinder but 
opposite in sign. 

To find the surface density p at any point Q we follow the 
analy.sis in Art. 401. We notice that the attractions are 2m/BQ 
and — 'ImjGQ instead of EjBQ- and E'jGQP. Making the corre- 
sponding changes in the result we find that for a solid cylinder 

iirpa---^ - 

The external rod has here the positive line density m. If the 
cylinder is hollow and the internal rod has a negative line density 
— 7)1, the sign of p must be changed. 

408. The same results follow from the method of inversion. Thus let the 
rod be inside the cylindrical hollow as at C. We know, by Art. 183, Ex. 2, that if 
the surface density at Q is proportional to l/CQ- the attraction at all external 
points is the same in magnitude and direction as if the attracting mass were 
equally distributed over the rod C. The condition of equilibrium is that the 
attraction due to both the surface density and the rod should be zero at all 
exterual points. This is satisfied if the surface density have a sign opposite to that 
of the line density of the rod. 

The result for the case in which the rod is outside a solid cylinder may he 
deduced from this by an inversion with regard to the axis of the cylinder, see 
Art. 399. 
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409. Let the positions of the rods B, G he given; let 0 
bisect BG, and let BG = 2t. Let ns describe the system of 
co-axial circles whose radical axis is perpendicular to BG and 
passes through 0. Let the length of the tangent drawn from 0 
to any circle be t, then obviously B, G are the evanescent circles 
of the system. Let A be the centre of any circle, then 

AB . AO=(AO + OB) (AO- 00) = = a?. 

The points B and G are therefore inverse points with regard to 
any co-axial circle. The cross section of the cylinder may be any 
of these circles. 

Since the line densities of the two rods are equal and opposite 
it follows from Art. 323 that the lines of force are defined by 
Oi — d, = K and the level curves by ryjri = K', where (rj, 6^, (r^, 6^) 
ai’e the polar coordinates of any point P referred to B and G 
respectively as origins and BGA as the axis of reference. The 
lines of force are therefore the circles which pass throagh B and G 
and the level curves are the co-aodal circles. 

410. We may also find the law of distribvtion on two circular 
iion-interseciing cylinders (radii a, a') having their cues parallel to 
each other and their charges equal and opposite. 

Let A, A' be the centres of the two circles made by a 
perpendicular cross section of the cylinders. Then two points 
B, C can be found (and only trvo) which are inverse to each 
other with regard to both circles. Each cylinder is a level 
surface of two parallel rods passing through B and G equally 
electrified but Avith opposite signs. 

Let the cylindei-s be solid conductors, each external to the 
other, and let them be separated by a non-conducting medium. 
We remove each rod and spread its electricity over the cylinder 
within which it lies, according to the law found in Art. 407. 
Since the attraction of one electrified cylinder (say A) at all 
external points is the same as that of the rod which was inside 
its conducting matter, the attraction of the other cylinder (A') 
is in equilibrium when acted on by the electrified cylinder (A). 
The electricity on each cylinder is therefore in equilibrium when 
acted on by the other. 

Several airangements of the cylinders may be mode. First, each cylinder may 
be external to the other as just explained, or one cylinder may oontam the other 
and be separated from it by the nou-condncting medium. In both these oases the 

14 
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tods are removed and each cylinder is occupied by the electricity of the rod which 
was within its conducting matter. Secondly, the cylinders may be separate hollows 
in an infinite conducting medium, or one cylinder may contain the other with tlie 
conducting medium between their surfaces. In these two cases the rods are not 
removed ; each cylinder is occupied by electricity equal in quantity but opposite in 
eign to that of the rod within the nearest non-conductor. 

411 . Ex. An infinite conducting cylinder of radius a is placed with its axis 
parallel to an uninsulated conducting plane and at a distance e frqpa it. The 
cylinder is maintained at potential V, prove that the charge (in) per unit of length 

is given by log ^ Prove also tliat the snrfaee density at any point 
2/u O) 

of the cylinder is proportional to the distance fi'om the plane. [Coll. Ex. 1880.] 

Prove also that the mutual attraction between the cylinder and the plane is 
rnVIc- - [Math. T. 1888.] 

[Let the points A, B (through which the rods pass as described in Art. 407) bo 
so placed that the plane bisects their distance apart at right angles. Roth the 
ifiane and the cylinder are then level snifaces of the two rods.] 

412. Electricity on planes. To find the distnbution of 
electricity on an uninsulated infinite plate luhen acted on by a 
quantity E of electricity collected into a point B at a distance h 
from the jdate. 

Draw B.]f porpeudicular to the plate and produce it to C so 
that IIG = BM. The surface of the plate is 
then a level surface of zero potential of E 
placed at B and — E at 0. 

The surface of the plate may be regarded 
as a sphere of infinite radius enclosing con- 
ducting matter on the side G. The elec- 
tricity (, — E) will then be in equilibrium if distributed on the 
surface so that 47rp is equal to the normal force at Q due 
to the electrical points measured towards the non-conductor. We 

therefore have 47rp = — sin BQM = — , 

wheie r = BQ. The total quantity of electricity on the surface is 
— E. We obtain the same results by inverting the sphere described 
on BM as diameter. 

413 . Ex. 1. Show that half the whole electricity on the infinite plate is 
comprised within any right cone whose vertex is at the influencing point B and 
whose semi-angle is CO'’. 

Use the tlioorem -l7rQ = 2Eu, Art. 398. It also follows that all areas on the 
plate which subtend the same -solid angle at the influencing point contain equal 
quantities of electricity. 

Ex. 2. Prove that the quantity of electricity, on one side of any straight line 
X drawn on the idate, is Q= - Ed/jr, where 0 is the angle a plane drawn through -T 
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and the influencing point makes with the plate. The angle 9 is measured 
on that side of X which makes Q and 0 numerically increase together, when X is 
moved parallel to itself. 

The solid angle u subtended at the influencing point is here enclosed by two 
planes. These foim a lune on the unit sphere whose area is 2^. 

Ez. 3. A spherical body with an electric charge E is at a height h above the 
surface of the earth, the height being large compared with the dimensions of 
the body. Prove that the body is attracted downwards with a force appioximately 
equal to lu addition to its weight. 

Prove also that its capacity is increased by the presence of the ground in the 
ratio l+u/2/t : 1 appiozimately, where a is the radius. [Coll. Ex. 1000.] 

414. The planes icOy, yOz iniessecting in Oy are the boundaries 
of a conductor; the non-conducting medium being in the positive 
quadrant. The system is acted on by an electrical point at A 
whose coordinates are To find the distribution of electricity 

an the planes (1) when the angle xOz is a right angle, and (2) when 
that angle is n/n where n is an integer. 

(1) Let us try to find a system of electrical points such that 
the two planes xy, yz form part of one level surface. One of these 
points must be at A, all the others will bo inside the conductor. 



Describe a circle centre 0, radius OA and let ABA'ff be a rect- 
angle. Place at A' a quantity E of electricity equal to that at 
the given point A and at B, ff quantities each equal to — E. 
The planes xy, yz are then evidently level surfaces of zero 
potential. 

The surface density p at any point Q on the plane xy is then 

/A A 1- A 2E^ 

given (Art. 41 2) by 47rp ^ ^ ^ . 

The quantity Q of electricity on the plane xOy is given by 

47rQ = ^Ea, 4:E(OAx - OB'x) = - iEd, 

where 0 = angle A OB' and BAaf is a straight line parallel to Ox. 
The quantity Q on Oa is — Ed'jtr where 6'=A0B. 


14—2 
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Ez. A straight line Y is flrn-wn on the plane *7/ parallel to Oy. Prove that 
the quantity of electricity on the side of Y remote from 0 is — where ^ is the 
angle AYS'. 

415. (2) If the angle xOz = tt/S we divide the circle into six 
parts by three diameters and place A, A', A"', B, B', B" just 
before and just after the alternate divisions. If we suppose each 
A to be occu 2 iied hy + E and each JB by - .S, it is obvious that 
both the pliiues xy, yz are level surfaces of zero potential. In the 
same way we may sketch the figure for the angle xOz= w/n and 
in all these cases the surface density at any point Q on either 
boundary can be written down by Green’s rule, (Art. 395). 

Ez. Prove that the quantity Q of electricity on the plane xOy is -E {■ir-36]fir 
where $ is the angle A Ox. 

416. Ez. 1. A long rod uniformly diarged with electricity is placed perpen- 

dicular to a large conducting plane and with an end nearly in contact with the 
plane; show that if the plane be put in connexion with the earth, the density 
of the electricity induced on the plane will vary inversely as the distance from 
the rod. [Caius OoU. 1880.] 

Place a similar oppositely electrified non-conducting rod on the other side of 
the plane. The plane is then a level surface of zero potential of the two rods and 
the eleotiicity can be found by Green’s method. 

Ex. 2. A uniformly attracting rod is placed parallel to a large conducting 
plane. Prove that, if the plane is put in connexion with the earth, the density of 
the electricity at any point of the plane will vary inversely as the square of the 
distance from the rod. 

Ex. 3. A conductor is bounded by the surface of a sphere, whose centre is at 
the origin, and by the rectungidar planes xy, yz ; the non-conducting medium 
being the portion of the positive quadrant inside the sphere. The system is acted 
on by an electrical point of given intensity, situated in the non-conducting medium, 
whose coordinates are x, y, z. Find the surface density at any point of the 
boundary. [Use seven other eleetri(Kil points situated in the conducting me dium.] 

417. A simple condenser. Let a portion S of the surface 
of a conductor A be so near the surface of another conductor A' 
that the distance 6 between them at any point is a verv small 
fraction of the radii of curvature of each surface, and let B, B' be 
the potentials of the conductors. It is required to find, to a first 
approximation, the distribution of electricity on the neighbouring 
surfaces. 

Let P, P' be two points on the conductors on the same line of 
force ; p, p the surface densities at these points ; F, F' the forces 
just outside the conductors at P, P' measured in the direction PP'. 
Then 47rp = F, 4>-jrp'=~ F'. By Taylor’s theorem 
dF. „ „ dV 



ABT. 418] 


CONDENSERS. 


213 


B B' 

As a first approximation, we have F=F', and 47r(t)= — 

U 

Qf Q 

similarly 47rp' = — g — . Hence, 47r times the surface density on 

either conductor is ultimately equal to the fall of the potential 
from that conductor to the other divided by the distance. 

We notice that when the potentials /S' are given the electrical 
densities on the neighbouring surfaces can be made veiy great 
by diminishing the distance 6. 

If da be an element of ihe area 8, the quantity of electricity 

on 8 is ^ ^ j ^ • This is (8 — 8') when the distauce 6 

is constant. 

If the conductor A' is joined to the earth, its potential 8' = 0, 
and by the definition in Art. 371 the capacity of 8 becomes /S'/4‘7rft 

To obtain a nearer approximation we take a second term in Taylor’s theorem. 
. dV 

We then have ®+4 dip "2 

Here, as before, dVldn= -F, and in the small additional term we write for d!‘V/dn!‘ 
its mean value, Yiz.-(F'~F)ie. Substituting for F and F' their values iirfi and 

-ivp', we find ^ - pB+ (1). 

To obtain another equation connecting the nearly equal quantities p and - />', we 
construct a tube of force joining P, P'. Let the areas at P, P' be dir, dtr', then 

Fd<r=F'd<r’, (Art. 127) aud therefore pdir + p'dir' =0 (2). 

Let R, P! be the principal radii of curvature at P measured positively in the 
direction P'P. Then, as in Art. 128, Ex. 2, 



Solving these equations we have 

These two approximations were given by Green in his Essay on Electricity and 
Magnetism, pages 43, 45. 


418 . Ex. 1. A condenser is formed of two flat rectangular plates, each of 
area A, which are very near together but not quite parallel, one pair of parallel 
edges being at distance c and the opposite pair at distance c'. Prove that the 


capacity is approximately 


47r(c-c')^°®c'' 


The lower part of the coudonBer is fixed in a horizontal position and the other 
is free to turn about a horizontal axis through the centre of its under face. Show 
that a slight tilt which draws one pair of opposite edges together and the other apart 
through 1/nth of their distance will mcrease the capacity approximately by the 
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When the radii a, a' are nearly equal, the thickness of the 
shell is very small and the capacity is very great. Putting 
x = (a' — a)la, the capacity becomes 




i 


— 1 ^ — 1 


log(l + a!)' 

We may deduce this result fix»m Art. 417. The capacity is 
there proved to be approximately Sj^O, where the area S = 2iral 
and the thickness d = a' — a. 


When the axes of the cylinders bounding the shell are parallel but not coincident, 
■we proceed in llie same way. Let A, A' be the centres of a cross section of the two 
cyliudei’S ; a, a' the radii, a'>a. Lot B, C be tlie points in whioli this cross section 
is intersected by the two rods described in Art. 407. G being inside the core and B 
in the water. Let ni] , nij.= - m, be the line densities of the rods B, 0 respectively ; 
rj, r, the distances from B, G of any point B between the cylinders. Xhe potential 
at R of the electric cylinders is (by Art. 407) 

V = ‘2mj| log rj+ 2»ij log r^+A 
=2mslog {rJrfi+A. 

When B is on the circle whose radius is a, we have TjT-y=ajf, where/ is the distance 
of JB from the centre A. A similar result holds for the other circle. The diffuienco 
of potentials at the two surfaces is therefore 

o - 13 = Snii, (log o'// - log ajf). 

The capacity C of a length I of the core is therefore 

r'-- ^3^ -4 ^ 

0-/8 “log a'ja - log/'//’ 

where /, /' are the distances of the axes of the two cylinders from the external rod 
B. Since /'>/, we see that the capacity is least when the two cylinders are co-axial. 

420. Nearly spherical surface. To find to a first approxi- 
mation the distribution of electricity on the surface of an insulated 
conductor which is nearly spherical. 

Let the given equation of the surface be expanded in a scries 
of Laplace’s functious 

r = o{l-f F,+ F, + ...} (1). 

The term Fo has been omitted because all constants may be 
included in the factor a. The terms Fj, &c. are so small that 
their squares can be neglected. Let the required distribution of 
electricity be p = Z) {1 + Fj 4- Fj + . ..} (2). 

If the surface were strictly spherical, the distribution of 
electricity would be uniform and every F would be zero. It follows 
that when the surface is nearly spherical each F is of the first 
order of small quantities. 

Let (»•, 0, be the coordinates of any elementary area da- of 
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the surface; (r', ff, <f>') the coordinates of any internal point P. 
Let do) = sin ddOd^). The potential F of the electricity at P is 





where the limits of integration are d = 0 to tt, and (^ = 0 to 27r. 

This series is convergent for all positions of P which are at a 
distance r' from the origin less than the least radius vector of the 
surface. Let ^fr he the angle the radius vector r makes with the 
normal to the element der, then ?'“da> = do- cos Since is a 
quantity whose square can he neglected, we have i^dto — da'. 

The electricity is so distributed that the potential F is 
constant throughout the interior, we therefore equate to zero the 
coefficients of the several powers of r' in the series (3). Hence 

for all values of m>0, (^)- 


We now substitute for r and p their values given by (1) and (2) 
and reject the squares and products of the small quantities 
&c., ^ 1 , Zi, &o. We then have by Art. 290 

/{ — (« — 1) F« + .Z'n} Pndm = 0 (5). 

Now JTnPndco = 5 ^ F„, JZ^Pndo, = 2 ^ Z'n, where r„, Z'„ 

are the values of F„, Zn when are written for 6, ^ ; Art. 289. 
We thus find Z'„ = Y'„ (n—1) (G). 

The conclusion is that the surface density of the electricity 
on the surface (1) is 

p = P {1 + Fj + 2 Fj + . . . + (?i — 1 ) Yn + . . • }. 

It may be noticed that the term Fj is absent from the expression 
for p. The reason is that the surface r = a (1 + Fj) is approximately 
a sphere when Fi is small. Art. 293, Ex. 3. The surface density 
is then uniform. 

If jS be the quantity of electricity on the surface, we have, 
since JYnda = 0 and the squares of F„ are neglected, 

JS = fpr^dw = 4Tra“P. 

This equation determines J) when E is given. The potential 
at the origin is F = fprdcD = 47raP. 

The capacity is therefore equal to a. 
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To find the potential of the stratum at an external point we 
make the expansion (3) in powers of rjr. We then have 




F=/pdw2P„~ 

' r 

= XDa’^+^Jdco {1 + &c. + .?„ + (« + 2) r,„ + &c.} 
, „^Z'„+(n+2)F„a“+« 


r'»+i ■ 


After substituting for its value, this reduces to 


F' = 


4nra^D 


i+r- + T, 

T 


(,“)+&c.|. 


421 . Ez. 1. The sarface r=a (1+^cos- 0), where is very small, is charged 
with a quantity E of electricity. Prove that the surface density is 
(1-/3 sin® B) Ejiira?. 

Ex. 3. A nearly spherical conductor whose equation is r=a(l + Su„) is enclosed 
in a nearly spherical shell, the equation of whose inner surface is r=&(l + 2v„) 
where u„, are Laplace’s functions of (fl, ^). If the potentials of the solid and 
shell are respectively a and /3, find the potential at any point P between the conductor 
and shell. See Art. 392, Ex, 1. 

The potential at P is, by Art. 383, 

r=r„+rir+<s:o.+ ^ + ^+&c (i). 

If the surfaces were truly spherical, the distribution of electricity on each would 
be uniform and the expression for V would lake the form A+Bfr where A, B are 
constants. It follows that Yj, &e., Zi, Z^, ikc. are in our problem small 
quantities. Proceeding as in Art. 399 and rejecting the squares of small quantities 

we have Yq + Yja + Yui- -r <fto. H — 2 (1 — % - Wj - &c.) + -j + <to. =o, 

** A O'* 

Yo + Yjb + Yji® + <Sc. + ^ (1 - Vi - Va - 4o.) + .^ + &c. =p. 


Equating the functions of like order, we find 


Y„+^"=a| 
” a 1 

1 


II 

.■a 


These give 

,r 6^-00 -j 

■.r . ^ 

b-a 

n — _ ^ 2 n+i 



0 janH-i_aa»+i 


Substituting these values in (1) the potential at any point P is obtained, the 
equations of the two surfaces being given. The surface density p at any point P 
of the internal conductor Is found from 47rp= -dV/dr, where after differentiation 
we put r=a in the small terms and r=a{l + 2tt„) in the large term. We then find 
Airpa® = E, [1 + 2,4 { (n + 2) + (?» - 1) 

- (2;H-1) a“+' I” u„]. 
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where and the summation S begins at b= 1. The surface density 

p' at any point of the external conductor is found by interchanging (a, h) and (a. r), 
the sign of the first term being also changed. This problem is discussed in a 
nearly similar manner in Maxwell s Eleetrieity, 

Ex. 3. A shell is bounded internally by a nearly spherical surface whose 
equation is r=2i(l + SvJ and is acted on by an electrical point situated at its 
approximate centre. Prove that the electrical density p at any point P of the 
surface is given by 4ir = - E { 1 - S (« + 2) »„}, where the origin is at the electrical 
point. E is tho quantity of electricity at that point and the summation 21 begins 
at n=l. 


Ex. 4. A nearly spherical conductor, schich is also a solid of revolution with 
the approximate centre near the axis, is placed in a uniform field of force whose 
potential is Mx where the axis of x is the axis of the solid conductor. Find the law 
of distrihiition of electricity on the surface when the charge is given. 

The surface being one of revolution about the axis of reference and also 
nearly spherical, its equation referred to on origin on the axis can be expressed 
in the form 

r=a(l+AiPi+A5P« + &(‘.) (1), 

where all the coefficients A,, &c. are small. Similarly we may express the 
surface density in the form 


P=P(1+P,P,+ B5P3 + <6c.) (2). 

If the conductor were accurately spherical, the expression for p would be of the form 
JD(I + BieosS) (Art. 406, Ex. 4). It follows that when the surface is nearly 
spherical the coefficients are small, but Piis not necessarily small. 

Proceeding as in Art. 420. we make the potential at an internal point R 
whose coordinates are (/, S'] equal to a constant K. 


I 


pr^da 


V(r^-2iT'g+r«!) 


+ 3fr' cos 9' =£■.. 


•(3). 


where g is the oosine of the angle between the radii veotores r, r'. Expanding and 
equating the several powers of r' to zero, we find 




^ Qn=0 
~n— 1 


or -If cos 9' 


.(4) 


according as 7i>-l or =1. Ilerc Q„ is a Legendre’s function of q. 

To find the constants B ^ , B,, &o. it will be sufficient to put the point R in some 
convenient positions. Let us place fl on the axis, then q=p, the Legendre’s 
function Q„ becomes P„, and coa9'=l. We then have when n=l 


Pj(l+BiPi + B„P3+...)Pjdw= -df (5). 

Since jP,„Pidp=0, this gives Bi= -331/4x1) (6). 

When II >1 we have, since Bj &o., Aj 4:c. are small 


J{1 + BiP, + &e.} ( 1 - (n - 1) AjPj - *o.} P„dp = 0, 

.-. ){! + BjPj + &C. - (« - 1) AjPj - &c.}P„dp 

-Bi (II - 1) J{.4iP,+ A3P3+&C.} PiP„dp=0 (7). 

The first line presents no peculiarity and reduces to {B„-(re-l)A„}2/(2»+l). 
Bince Pi=p the integral in the second line may be written SA* JP*P,jidji. Now 
by Art. 273 (» + l)P«+i - (2n+l)^.P„+»P„_j=0, 

{2«+l) J'P,tP,jidp = (n+I) JP*P,jt.i dp + njP,cPn-idp. 
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This is zero except when K~n^l. We then have 

rn n j 2(n + l) , 2n 

J-P»+i I’nP rfP - (2„ + 1) (3)1 + 3) * ^ ^ ~ (2)1 + 1) (2)1 - 1) • 

The latter of these lesnlts follows also from the first by writing n - 1 for ii. 
second line of the equation (7) becomes 


-S, 


n-1 

2«+I 



2(m-i) , , 2» j 

2n + 3 2)1-15 • 


The 


Einally we have, when 7i>l, 

( 8 ). 

If E' be the quantity of electricity on the surface we have 
E'= Jpr’(ifc)=4irDa“ (1+f JjB,), 

4irI)a==E'(l-|AjB,) l9). 

Substituting in (2) the values Hi, B„ and D given in (C), (8) and (9) we find the 
value of the surface density'p when the surface of the conductor is given. 

The potential at the origin is K=iirDa (1+ JAiB,). 


423. Sphere with a Tins. Bx. 1. A uniform cii'cnlar wire (radius b), 
charged with electricity of lino density ~e, surrounds an uninsulated conceutrio 
spherical conductor (radius a). Prove that the electrical density at any point 
of the surface of the conductor is 

Ex. 2. A uniform circular wire (centre C), charged with electricity of line 
density -e, influences an uninsulated spherical conductor (centre 0), the plane 
of the wire being perpendicular to 0(7. Fiove that the electrical density at any 
point B of the surface of the conductor is 


2 (2), + 1) P„ (cos a) P„ (cos 9) g)”, 


where 2 implies summation from n=0 to n=ao. Also a is the radius of the 
sphere, b the distance of any point M on the rim of the ling from 0, a the angle 
subtended at 0 by any radius of the ring and 9 the angle OH makes with the axis 
00 of the ring. 

The poteutlal of the ring at any point Q on the axis referred to 0 as origin is 

^»-,^(i,a_2i,roosa+r»)" ft 6 j > 

and ill= -2TftcBina. The potential at any point S not on the axis is found by 
introducing the factor P„(oosd) into the general term, where 9 is the angle COS. 
The potential K, of the spherical layer is given in Ait. 29i. The sum of the tivo 
potentials being zeio, the value of y„ follows at once. 


423. Orthogonal spheres. The boundary of an insulated 
conductor is formed by two orthogonal spheres. Find the law of 
distribution of a charge of electricity*. 

* The problem of finding the law of distribution of electricity on two orthogonal 
spheres when acted on by an electrical point is solved in Maxwell’s Treatise on 
Electricity tSc. He also gives the solution for spheres intersecting at an angle ir/n, 
for three and also four orthogonal spheres. 
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Let /I, 7? he the centres, a, b the radii and let AB cut the 
plane DD' of intersection of the 
spheres in C. Then, as before, 
the distances of jB, C7 from J? 
are a, h, c. Let mass particles 
E, E', E" be placed at A, B, 0 
such that 

E _E' _-E" _ 
a~ b ~ c 

Since the sphere .d. is a level 
surface of zero potential of the particles at the inverse points B, Q 
(Art. 397), it is a level surface of potential e of all the three particles. 
In the same way the other sphere is also a level surface of the 
same three particles and is at the same potential. 

Using Green’s theorem, we see that the quantity of electricity 
(n + 6 — c) e, if distributed properly over the whole surface, will be 
in equilibrium at jootential e, (Art. 395). 

The normal force at any point Q on the sphere A due to both 
the points B, G, has been proved to be proportional to l/UQ* and 
also to 1/BQ* (Art. 401). The normal force due to the pai'ticle 
at A is Eja’’. We have therefore 

, e H e , K 

a^Cq>~a^ BQ’^ 

where H, K are some constants. Since two sheets of a level 
surface intersect in the circle DJy, the normal force and therefore 
p vanishes when Q is at U (Art. 122), that is when GQ = c or 
BQ = b. The density may therefore be written in either of the 
forms 

The density at any point O' on the other sphere is given by 



424. We may also consider the solid bounded by the convex 
portion of the sphere A and the concave portion DNjy of the other 
sphere. The quantity on the solid is then ea, the potential is e, 
and the electricitj' is acted on by the external electrified points 
= eh, E' = — ec The densities are given by the same formulm 
as before, except that the sign of that on the concave portion must 
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be changed, because the normal force outwards into the non- 
conductor (Art. 3G9) tends towards the centre of the sphere B 
instead of from the centre, as on the convex portion of that sphere. 

42S. Ex. When both portions are convex the quantities Q, Q' of electricity 
on the spheres A, B respectively are 

Q=ie{a — e+b+e{a^ — V)lab], 

When one portion, as DITD’, is concave, the electricity on that portion is 
Q"=ie{a + e-b-e(a^-b‘)lab}. 


426. To find the lain of distribution of electricity on a conductor 
bounded by the convex portions of two orthogonal spheres when acted 
on by an external electrical point. 

The two orthogonal planes xOy, yOz in the left-hand figure 
are the planes of zero potential of four equal particles A^, A,, 



Bi, Bs, Ai, Aa being of positive and Bj, of negative mass, 
see Art. 414. Let us invert this with regard to any point D. 
Consider first the section by the plane xOz. The straight lines 
Ox, Os invert into orthogonal circles which intersect in D and in 
another point D' lying in DO produced. The radii a, b of these 
circles are arbitrary because D is any point. Let their centres 
be A and B as represented in the right-hand figure. The circle 
AjBiAaSj inverts into another circle cutting the two former 
orthogonally and (being symmetrical about DOD’) has its centre 
K in DD'. The radius of this circle is such that the perimeter 
passes through the inverae point of the arbitrary point Aj. 

Let the points Ai, A^ invert into I<\, and the points Bu B^ 
into (?i, ffj ; all these four points lie on the circle whose centre is 
K. Since the plane xy is a level surface of zero potential of A,, 
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Si, the inverse sphere (say the sphere whose centre is J.) is a level 
surface of zero potential of F^, Art 170. It thence follows 
that Si, (?i are inverse points with regard to that sphere. In the 
same way Sj, (?« are inverse with regard to the same sphere, while 
S’l, G« and G„ are inverse with regard to the sphere B. Thus 
FiG^A, FiG.B, GaFsA, OiF^B are straight lines. It also follows 
that if Ji’i is external, the other three points F^, Gi, G^ are inside 
one or other of the two spheres A and B. 

The ratio of the masses m, m' at any two inverse points Q, Q' 
is known by the rule m'jni = DQjk, Art. 168. The quantities of 
electricity at Fj., F,, Gi, G^ are therefore proportional to their 
distances from B. Let these be 

Fi = e.DFi, Ei = e .BF^, E^ — — e.BGx, E«= — e.BGi. 

The potential at B of each electrical point is therefwe 
numerically the same. We may also use the rule (proved in 
the footnote to Art. 397) that the squares of the quantities of 
electricity which occupy points inverse to a sphere, and make the 
sphere to be of zero potential, are proposlional to the distances 
of those points fi’om the cetUre. Thus E^jEx^ = AFijAGp, 
EiyEi- = BFsjBGi and so on. 

If wo take the convex portions of the spheres A, B to be the 
boundary of a solid conductor, that boundary w’ll be a level surface 
of zero potential of the four pai’ticlcs at F^, Gi, F^, Gj. Henco 
the quantity of electricity Q = e{BF 2 — BGi — BG^ will be in 
equilibrium under the influence of a quantity Ej = e.BFi placed 
at J’l if distributed according to Green’s law. 


427. The surface density at any point P on the sphere whose 

centre is A is found by considering the two doublets F^, Gi and 

Fi, Gi- We have by Art. 401 

. A'la” , E.'0^ 

iirpa- + 


where a= and /ff* are the products of the segments of chords of that 
sphere drawn from Fi and G^. Since p must vanish when P is 
any point B of the intersection of two sheets of a level surface, 
we see that 


4rirpa = — EiO? 



■G^DV 1 • 

FiBj (G^PY, 


Since B lies on the sphere B with regard to which J',, G^ are 
inverse points, W'e may write GsBjFiB = hjE^B, Art. 397, Also 
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= (FiA)" — a’ where a and b are the radii of the spheres whose 
centres are A, B. 

Let the position of the influencing point be at an infinite 
■distance from the sphere. I’he electricity at F-y is then infinite 
but its potential, viz. EylJDFi, becomes the constant e. The 
conductor being at zero potential, the sum of the potentials 
of the electricities at the three remaining points Qy, G^, F^ is 
therefore — e. The positions of these points are evidently A, B 
and G, whore C is the intersection of AB and DB'. We thus fall 
back on the case of a solid conductor charged with a quantity of 
electricity e ( — BA — BB + BG) and at potential — e ; (Ait. ■123). 


428. If we insulate the conductor and give it such a charge 
that the potential becomes e, we have, by superimposing the 
density found in Art. 423, 

47rpa = e |l - (jgjp'j I - . 


429. The rale to find the distribation of electricity on two orthogonal spheres 
at zero potential may be summed up m the following manner. The point being 
given, we seek (1) the inverse points of Fy with regard to the two spheres A and B, 
let these he Oy, G,; (2) the inverse point of Oy with regard to the sphere B or the 
inverse point of Gj with regard to the sphere A, let this bo F^. These four points, 
any F being taken with any G, form two doublets. The sphere is a level surface 
of zeio potential of each doublet. The ratios of the (xuantities of electricity at the 
points of each doublet, and the resulting surface density clue to each, follow from 
the elementary rules given in Arts. 397, -101. The electricity at any G has an 
opposite sign to that at any F, 


430. Ev. An uninsulated conductor consists of a sphere and an infinitely 
large and infinitely thin plane passing through the centre B of the sphere. If it 
be exposed to the Influenoe of a given charge of eleutricity at the point Fy where 
FyB is perpendicular to the plane, prove that Gj being a point ou FyB produced 
such that BGy is equal to BFy, the euperficial density at any point P on the 


hemispherical surface nearest to Fy is proportional to • 

[Math. Tripos, 1377.] 

The infinite plane may be regarded as the limiting case of an orthogonal spheie. 
We then follow the rule in Art. 429. The inverse pomt of Fy with regard to the 
plane is Gy, the inverse points of Fy,Gy with regard to the sphere are Gj.jfj. The 
given system of sphere and plane is a level surface of zero potential of these four 
points. We use Green’s method as explained in Art. 401. 


431. Oeometrleal properties. Ex. 1. Prove (1) that the centre of each of 
the three orthogonal circles lies in the radical axis of the other two, and that the 
orthocentre of the triangle ABK formed by joining the centres is the radical centre 
of the circles. Prove (2) that the diagonals of the quadrilateral FyGyF,yG^ intersect 
in the orthocenti'c of ABK. 
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The first results have been proved in Art. 426 for the centre K and the two 
circles whose centres are at A and R, and are therefore true for all the circles. The 
diagonals intersect on the polar lines of A and R, and since the circles are orthogonal 
this is also the intersection of the radical axes. 

Ex. 2. Prove (1) thati + i Prove (2) that, it particles 

whose masses aro proportional to l/Bi*", placed at the 

points Ej, JPj, 6i, Go, the sum of their moments about every straight line is zero. 
Prove (3) that the centre ot gravity of 1/E,® and l/E,® coincides with tliat of 1/B ,» 
and l/Ej® and also with the orthooentre of ABZ, 

We notice that the centre of gravity of each of the doublets l/E,®, — l/B',* and 
l/E,®, IjE'n- is at A, Art. 397. Thus the centre of gravity of all four particles is 
at A. Similarly it is at S and this is impossible unless the results (1) and (2) are 
true. To prove the third result we take moments about the diagonals of the 
quadrilateral EjGjEjGj. 


432 . Ex. A eonductOT is formed by the outer surfaces of two equal apheres, 
the angle between the radii at a point of intersection being 2ir/3. Prove that the 

capacity of the conductor is — a, where a is the radius. [CoD. Ex. 1899.] 

This result follows by inverting with regard to A the second figure of Art. 414. 
The inverse of the electrical point A contributes only the constant potential E/k to 
the inverse figure (Art. 180). Omitting this point, the inverse of the rest of the 
system is in equilibrium at potential -Elk. By Art. 170 the mass of any portion 
of either system is equal to k times the potential at A of the corresponding portion 
of the other system. In this way without drawing the inverse figure we find both 
the quantity of electricity on the spheres, and its potential. The ratio is the 
capacity requiied. 

The capacity of the inverse system ie therefore k^VjQ where Q is the quantity 
of electricity on the original system and V its potential at the centre of inversion. 
In our case the point .4 in Art. 414 bisects the are xe and k=a. Also Q = —E and 
V is twice tlic potential at 4 of E plus twice that of 4' plus that of B'. 


433 . The houndary of a conductor is formed by the external boundary of three 
spheres which have a common circular intersection, each sphere making an angle VIS' 
with the next in order. To find the law of distribution on this conductor we invert 
the right-hand figure in Art. 414 just as we inverted the lelt-hand figure of that 
article when we required the dietribntion on two oithogonal spheres (Art. 42G). 

Let the plane of the paper contain the centre of inversion D and be perpendicular 
to the common intersection Oy of the three planes. These planes invert into 
spheres whose centies G,, G,, G, lie on a straight line perpendicular to DO. Let 
the plaues Ox, Oz which bound the conductor invert into the spheres whose centres 
are G,, G 2 , the third plane, which is entirely in the conductor, inverting into the 
sphere whose centre is Oj. In the inverse figure therefore the centres of the 
outer spheics are G,, Gj. Since these centres lie on the perpendiculars di'awn 
from D to the planes, the angles C^DCf, OgDCf are each ir/B. These spheres have 
a common circle of intersection and D is any pomt on that circle, 

434. If the position of the centre ot inversion D is arbitrary the six electrical 
points in the figure invert into six E,, G,, E,, Gj, Eg, Gg which lie on the circle 
inverse to that containing 4, B, &o. and the general results are very similar to 
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those obtained in Ait. 426. If ve place D on the circle (sa; between 

A and z) our resnlts mil coireBpoud to those found in Art. 423 b; the use of Green’s 
method. Let us consider concisely this last case as presenting some novelty. 

Since D lies on the circle ABA'B' &o. the arcs AA', A' A" subtend at D angles 

each equal to ir/3 ; hence in the inverse figure also the angles subtended by 

GiG^, G^Gg, CjC, and CgGg at J> are each equal to ir/3. So again F^G^, 
FgGg, FgGg subtend equal angles atO. The six electrical points F^, G^, &c. note 
lie OH the diameter 0-figCg. Let a radins vector starting from DA turn round D, 
it evidently passes in order through the points G„ C,; Fg, Gg, Cg-, Fg, Gg, Gg. 
The electrical points and the centres in the inverse figure are therefore arranged 
from right to left in this order. By considering the triangles CgDCg, CgDGg we ere 
that the three radii are connected by the equation l/r,= l/r^ + l/r 2 . In the same 
way if (fi, ( g , ig), (tti, ij,, ijj) are the distances of {Fg, Fg, Fg), (Gg, Gg, Gg) from D we 
have llig=ll(g + llig, ll‘ng=ll-ng+ l/ij]. The peipeudicularp from D on the straight 
line GgGgGg is given by p^/(ri’+ra“+r,>)=J^3rira. 



The points (Fg, S,), (Fg, Gg), (Fg, Gg) are inverse points with regard to the 
point Ggi (Fg, Gg), (Fg, Gg). (Fg, Gg) are inverse with regard to Gg, and (J'j, O.,), 
(Fg, Gg), (Fg, Og) are inverse with regard to Gg, The arrangement of the suffixes 
suggests an obvious rule to find the inverse of any point with regard to any sphere. 
The point Fg being arbitrarily taken outside the spheres Gg, Gg, all the other five 
are within the boundary. 

The quantities of electricity at the points J*',, li'j, Gg <Sc. are respectively 
Eg=e .DFg, F!g=e ,DFg, E'g=- e.DGg &e.hy Alt. 169; the potentials at D of the 
six electrified points are therefore numerically equal. 

Since each sphere is a surface of zero potential of the six points Fg, Gg, d'c. we 
may apply Green’s theorem. In this way we can find the law of distribution on the 
surface formed (say) by the two spheres whose centres are Gg, Gg when acted on by an 
electrical point situated at any external point Fg on the diameter GgCgGg . 

435. Let ns place the point Fg at an infinite distance from the spheres. Since 
the attraction of Fg is then zero (though the potential is finite) we may remove tliis 
point from the system. We now have the case of an insulated conductor bounded 
as beferre by the spheres Gg, Gg and charged with a given quantity of electricity. 

The points Gg, Gg, Gg now coincide with Gg, Gg, Gg respectively. Also since 
FgFg, FgFg each subtend an angle jr/3 at D, the triangle FgFgD is equilateral. The 
potential at D of Fg is e . DFgjDFg and is therefore equal to e. When the point Fg 
is removed from the system (which was at zero potential) the potential Vg of the 
remaining five is — e. The quantity of electricity on the two external spheres is 
the sum of the electricities at the five points and is therefore the sum of -erg, 
-erg, -erg, 2e.DFg. The capacity is therefore 
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436. Tbxea ostbosonal sphares. Let ABG be any triangle; a, b, c tbe 
lengths of its sides. Let AF, BG, GH be the peipendicuiaiu drawn from A, B, G 
on the opposite sides. Let 0 be the oxthocentie. Let as describe three spheres 
with centres A, B, C and radii a, (3, y each that the spheres token two and two are 
orthogonal. Then since the sqnare of the distance between the oentres of two 
orthogonal spheres is the sura of the squares of the radii, we have 

a^ + /3- = c’, )3 ®+t^=o-, 7® + a® = 6®. 

Let the chord of intersection of the circles whose oentres are A, B made by the plane 
of the paper intersect AB in S. Then 
AS® - If SS = a= - /S= = 4“ - a»= AJB‘ - BHK 
The point S therefore coincides with S. 

The three chords of intersection of the 
elides, taken two and two, are there- 
fore the three perpendiculars AF, BO, 

CH. If the lengths of these chords ore 
respectively 2/, 2p, 2h, we have af=py, 
each of these being twice the area of the 
triangle whose base is BC and altitude/. 

Similarly bg =sya, c]i=ap. 

A circle can be drawn about CFOO, 
hence 

AO . AF= AO . AC= be cos A 

=i(6*-hc»-a*)=a« 

Thus the systems of points (0, F), ((?, O), (ff, S) are each inverse with regard to 
the sphere A. Similar results hold for the points in each of the Unes through 
B and 0. 

Let ns place at the points A, B, 0\ F, O, B, quantities of electricity re- 
spectively equal to ea, e/3, ey, -ef, -eg, —eh, as explained in Art. 423. Also, 
since F and 0 are inverse points with regard to the sphere A, we place at O a 
quantity of electricity Ci=ef .afAF, (Art. 397). Since AF.a=2A. where A is the 
area of the triangle ABG, we find Q=«a^7/2A. It appears that O is a symmetrical 
function of the radii of the spheres. 

It follows that any sphere, as A, is a level surface of zero potential of the 
particles placed respectively at (B, H), {F, 0), (C, C) while its potential due to the 
particle placed at its centre is e. Each of three ipheree it a level surface of potential 
e of the seven particles placed at A,B, G, F, O, H and 0. 

Let the external surfaces of the three orthogonal spheres be the boundary of an 
insulated conductor charged with a quantity B of electricity, then the law of 
distribution may be found by Green’s method. If p be tbe surface density at any 
point Q on the external surface of the sphere A, we have by Art. 401 

where t is the tangent drawn from F to the sphere A. If we wish to express our 
results in terms of the radii a, y, we may prove that 

• 4A==a»(8=+/3»7=-i-7V. 

The potential is e and the quantity E is 

E=e{a+^+y-f-g-h + aPyl3:&.}. 

437. The law of distribution on three orthogonal spheres may also be deter- 
mined very simply by inversion. The three coordinate planes xOy, yOz, zOx are 
level surfaces at zero potential of eight points, four of which ore represented by 
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in the figure of Art. 426 and the other four ore on the opposite side of 
the plane of xi. The coordinates of these are ±j/, dtz and the charges 
numerically equal. After inversion vrith regard to any point D the planes become 
orthogonal spheres. We may thus find the law of distribution on the exteriml 
surface Of three orthogonal spheres at potential zero when acted on by an external 
electrical point Fj. 

The three coordinate planes and a sphere whose centre is the origin are level 
surfaces at zero potential of sixteen points, viz., the eight described above and 
their inverse points with regard to the sphere. By inverting this system with 
regard to any point D we find the distribution on four orthogonal surfaces at 
potential zero when acted on by an external electrical point 

By proceeding as in Art. 427, we deduce the law of distribution when the 
conductor is insulated and not acted on by an external electrical point. Finally, 
by superimposing the two distributions thus arrived at, we obtain the law of 
distribution when the conductor is insulated and acted on by the external electrical 
point Fj. 

438. Theory of a system of conductors. Let A^, 

As, ...An be a sj'stem of insulated conductors, each being ex- 
ternal to all the others. Let pa, pi*, ... be the potentials due 
to a charge unity given to A^, the others being uncharged. In 
the same way let pa. Pta, ... be the potentials when a charge unity 
is given to .4a alone, and so on. If we give to Ai alone a charge 
El or to As alone a charge Es, &e. these potentials will be respec- 
tively multiplied by Ei, Es, &c. Superimposing these states of 
equilibrium, we see that the potentials inside Ai, As, &c. when 
charged with Ei, Es, &c. are respectively 

Vi=puEi+psiEs + ... 1 

••• > (I)* 

&C. = &C. J 

If we now solve these equations we have a second set of linear 
equations which we represent by 

Ei = qiiVi + qsi^z'i' ••• 1 

= + [ (^)- 

&c. = &c. J 

The coefficients pn, Pn, and g,i, q, 3 , &c. depend only on the 
forms and relative positions of the conductors in the field and are 
independent of the charges given to them. 

The coefficients qu, qss, &c. (in which the two numbers forming 
the suffix are the same) are called the electric capacities of the 
bodies Ai, As, &c. The capacity of a amductor may he defined to 
he its change wh&ti its tmn potential is unity and that of every other 
conductor in the field is zero. 


15—2 
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The copffif'ients ju, q^, &c. (in which the numbers in the suffix 
are different) are called the coefficients of inductmi. Any one of 
them, as denotes the charge on A, when A, is raised to 
potential unity, the potentials of all the conductors except A, 
being zero. 

The coefficients pn> Pa> Pm Rre called the coefficients of the 
potential. Any one of them as pn denotes the potential of A, 
when a charge unity is given to A,, the charges on all the other 
conductors being zero. 

Since the dimensions of potential axe quantity/distance, it 
follows that every coefficient of potential is the reciprocal of a 
length. For the same reason every coefficient of induction has 
the dimensions of a length. 

439. To prove that p„ =jp«. and qn — Let the conductors 
Ai...A« when the charges are and the potentials Fi...F„ 

be called system I. Let the same conductors when the charges 
are Ei...En and the potentials be called system IL Let 

us treat these as independent coexistent systems. 

The mutual work between two systems has been proved in 
Art. 59 to be equal to the sum of the products of each element of 
mass of either system by the potential of the other system at that 
element. In the body A, each element of electricity in one system 
is to be multiplied by the potential of the other system at that 
body, and the product is either ErVr or ErVr. We may therefore 
form the equation 

+ ••• ~ ... (3) 

which may be shortly written "StEV = '%E'V. 

Let us now put each of the electricities Ei, E^, &c., E^, En, &c., 
except Er and E,, equal to zero. Then by equations (1), Va—praEr, 
Vr =perEa'. The equation (3) then gives 

In the same way if we put each of the potentials F, F,, &a, 
F/, Fa' &c. except F, and F,' equal to zero we deduce from (2) and 
(3) Qra = Qff. 

Ex. 1. Three small condneting spheres, whose radii ore f], r,, r^, are placed 
with their centres at the comers of a triangle whose sides a, b, e are very much 
greater than the radii. Prove the following approximate relations 

°° ~ Va _ -{ab-er^ _ -{ac- br^ I 1 1 2 

‘^-V39ii~ aber^q„ “Pr,'*’ o6c* 

Proceeding as in Art. 374 we find that the potentials Fj, F,, F,, at the centres 
of the spheres are given by three linear equations of the form Fj = + EJe + E^b, 
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These ooirespond to equations (1) of Art. 438. Solving these we find expressed 
as a linear Xunoliun of K,, V,, the three coefficients are respectively gj], g^. 

Ex. 2. Two insulated electrified spheres (radii rj, r^) are at a considerable 
distance e from each other ; prove that the coefficients of potential and induction 
are approximately given by 

ill’ll ’’aPas ~ 

r, Su = - csi, =ri9M=»'i»'s (1 + rirj/c®). 

440. The lines of force. Consider the lines of force which 
intersect the surface of a conductor. Since at any point of the 
surface i'irp = — dVldn, it is clear that the potential decreases or 
increases outwards along these lines according as they intersect 
the conductor at a point of positive or negative electricity, (Art. 114). 

Let a point P travel along a line of force in such a direction 
that the potential at P continually decreases. The line of force is 
said to issue from or terminate at a conductor according as the 
point P crosses its surface in an outward or inward direction. 

It follows that a line of force can issue from a conductor only 
at a point of positive electricity and will then either proceed to an 
infinite distance or terminate at a point of negative electricity on 
some conductor of lower potential. 

If a line of force proceed from one conductor to another, it 
joins points A, B on the two conductors which are oppositely 
electrified. 

441. If a tube of force intersect two conductors, the quantities 
of electncity at the two ends are equal and of opposite signs. 

Divide the given tube into elementary tubes ; let the areas at 
the extremities A, B of any one of these be do, do'. Let the 
forces at A, B measured outwards firom the conductors be F, F', 
then Fdo = — F'do', (Art. 127). Since 4rtrp—F, inp'^F', we 
have pdo = — p' do'. 

442. The conductor of greatest positive potential can have only 
positive electricity on its surface. For, if any element of its surface 
were negatively electrified, a line of force could tei'minate at that 
element. Such a line must have issued from a conductor of greater 
positive potential. Similarly the conductor of greatest negative 
potential can have only negative electricity on its surface. See 
Art. 380. 

443. To prove that all the coefficients of the potential (pu, 
Pa, &o.) are positive and that the coefficient pn is less than either 

Prrorp,,. 

Let the body A, be charged with a positive unit of electricity 
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and let all the others be uncharged. Then Vr^Prr aJid V,=p„, 
by Art. 438. The bod}' Ar cannot be entirely covered with 
negative electricity and is therefore not the body of greatest 
negative potential. Art. 442. Any other conductor Ag has both 
poisitive and negative electricity on its surface and cannot be the 
body of greatest positive or greatest negative potential. The 
charged body A, must therefore be the conductor of greatest 
positive potential, and there is no conductor of greatest negative 
potential. Hence all the conductoi's are at positive potential and 

Pr, >i\g. 

I.dt the 1 otly placed in a boUow excavated in A^. and completely sturrounded 

by it, thin, since A, is nnchaiged, there is no development of electricity either on 
its surface or on the inside of the Bhcll A,, Art. 389. The potential thronghoot the 
inteiioT of A, is p„ and hence in our present notation Prt—Prr- ^ the same way, 
if .-1, is enclosed by a shell Af, then p„=p,f. 

The case in which A, is enclosed by one of the other bodies is thns only a 
limiting rase of the theorem and is not an exception. 

444 To prove that q„ is positive and q„ negative, and that the 
sum oj the series /S = 3 ,, + 53 .+ ... -f 3 rr + ... +Snr ispositim. 

Let tho body A, be charged to potential unity, all the others 
being at zero potential. The charges given to the conductors 
Aj, A,, &rc. are therefore q„, q^, &c. (Art. 438). The body 
Ar is the conductor of greatest positive potential, its charge jn- is 
therefore positive, (Art^ 442). 

The body A, is at zero potential. If there were a point of 
positive electricity on its surface a line of force could isssue from it 
and must terminate at some point of lower potential, but there are 
no such points. The body A, is therefore covered with negative 
electricity, that is q,g is negative. 

The unoccupied space outside the system is bounded by the 
frurlaces ot the conductors and by a sphere of infinite radius. 
Hence the potential at every point of this space lies between the 
greateet and least potential on the boundary, (Art. 116). These 
poteuti.ils are respectively unity and zero. The potential of the 
system at a very distant point is the same as if the whole quantity 
ut electricity were collected into its centre of gravity (Art. lUlt) 
and Its sign is therefore the same as that of the series iS, The 
'U!ii of this series must therefore be positive. 

If is endo^td bv any boiy and both are at potential SEero,, no line of f iie 
can pabS bet^e^n J, and the shell .-Ii. There is therefore no electiicitj ou the 
body tAit. 440j, and in this case the charge *y„=0. 
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If J, is endosed by and be at potential nnity, A, at potential zero, all the 
lines of force between A, and A, must issue from A, and arrive at A,. The body 
A, is therefore charged only with negative electricity (Art. 440) and q„ is negative. 
446. Ex. Prove that when r and t are unequal 

Plr«]i+p.r?si+ - +y„r9n.=0, 

and when r=e, the sum is unity. Thence show that the series represented by S 
in Art. 444 lies between 0 and l/Pn" 

The first two results fallow from Art. 438, by putting Ay=l, and every other 
N=0. The third follows from the first two, since p„>Prf 

446. To find the mutual potential energy W of a system of 
conductors. It has been proved in Art. 61 that W is equal to half 
the sum of the products of each element of mass by the potential 
at that element. As in Art. 439 this product for the body is 
ErVr. We therefore have 

+ = (4). 

By substituting from equations (1) and (2) of Art. 438 we see 
that this may be written in either of the forms 

W = ^PiiEi +PiiSilS-t+ ... ... 

= i2uFr* + ?isF.F,+ ...[ 

447. Ex. 1. Prove analytically that the exprestion for W is always positive. 
Since 9 „ is negative, let -^r,. Kence hy Axt. iH q„>pir+p^+&o. It 

foUowB from the expression (3) in Art. 446 that 

2Ws. + ...)Pj®+ (fti + ^28+ — SftjKiPjii&C. 

Ex. 2. A given charge is distributed over a number of conductors so that the 
potential energy of the system when in electrical equilibrium is least. Prove that 
the conductors are at the same potential. [Math. T. 1897.] 

Mahe the expression (5) for W in Art. 446 a minimum with the condition that 
S£ is given. 

Ex. 3. Eaerey of condensers. Two conductiny surfaces are separated from 
each other by a plate of some non-conducting substance so as to farm a condenser; as 
described in Art. 417. Find the potential energy. 

Let p, p' be the potentials of the conductors ; p, p' the surface densities. Let 
dS be an element of area of either surface, 9 the thickness of the conductor at this 
element. The potential energy due to this element is (by Art. 446) 

dW=kPpdS-t-lP'p'dS (1). 

Since 4irp is equal to the fall of the potential divided by the thickness, we have 

iirp={p-p!)le. inp=(pi-p)id ( 2 ). 

The capacity per unit of area, if measured by the ratio of the quantity of electricity 
on eitlier conductor to the difference of the potentials, is 

C'l^pliP-P') (3). 

Using the equations (1) and (2) we can express dW in tcims of either p~p' or p. 

We find dW=^-p)- ^^^=2irp‘edS. 



232 ELEOTBICAt ATTBACTIONS. [ABT. 448 


The value of W may then be found by integration. If d ie constant at all points of 
an area S, and Q the quantity of eleotrioity on that area, vre have 
Tr=2irp^eS=2ire»9/S. 

In the case of a spherical conductor separated from a eoncentrio condueting 
shell by a thin non-conductor (Art. 392) we have S=4gra». The potential V at the 

centre is ^ = the oapaoity G is QjV^aye, The potential energy is 

a a-t-S 


_ 029 ns a'r® 
therefore W— ^ ^ — 29 ” * 

As a second example, let the condenser be formed by a cylindrical conductor 
sepcarated from a eoncentrio cylindrical shell by a thin non-conductor, (Art. 419). 
The area of a unit of length is 8=2ira. The eapaoity O' per unit of length is 
iraplip - ^ which by (2) reduces to af29. The energy per unit of length is 

a ~2G'‘ 

448. Junetloii of eomduetora. Ex. 1. Two conductors Aj, Ao, of a system 
are joined together by a fine wire. Prove that the oapaoity of the united bodies is 
3ii + ^3ia + la- Prove also tliat this is leas than the sum of the capacities before 
the junction. [Coll. Ex.] 

Let the conductors be charged with such quantities of electricity E^, &e. 

that the potentials of A,, A, are equal. By joining these no change is made in the 
dieti ibution of the electricity. The total quantity on the united bodies is E^+E], 
and the n equations ol Art. 438 become the following n - 1 equations 
Ei+Ej=(gji + 2jj,+qjj)Fi + (qjj,+gss)Pa+"» 

(?ij+ 22 a) '•■ 2w^s+ ••• 

Ac. =:Ac. 


The results follow at once, since is negative. 

Ex. 2. Five equal uncharged and insulated conducting spheres are placed with 
their centres at the angular points of a regular pentagon. Another charged sphere 
is moved so as to touch each in succession at the point nearest the centre of the 
pentagon. Prove, that if ej...e, are the charges on the spheres when they have been 
each touched once 


Cg — «!, 

*1. 

0 

=0, 



0 



*1 


Cg-ei, 

1 

«! 

eg- eg, 


Cg + Cj 


*5- *11 

Cg + eg, 

e,+«s 


[CoU. Ex. 1901.] 

Let Aj...Af be the fixed spheres, Ag the moveable one. When Ag is close to A], 
but not touching it, we have six equations expressing Vi—Vg in terms of any 
charges E, ..Eg which may be given to them, (Art. 438). '^en Aj and A, touch, 
Ej and E, are so modified that but the sum Ej+E, remains unaltered. 

Equating the potentials Fj and F, we see that Ej is a linear function of Eg..,Eg, 
Let this linear relation be 


Ej — aEg + p (Efl +E 5 ) d-Tr (Eg + Eg). 

Since the five spheres are equal and arranged in a regular figure, this relation will 
hold at each successive contact, provided Ej always represents the electricity on the 
sphere which is being touched. We therefore have just after the contacts in order 
have occuried, 

ei=aEg, ea=a(E,-ei)+/3ej, e,=o(E,-ei-ej)+pej+ 7 ei, 

eg=a {Eg -e,-eg~ e,)-l-fie,+y (e, + e,), 

‘•s = a (A's - Cl - Cj - e, - Cg) + ^ (fg + eJ + 7 (Cg + e,). 
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Eliminating a, p, y from these &ye equations we obtain the two resnlts to be 
proved. 

44S. XntTOdnetion of a eondnetor. An insulated uncharged conductor B is 
intinduced into the system of conductors A^, A,, See. Prove that the coefficient 
of potential of any one of the others on itself is diminished. 

Let the body B be brought into its place as an uncharged non-conductor and 
let it suddenly become a conductor. At this instant the potential energy of the 
system, viz. is not altered, because the E of the new body is zero. The 

electricity is not now in equilibrium and must tend to assume a new arrangement. 
It is a dynamical principle that when a system is in ttahU equilibrium the potential 
energy is a minimum. It follows that in the new position of equilibrium the 
energy is less than before. 

To separate the effect on p„ from that on the other coefficients, let the 
conductor A, alone have a charge, all the others, as well as the new body B, being 
uncharged. The energy before the introduction of B was ^Erp„, and after that 
event became iErp'„. The new value of the coefficient of the potential, viz. p'„, 
is therefore less than p„. 


460. Potential Energy. Ez. 1. A conductor haviiiff a charge Q and being 
at potential Pg is acted on by a quantity E of electricity situated at an external 
point B; in this state the potential at an external point B' is The same 
conductor with a charge Q' and at a potential Vf when acted on by E' placed at B' 
has a potential Pg' at B. Prove that Q'V^+E'V^sQVf +EVg. 

This is the mutual work of the two states described above when regarded as 
different systems, see Art. 439. 

Er. 3. An uncharged insulated conductor is acted on by a quantity E of 
electricity situated at an external point B. Prove that the potential at any 
external point B' is a symmetrical function of the coordinates of B and B'. 

This theorem is also true if the oondnetor is uninsulated, for we may join it to 
earth by a fine wire and include the earth as part of the system. 

The first result follows from Ex, 1 by putting Q=0, Q'=0, E=E’. 

Ex. 3. The locus of a point B at which a given quantity E of electricity must 
be placed to develop a given quantity Q of electricity in an uninsulated conductor, 
is that level surface of the same conductor (when insulated, charged to potential Vf 
and not acted on by any external point) at which the potential is - QVq'IE. 


451. A circular disc. To find the distribvition of electricity 
on a cirotdar disc when acted on by an external electrical point 
B situated in its plane*. 

The electric density at any point Q on either side of an 


insulated 


circular disc is 


, Vo 1 

P~27r^{QR.QIi')i 


where B, B' are 


* The problem of finding the law of distribution of electricity on a circular 
disc and spherical bowl when iuSuenced by an electrical point was first solved by 
Sir W. Thomson, see section xv. of the reprint of his papers. In the Quarterly 
Journal for 1882 Ferrers found the potential due to the bowl at any point of space. 
He uses the method of spherical harmonics. In the same Journal 1886, Gallop 
applied Bessel’s functions to find the distribution on a circular disc. He also 
investigates the distribution on a spherical bowl and finds the capacity of the bowl ; 
for this purpose he uses the method of inversion. 
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the intersections of a chord BQ with the circle. The internal 
potential is T'o and the quantity 
M of elecrricity is J/ = 

(Art. 3S2). 

If we invert this with regard 
to an external point B, with a 
iiitlius of in\ersion k equal to the 
taucent BD, we shall obtain the 
law of distnbution of electricity 
on the same disc when acted on 
b\ an electrical point at B. 

Let Q' be the point inverse to Q, then since B, IS also are 
inverse polnt^ 

QR QR' 

Q'R' •QR~BQ'. BR' BQ;.BR~ 
by Art. 172. The sui'face density p at Q' is given by 

^'^W’'(QrR'.Q'R)i- 

The potential at any point P' within the disc is T'ot PP'. Put 
Vak = B. then the potential of a quantity —JS situated at B 
together with that of the distribution 

, _ £ 1 AB- — ^ 

f" ~ '2ir > ^ ^ 

is zero at all points within the disc. Here we have ivritten 
k‘ = AB- — a-. Q'R' . Q'R = a’ — AQ'* where A is the centre of the 
disc and a the radius. 

Th- exple^slon <,1) gives the required surface density at any 
point Q on one side of the disc when the internal potential is 
zero and the electricity at P is — P. 



452 To nnd He qua7i*'f^ IT of tJecfricify on the inverse dhc 
we tiSe the rule M = i-Fj where Fi is the potential of the original 
aise at the centre ot inversion. Art. 170. This gives by Art. n‘'4 
M = kM6 wl.Liv <!> is the angle subtended by any radius ot ^he 
>.ec at tl.e apex of the contoeal spheroid through P. Since 
= 2u F T and E = V k we have JT — 2E<j> tt. Let o , c' be * 'le 
seM:-.ixtS of the eolitbeal whkh passes through P then tan <j> = a c , 
•=a ' — It- .and a =AB. Hence i is oho ha[f the angle sulie i 
bg ike disc at tk tl^ctcnid qun.t B, i.e. <j> = DBA. 
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453. To find Ihe potential at any external point P' in the 
plane of the disc. The potential at P of the original disc is 

V = “ sin“* — , where a' = AP is the semi-maior axis of the 

a IT a •' 

confocal through P, (Art. 384). The potential V' at P' of the 

inverted disc is therefore 


2K . , 


V' = — ^ sin“ 

TT 


r_a ^.PP' 
iGP'-' 


J BP' 


where k is the length of the tangent BD, and G, the inverse point 
of A, is the foot of the ordinate of B, see Art. 172. 


464. To find the distribution of eUetTielty on a plane circular disc, centre A, 
when acted on by a quantity —E of electriaty situated at a point 0 on the axis. 

Let us cover the area of the plane outside the disc (regarded as a non-oonduotor) 

Eh I 

vrith a layer of electricity whose surface density at any point B is p= 

2ir OJj^ 

and let this layer be fixed in the plane (Art. 412). Then if Q be any point on the 
condncting disc, the induced density at Q is (by Art. 451) 

, Eh f f xdBdx 1 1 

J j 

where ssAJB, t=AQ, 0 is the angle QAS. We now snbstitnte 

0£2=a!i+Jia, JB<2®=a:a+)-a-2icrco8e, 


where h= OA. We first integrate with regard to 0 between the limits 0 and 2t, 
d9 Sn* 

To effect the integration with regard to x. 


using the integral J 

write x=htaayj> and express the result in terms of oos^. The ordinary rules of 
the integral calculus then show that we should put (ft*+o®)ooe“^=ft®-y*. The 
hmits for x being a to oo, those for y are 0 to h. We thus find 


,_Eh t-tan~^t , 

(W+r»)* ’ “o’-r*' > 

The result is that the potential due to the forced distribution p outside the disc 
together with that due to the distribution p' on each side of the disc is zero at all 
internal points. 

Now by Art. 412 an electrical point —E situated at 0 and an infinite plane 
whose density is that represented above by p (but with its sign changed) exert no 
attraction at all points on the side of the plane opposite to 0, and the sum of their 
potentials at all such points is zero. 

Superimpose this second electrical system on the first ; then the forced 
distributions outside the disc cancel each other. The sum of the potential due to 
- E situated ai 0 and that due to the electricity on the two sides of the disc is zero 
at all points within the conducting substance. 

The densities on the sides most remote £rom and nearest to 0 are respectively 


, Eh t-tan~*t „ , Eh 1 

(As+T=)i ’ 2v(h^+r‘)i‘ 

These formulae represent the density at any point Q when the internal potential 
is zero and the disc is acted on by an electrified point —E situated at 0. 
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Here t‘= 




It is easily seen that t=:cot^, where rj/ is half the angle 


subtended at 0 by the chord drawn at Q perpendicular to the diameter AQ. 


4 SS. To find the potential of the electrified disc at any external point P, and 
also the quantity of electricity on the due. 

Consider two discs whose surface densities are respectively 
1 2i» 7r\ 

Bv difierentiation we find that ^ ^ and that at the rims where r=:o and 

.* da da a^ + nr 

tan“^t=^ir, the densities also have the ratio 2m to a®+fe“. Let Fj and Fj be the 

potentials of the discs at external points similarly situated. Now dV-Jda is the sum 

of the potentials of a disc whose density is dpjida and of an annulus round its rim. 

, j" i. T i 11 ii, i. <ZFj 2 m 
It immediately follows that a^+l^ ‘ 

Now by Art. 384, Fj is the potential of the electricity on one side of a circular 
disc charged with a quantity ill=4ira, hence Fj=2jr^. If we put m=Eli/2x’, Fj 
becomes the potential of a circular area whose density is the sum of the densities on 
the two sides ol the disc. We therefore have 


2iVi fa 1 d</> , 

w J 0 a^ + h^da 

where is the angle subtended by any radius of the disc at the apex of the confocol 
spheioid drawn thiough P. 

When the point P lies in the plane of the disc, the integration is easy. Let 
X be the abscissa of P, then x is also the semi-axis major of the confocal through 
P and sin^sa/x. We therefore have 


* w J h^+x-Eia^yi v {h-+x^^ “ lA\a;>-o»/ J * 

When X is infinite, this takes the simple form F,=i. —tan”'?. Now at a great 

distance, potential is mass divided by distance ; the quantity of electricity on the 
2E Q, 

disc is therefore ~ tau“> ^ . This is the same as 2Ey>Jsr where 0 , is half the angle 


subtended at the electiified point 0 by any diameter of the disc. 

When the point P is on the axis, we have tau0=a/s where z is the ordinate of 
P. The potential is then 



1 


■Is tan"' ft tan 


■=}■ 


When s=ft, this expression takes the form 0/0. We easily find however that the 
potential at the eleotrified point O is 





« lx 1 
Tft« + ft*““'' 


')• 


When the point P has a position defined by any values of x, z, both the process 
of integration and the final result are somewhat complicated. The whole of the 
work is given by Gallop in the Quarterly Journal, vol. xxi. 


456. Spherical bowl. To find the distribution of electricity on an insulated 
spherical segment with a plane rim. 
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The electrical distribution on the bowl may be deduced by inversion from that 
on a circular disc at zero potential with a quantity 
of electricity - £ at a point 0 on the axis. 

Let MN be the rim of the disc, 0 the centre 
and OJ^=7( the radius of inversion. We regard 
0 as the centre of a sphere of small radius e. 

This sphere inverts into a large sphere of radius 
The quantity JIT on the inverted sphere is 
given by (Art. 180) and is evidently equal 

to - Ijkfe. The attraction at any internal point ia 
therefore zero but the potential is -Efk, 

The disc inverts into the segment MA'Nt the 
sides nearest to or farthest hrom 0 corresponding 
to the convex and concave sides of the bowl. 

To deduce the deneity at Q* from that at Q we use the formula of Art. 169 as applied 
to surfaces. Since kfO(^=OQIh and we deduce that the surface densities 

at any point Q* on the concave and convex sides are respectively 

The sum of the potentials of the electricity on the bowl and of that on the 
sphere of Infinite radius being zero, the internal potential of the electricity on 
the bowl alone is Ejk. 

Let OAf=A:, and let the diameter OA* of the sphere be/. 

We then have since 

The densities at any point on the concave and convex sides of the insulated 
bowl then take the forms 

where Vq is the internal potentioL 


4A7> To find, the quantity M' of the eUctrieity on the horol^ we use the rule 
M'sshV-^, Art. 170. We have therefore merely to write in the expression 

for the potential of the disc at 0 (Art. 455) and to multiply the result by k. Let 2a 
he the angle subtended at the centre of the ^here hy any radius of the rim, then 
a^Atana and A=/c 08 ^a. The quantity M' is therefore given by 


M* f 

j^ = |^(«n2a + 2.). 

The potential V* of the bowl at any point V' may be deduced firom that of the 
disc at the inverse point P. The result takes a simple form when T* lies on the 
unoccupied part of the sphere. We then have 

o' 


where a!=tA*M^fa\na* 


7”=?^ tan-- T, 

«■ (PM.PN)* 


458. Ex. Prove that the density at any point of a spherical bowl at zero 
potential when acted on by a quantity —M* of electricity at any point B' on the 
imoccupied part of the sphere is 

, E* 1 

2t3 VoQ'* - Om) ' 
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See the figare of Art. 456. This follows &om the result in Art. 461 by inversion 
with regard to a point 0 on the axis. 

4SO. Sleetrlelty on two apberee*. Tmo electrified conducting epheres are 
in presence of each other; it is required to find the resultant force due to their 
mutual action. The spheres may be either insulated or maintained at a constant 
potential, say, by being joined to a distant large reservoir of electricity by a fine 
wire. The investigation d£'pends on the following theorem. 

The electricity on a sphere (radius a) is maintained at constant potential and is 
in equilibrium under the action of any number of electrical points. Another 
electrical point A, charged with a quantity E of electricity, is placed at a distance x 
from the centi'e of the sphere. The new distribution of electricity may be repre- 
sented by the addition of a layer on the sphere such that its potential plus that of 
the electrical point A is zero throughout the interior. The potential of such a 
layer at all external points is the same as that of an olectric particle E'= -Ealx 
placed at the image or inverse point of A. The increase in the quantity of 
electricity on the sphere is then E', Art. 402. 

If the sphere is insulated, the additional layer representing the change produced 
by A must be such that its mass is zero. The potential of this layer at any external 
point is equal to the sum of the potentials of two electric paiticles. One of these 
has a mass E'= - Ea/x and is to be placed at the image of A, the other has an 
equal and opposite mass and is to be placed at the centre. The potential inside the 
sphere is then increased by — E'ja or Ejx. 

It is evident that the former case is less complicated than the latter. We shall 
therefore in the first instance suppose that both the spheres are maintained at 
constant potential, and finally deduce the case of insulation from the former. 

460. Let the radii of the spheres be a, b, and let the distance between the 
centres A„, Bq be c. Since c is necessarily greater than either a or b, we can 
express the force in a convergent series by regarding a/c and bje as small quantities 
of the first order. Let the given potentials inside the spheres A, B be u, v. If the 
distance c wei'e very great the quantities of electricity on the spheres would be 
ua=E and vb=F, and the mutual force of repulsion would be EFfcK 

The electrical point E placed at A^ will disturb the electricity on the sphere B. 
The external effect of this distuibance is represented by a mass particle placed at 
the image iig' of Aq with regard to the sphere B. Since this mass is proportional 
to E we represent it by Ep,,'. In the same way the effect of the electrical point F 
is represented by a mass particle f g,' placed at Bg' the image of B, with regard to 
the sphere A, Bor another approximation we seek the images of Af, Bg' and so on 
continually. 

To fix our ideas, let 1, pf, pj, p/, <kc. denote the masses of the series of which 
the first term is a mass unity placed at the centre Ag . Then p^, pg, (2c. ate within 

* The problem of determining the distribution of electricity over two spheres in 
presence of each other was attacked by Poisson in 1811, who expressed the results 
b) definite integrals, see Mem. de VInstitut. There is a solution founded on the 
method of successhe images by Eelvin, Phil. Mag. 18.13, reproduced in his Papers on 
Electrostatics and Magnetism, page 86. In Maxwell’s Electricity, edition of 1892, 
page 281, there is a short discussion of Eirchhoff’s results by J. J. Thomson. He 
also gives refeiences to other papers on this subject. The principle of successive 
influences was fiist enunciated by Muiphy in his treatise on Electricity, 1833. In 
the case of two equal s^iheres whose distance apart is 100 times either radius he 
finds the difference of densities at the ends of the symmetrical diameter. 
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the sphere A ; p,/, pj', <S»i. are vdthiu the sphere B. Let /». /i > /j, *o. denote the 
distances of 1, p,, P 2 , &e. from A„i ifeo. denote the distances of p„', p/, (Sc. 

from Rg. Then /o=0, /g'=6‘/c and so on. In the same way, if a unit of mass is 
placed at Bq, let 1, jg', q^, Ac. denote the masses, and pg, pg', Pj, pj', <So. the 
distances of the successive points of the corresponding series from Rg and 
alternately. Xhenpg=0, g 0 '=a-lc, 61 a. We obviously hare the following equations 




2>»' 


«-/.( 


Pn+l — 




d). 


The corresponding relations for the points of the other series are obtained by 
interchanging a, /, p with b, g, q. 

We notice that all the masses p^, are independent of the electrical conditions 
of the spheres and are functions of a, b, e only. If we regard aje, bje as small 
quantities of the first order, p„ and are small quantities of the order 2n, while 
Pn’ 2n' tt™ of order 9n+l. The distances /,', p„, p„' are all of the second 
order. We also notice that the distance between the masses p„ pg is /g-/g, the 
distance between p„ pg is e—f,—g^, and so on. 

The whole repulsion between each sphere and the other is equal to the repulsive 
force exerted by the fictitious masses inside one sphere on those within the other 
spheie. It is therefore represented by 







( 2 ). 


where the summations extend from g=0 to go and t =0 to 00 , and Pg=l, 2 g=l. 
The total quantities of electricity on the spheres are 


E'=EXp„+F2q^', r=ESp^’+FSq„ (3), 

where the summations extend from n=0 to go . 

It follows that (2) also represents the mutual force X between the spheres when 
insulated and charged with quantities E', F’ of electricity. 


461. When the spheres are not very close to each other it is suHicient to take 
a few terms only of this doubly infinite series. Let us reject quantities of the order 
EF/e^ when multiplied by {ale)* or {bic)*. In this case we require only the repulsive 
forces between the points E, Fqf, Epi, Fqf inside the sphere A and the points 
F, Rpg', Rp] , Epf within the sphere R. Taking any two of those we see (since all 
the /’s and p’s are of the second order) that their distance apart may be regarded as 
equal to c, except in the case of the particles E and Epf and the particles F and 
Fqf, The force between E and Rpg' is 


E>pf FT-pf 2Epf ff 
(o-/g')“ « 


( 4 ). 


with a similar expression for that between F and Fqf. The whole repulsion is 

therefore ( 3 ). 

c* c® c c* c 

where 


E'=E+ Fqf + Epi + Rpi') 

F'=F+Epf+Fqi+Epi) 

It is evident that E' and F' are the quantities of electiicity on the spheres. 


.( 6 ). 
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Since the masses 1, p^', Pi, Pi occupy successive iuTerse points we have when 
terms of the fourth order are neglected 

f- ““ f- *'* '' 

Jo — „‘ » 


e 

ab 


Po = 




-/i 
-bpi . 


- (7) ; 


aja 

c»* c» J 

these results follow directly from (1). Substituting these expressions in (6) and 
again rejecting all terms of the fourth order, we find 




■V' 


Sab \ _ E= (6 2i°(a+6) l ja fa 

c* j c’ te ^ «* j c’ t® 


2aa(o + i)) 


( 8 ), 


where u=E/a, v=Flb are the given potentials of the two spheres. 


462. To find the force of repulsion when both the spheres are insulated we 
notice that the expression (S) gives the force between the spheres when charged 
with the quantities E', F' of electricity and that their potentials are respectively 
u=E/a, v=Flb. It follows immediately from (S) that 
^_E'F' 

c2 ~ cS "c®" C» 


463 . When the spheres are close to each other the method of finding the 
functions p„, &c. by continued approximation becomes laborious. If we put 

and eliminate and p^' from the equations (1) we arrive at the equation 

cS-aa-i* 

of difierences •P«+i+.P«-i 

The solution is obviously 

1 ca_„a_6a 

P.=Ah''+Bh-*, where — =r-^. 

n ao 

We shall suppose that h is the root which is less than unity. To find the constants 

c* — 6® 

A, B we have by (2) the conditions P 5 =l, Pi= ^ . In the same way we find 


that P„' satisfies the same equation of differences, with the conditions 
P.'=-i. PZ=-^,(ca-a«-J.). 


The reader will find methods of rednoing the doubly infinite series for the force 
2 to a single series, and also a discussion of the case in which the two spheres are 
in contact in Relvin’s Papers on Electrostatics, (6c., page 89. 


464 . Ex. 1. Two conducting spheres touch each other externally and are 
charged with electricity. Prove that the density at the point of contact is zero. 
[Use Art. 142.] [Murphy.] 

Ex. 2. A conducting sphere, of radius a, having an electric charge E, is in 
front of a large plane conducting surface connected to earth, its centre being at a 
distance c from this surface, which is large compared with a. Prove that the 
sphere experiences an attraction towards the plane which is approximately equal to 

E’‘ / o' \ 

( 1 + ^ j . [St John’s Coll. 1897.] 

Place on the other side of the plane at the same distance a second sphere of 
equal radius and let its charge be —E, The required attraction is the force X, given 
by (9), which one sphere exerts on the other (Art. 461). 

Ex. 3. Two equal conducting insulated spheres of radius a are placed with their 
centres at a distance c apart in a uniform field of force, of intensity F, and whose 
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direction is at right angles to the line joining the centres of the spheres. Show that, 
if the spheres are initially uncharged, their mutual repulsion will be 


c* 





[Math. Tripos, 1000.] 


The force F acting alone would cause a distribution of electricity on each sphere 
whose surface density is p=ky, where 4ira2:=31i' (Art. 406, Ex. 4), and the straight 
line joining the centres of the two spheres is the axis of x. The potential at any 
external point of a thin layer of surface density ky placed on a sphere is the 
y component of the repulsion of a solid ^here, of density ka, (Art, 92). This 
potential, again, is the same as th.at of a small doublet, or quasi-magnet, whoso 
moment is a?F placed at the centre with its axis parallel to the axis of y, (Art. 316). 

Such a doublet (strength m, length 1), if placed at the centre A of one sphere, 
would change the distribution of electricity on the other sphere. By Art. 459, the 
changes produced by each mass m acta at external points like a second mass 
particle ni'= -nia/c, placed at the inverse point of the particle m. These form an 
inverse doublet of strength m' and length V=la^lc\ This inverse doublet has 
therefore a moment —a‘F{alc)^ and is placed at the inverse point of the centre A, 
with its axis parallel to that of the first doublet. 

To find approximately the mutual action of the two spheres, we consider each to 
be occupied by two doublets. The force exerted by one broadside doublet on 
another is proved in Art. 320 to be X=3M2I'lr*. The force exerted by one of the 
larger doublets on the other is therefore The force exerted by each large 

doublet on the opposite small one is 3n*i' { - a^F {aley)/r*, where r=c - oS/c. This 
when doubled reduces to -6o®/'®(c®-b4n*)/c**. The force exerted by one small 
doublet on the other is of an order higher than the terms given in the enunciation. 
Adding these together we aiiive at the result to be proved. 


Ex. 4. Two spheres (centres A, B\ AD=c', radii a, b) are charged with 


Let and 7 /( 7 ) be the 


electricity and mutually infinence each other. 

potentials of the sphere A at any internal and external point respectively, the point 
being sitnated on the line AB (Art. 394). Prove that /must satisfy the equation 

/ r \ a^b ,fac — ar\ bk 

^ \a j C- — b'- — cr"^ \c* — 6® — cry c— r’ 

where h and k are the potentials of the two spheres. 

If the sirheres are in contact, deduce 


zf{l-z)- 




mz \ _hz 
vt +z) ~ a 


kmz 

a {to-h (1 - m) z} ’ 


where m=ll{a+b) and Tja=l~z. Prove also that a solution of this functional 
equation IS s/(l-s)=— / — 

Deduce the potential of the sphere A at any point P not on the axis. See Art. 17R. 

To prove these results, let F be the function corresponding to / for the other 
sphere. Equate the potentials inside the spheres to h and k. Then eliminate F. 
See Poisson’s two memoirs, Min. de I’lnsUtnt, (Sc., 1811, pages 1 and 163. Also 
Plana, Kent, de <Sc. Torino, ser. n. vol. vu., 1845, and vol. xvi., 1854. 


B. S. II. 
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Magnetic Tndvrtion. 

465. When magnetism is induced in a neutral body A by the 
influence of a magnetised body B, it is supposed that each element 
dv of the volume of A becomes magnetic* Let B be the resultant 
magnetic force (Art. 342) on a positive unit pole situated in the 
element, due to the influencing body B and the induced magnetism 
in .d. In an isotropic body the axis of magnetisation of the 
element dv is in the line of action of the force R. The intensity 
I is nearly proportional to the force R provided that force is not 
very large. We therefore put i = kR. When k is positive the body 
is said to be paramagnetic and the direction of magnetisation 
coincides with that of the force F, when k is negative the body is 
diamagnetic and these directions aie opposite. The value of k for 
soft iion is positive and great, but for bismuth it is negative 
and very small. Thus for soft iron k may vary under difi'erent 
circumstance's from 10 to nearly 200, but for bismuth (which is 
one of the most highly diamagnetic substances known) k is about 
1/400000. The coofScient k is called the magnetic susceptihUity\ 
it is also called Neumann's coefficient. 


466. Let L be the magnetic potential of the magnetism of the 
influencing body B and that of the induced magnetism in A. 
Let 7= CT + 11 be the potential due to all causes. Let (I, m, n) 
be the direction cosines of the direction of magnetisation of any 
element dv of the body A. It immediately follows that 

We may in Poisson’s manner repi'esent the potential due to 
the induced magnetism by that of a distribution of fictitious 
matter throughout the volume and over the surface of the body A. 
The density p of the former is given by 

p— (^ + - MW + VQ). 

Here we have introduced the condition that k is constant for 

Ths mathematical theory of induced magnetism was first given bv Poiseon, 
Mnnoires de l ImtitiU, 1824. The difference between his theory and that of Webei 
cannot be discussed here. The reader will find the fundainentai principles of 
mduced mapetam oxp amed in the lepiint of Kelvin’s papers. The thSiiy of 
raradaj and Maxwell, that the dielectric is the scat of a pecaiiar kind of stress, 
does not come within the limite of a treatise on attractions. 
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the hody A. Since the element dv is outside the body B and 
inside A we have 

?7’= 0, = — ivp ; •'.(]+ 47rZ’) p = 0. 

It follows that when the magnetic susceptibility is constant, the 
volume density p is zero. The potential of the magnetism induced 
in the homogeneous isotropic body A at any internal or external 
point may therefore be represented by that of an imaginary layer of 
mutter on the surface of that body. The surface density a- of this 
layer is known by Poissom's proposition to be <T = Ico&d, see 
Art. 339. 

If F is the normal component of force at any point P close 
to the surface but in the substance of the body, the surface 
density at P is <r = leR cos d = + kF, the upper or lower sign being 
used according as P is measured positively from P in direction 
pointing outwards or inwards from the boundary. 

467. The actual distribution of induced magnetism is both 
solenoidal and lamellar. Since p = 0 the condition that the 
magnetism is solenoidal is satisfied, (Art. 349). 

The level surfaces due to the acting forces are defined by 
U+D,= o. Each element of the body is magnetised at right angles 
to the level surface which passes through it. and, since / = JcR, the 
intensity is inversely proportional to the normal distance between 
two consecutive level surfaces o .and c + dc (Art. 46). The dis- 
tribution is therefore lamellar. Art. 351. 

468. The boundary condition. Let Pj, P. be the nnrm.al 
components of the magnetic force due to all cau.scs at points 
Pi.P, respectively just inside and just outside the stratum but 
situated on the same normal. Lot these forces be measured 
positively in each medium from the stratum on its boundaiy. 


Then by Aits. 142, 466, 

Pi -I- Po = 47ro-, <r = — IcFi (2). 

From these we deduce tlie equation 

(H-47rA-)Pi + P2 = 0 (3). 


469. When two substances, both of which are susceptible of 
induced magnetism, are separated by a surface S the conditions at 
the boundary are slightly altered. Let Zr,, k^ be their respective 
susceptibilities. Pi, Pa the normal components of the magnetic 

1G~2 
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force in the two substances at any point P of the boundary S, each 
being measured positively from S. 

The surface of each substance is bounded by a fictitious layer 
whose surface densities are respectively 

ai-= — k,Fi, a-2 = ~kJFi (4). 

The minus sign is used because each F is measured inwards as 
explained above. 

We then have by Green’s theorem (Art. 142) 

Itt (ffi + (Tj) = Pi + Pa (5)- 

Eliminating wo deduce the condition 

(1 + 47rA;i) Pi + (1 + 4wia) Pi = 0. 

The coefficient 1 + l-n-iis called the magnetic permeability and 
is often leprcfacnted by the letter /*. The equation then takes the 
form iiiFx + ftzFs = 0 (6). 

It is often convenient to measure the normal forces P^ P, in 
the same direction. Let either direction of the common normal to 
the separating surface be chosen as the positive direction, we deduce 
from (b) the following theorem. The normal forces just within the 
two substances at any point of the boundary (when there is no 
charge on the boundary) are inversely as the permeabilities of the 
substances. 

When the body is not susceptible of magnetisation & = 0 and 
therefore ^ = 1. In a paramagnetic body k is positive and /i is 
greater than unity. In a diamagnetic body k is negative and p is 
less than unit^ . 

470 In some applications of this theory to electricity the 
separating surface S is also occupied by a thin layer of matter 
capable by its repulsion of inducing polarisation in the two media. 
This layer is to be legaided as pait of the influencing body. Let 
p bo its surface density. 

We then have by Green’s theorem (Art. 142) 

47r(p+<ri + o-,) = Pi+Pj (7), 

as in Art. 469. Eliminating cr^, a-^ by using the fundamental 
equations a-i = — AjPi, 0-2 = — kaF^ we arrive at the generalised 
equation P 1 F 1 + PhiFa =inp (8). 

All the conditions are included in the two statements briefly 
expressed by a = ~kF <md the equation (8). 
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471. Let H represent the resultant magnetic force and B 
the magnetic induccion at any point P respectively. When the 
magnetism of the body is due solely to induction, the direction of 
magnetisation coincides in direction with that of the magnetic 
force H, (Art. 465). It follows that the force of induction B (being 
the resultant of the magnetic force H and a magnetic force 47r/, 
Art. 342) must also coincide in direction with that of the magnetic 
force. We therefore have B = H-\- and since I — kll, this 
gives B = iiH. 

The equation (0) of Art. 469 then asserts that the normal 
com'ponent of the magnetic induction at P is unaltered in magnitude 
ivhen P passes from one medium into another, the components 
being measured in the same direction along the normal. 

472. We know by Art. 144, that the tangential component 
of the magnetic force is unaltered in magnitude when P passes from 
one medium into another, the components being measured in the 
same direction along the tangent. The magnetic potential at P 
is also unaltered, (Art. 145). 

Let Hi, Pa be the resultant magnetic forces in the two media 
at any point P of the boundary ; d^, 6 ^ the angles their diiections 
make with the normal at P, then 

Hi sin di = Hi sin 63 , /iiHi cos 0 i = /j^Hs cos Oi. 

■*. tan Oij pi “ tall Oijpi, 

When therefore a line of magnetic force passes from one 
medium into another in which the permeability is greater than 
in the first its direction is bent away from the normal. 

473. Specific inductive capacity. In the problems on 
electricity which have been hitherto solved in this treatise the 
non-conducting medium or dielectiic which surrounds the con- 
ductors has been supposed to be air or some other gas. But the 
capacities thus determined do not agree with experiment when 
some solid non-conductor is substituted for the air. In this case 
the elements of the .solid become excited in such a manner that 
each assumes a polarity analogous to the magnetic polarity induced 
in the substance of a piece of soft iron under the influence of a 
magnet. To take account of this state, called polarisation, wo 
apply the same analysis as that used for induced magneti'-ni. 

We suppose each element dv of the dielectric to become an 
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elementary doublet whose poles aje occupied by equal and opposite 
quantities of electricity. The direction of polarisation is that of 
the electric force F due to all causes and the intensity is I = kF. 
This polarity is then replaced by a fictitious stratum of electricity 
on the surface of the dielectiie whose repulsive force at any point 
is equal to that of the polarised dielectric. One effect of the 
repulsion of this stratum is to alter the potential of each conductor 
and therefore to change its capacity. 

The coefficient 1 4- 47r& is called the specific inductive capacity 
of the dielectric and is generally represented by the letter K. It 
is evidently analogous to the permeability p, in the theory of 
magnetism. The two however differ in this particular; the 
specific inductive capacity of a dielectric is very approximately 
independent of the intensity of the electric force, while the 
permeability is not an absolute constant but varies with the 
magnetic force when that force is not small. The reader will 
find in J. J. Thomson’s Electricity and Magnetism (Art. 154) a 
diagram which clearly exhibits the variations of p. produced by 
changes in the magnitude of the magnetic force. 

A short table is given in Deschanel’s treatise (edited by Everett) Art. 168 of 
the corresponding values of the magnetic force H, intensity I, and permeability p, 
for a specimen of soft iron. 


B= 0-3, 

1-4, 

3-5, 

4-9, 

10-2, 

78, 

585. 

1= 3, 

CO 

674, 

917, 

1173, 

1337, 

1530. 

p=128. 

299, 

2070, 

2350, 

1450, 

215, 

34. 


The values differ in different speoimene. We notice that as the magnetic fore 2 
increases, p is at first nearly constant, then rapidly increases and arrives at a 
maximum aud again decreases. The value of p depends also on the temperature. 
At first it increases slowly with the temperature but at such high temperatures as 
GOO® to r00° the rate of increase is very rapid. It then begins to deciease as 
rapidly as it rose. 

The specific inductive capacities of the following .^ubstanceB are taken from 
J. J. Thomson’s treatise. (Art. 67). Solid paraffin 2'29, sulphur 3-97, flint glass 
6‘7 to 7"4, distilled water 76, alcohol 26. 

474. Effect of the substitution of a solid dielectric 
for air. Let there be any number of closed conductors Aj, Ao. 
&c. separated -from each other by air as the non-conductor. Let 
El, E,. &c. be the charges on the conductors, Ui, Tin, &c. the 
constairt internal potentials, pi, p^, &c. the surface densities at any 
points Qi, Qo, &c. on the several conductors. 

When the conductors are sepai'ated by a dielectric of specific 
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inductive capacity K we represent the repulsions and attractions 
of the dielectric by equivalent strata placed on the boiinclarius of 
the conductors. Let their surface densities bo respectively o-,, o-j. 
«fcc. We suppose that the dielectric is uniform so that theio are 
no equivalent strata in the field except those on the surfaces of 
the conductors. If the dielectric have a boundary at an infinite 
distance both the force and the density vanish at that boundary. 

Let us assume as a trial solution that ar-y — Xpi, a-, = \p„, &c. 
where \ is an unknown constant multiplier which is the same at 
every point of every conductor. The sum of the potentials of all 
the conductors at any point P in the field will then be changed 
hy the introduction of the dielectric in the constant ratio 1 to 1 + \. 
The potentials Ux, U„ &c. will also be changed in the same ratio 
and will remain constant. The conditions of equilihrium will 
therefore not be disturbed (Art. 372). 

The test that the trial assumption leads to a correct solution 
is that all the boundary conditions can be satisfied by the same 
constant value of \. The conditions at the boundary of any 
conductor A are given in Art. 470. These are 
<r: — kF, KF+K'F' = ^wp, 

where K has been wiitten for /a In our case, F and F' arc the 
normal forces respectively just inside the dielectric and just inside 
the conductor. The latter being zero, we have 
a = — kF, KF — 4nrp, or = \p. 

Eliminating F and c, and remembering that 1 + iirk = K, we 
have at once 1 + \= 1/K. Similar equations apply at the boundary 
of each conductor and give the same value of X. 

The result is that the distribution of real electricity on the 
surfaces remains unaltered, hut the potential inside each conductor 
is changed hy the attractions and repulsions of the dielectric and 
reduced to IjKth part of whai it was when the separating medium 
was air. 

475. To find the change of force at any point. Since the 
surface density of each equivalent stratum is X times that of the 
real electricity at the same point, the force X' at any point P in 
the field, due to both the equivalent strata and the real electricity, 
must coincide in direction with the force X at the same point P 
due to the real electricity alone, and the magnitudes are such that 
X’ = (1 + X) X. We thorefoi e have X' = XjK. 
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If, when the dielectric is introduced to replace the air, the 
potentials of the conductors are kept unaltered, the charges of real 
electricity are increased in the ratio 1 to .ST and the force at 
any point will then be unaltered. The force which one conductor 
exerts on another will be increased in the ratio 1 to K, 

The potential energy is W =\%Vm (Art. 61) where m is the 
quantity of electricity on the conductor whose potential is V. It 
follows that the energy will be divided or multiplied by K 
according as the charges or the potentials are kept unaltered. 

476. The case in -n-hich one conductor A it entirely surrounded by a shell 
farmed by another conductor B needs some special attention. We suppose at first 
that there are no other condnetors in the field. The separating medium being in 
the first instance air there is a distribution of electricity on the external surface S 
of A and the internal surface S of B. Let the surface densities at any points Q, Q' 
be respectively p and p'. If the conductor B has no external boundary, but extends 
to infinite distances, the distributions on S and S' are such that the sum of their 
potentials is constant throughout all space external to S' and is tho same as at an 
infinite distance. The potential at every point external to S' is therefore zero and 
the charges on S, S' aie equal and opposite. We may now remove any portion we 
please of the neutral matter outside the surface S' and reduce the conductor B to a 
finite size. 

In this state of the system, there is no electricity on the external boundary of 
the shell B. The potential of the system is zero within the substance of the con- 
ducting shell B and equal to some constant a within the conductor A. See Art. 380. 

When the whole space between A and B is filled with a dielectric, we represent 
its repulsions by those of equivalent strata placed on the surfaces S, S'. Assuming, 
as befere, that their densities are a=\p, a'=\p', where \ is some constant, we find 
that the conditions at the boundary of A (viz. ir= - kF, KF=iwp) give immediately 
1 -t■^= l/fif. Tlie conditions at the other boundary give the same value of X, 

The result is that the distributions of real electricity on S and S' remain 
unaltered, but the potentials inside A and B are reduced to l/fiTth part of what they 
were when the medium was air. The potential inside B was zero and remains zeio. 
The potential inside A becomes ajK. 

The capacity of the conductor A (being measured by the ratio of the charge to 
the potential, when the conductor B is at potential zero. Art. 371) is thei efore K 
times as great as when the two conductors were separated by air, 

477. Efect of external conductors. Let us next suppose that the external 
suiiaee S” of the shell B is charged with electricity and that other conductors aie 
placed in the field outside S". These additions to the system will not distuib the 
equilibrium of the charges on the surfaces S, S', but will increase the potential 
throughout the interior of S" by some constant jS. Supposing the conductors A and 
B to be sep.iiated by air, the potentials inside B and A become j8 and a+p=a'. 

Tho system thus formed (as explained in Arts. 389, 390) consists of two paits 
which are independent of each other. Let us therefore fill the space between the 
shell B and the conductor A with a dielectric of inductive capacity K, leaving the 
conductors outside the shell still separated by air. The distributions of electricity 
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on S and S' are not disturbed by this change, the potential inside B remains eqnal 
to p, but that within A becomes a''=p+alK where a=o'-/3. The dijferenci hettceen 
the potentials of A and B is therefore decreased in the ratio 1 to K. 

'The capaeity of the conductor A (if measured by the ratio of the charge on A to 
the difference of the potentials of A and B) is therefore K times as great as when A 
and B were separated by air. 


47B. A plane dielectric. Two conducting plates of infinite extent are placed 
with their nearest plane faces A and B parallel to each other and at a distance d. 
A plate G, of specific inductive capacity K and thickness t, is introduced into the 
intcrYcuing space with its two faces parallel to the planes A and B, the space on 
each side of C being occupied by air. Find the cilcct of tho introduction of the 
diolcctiic C on the capacity and potential energy of the system. 

Let u, b be the distances of the faces L, L' of the dielectric G from tho planes 

A, B, L being the nearest to A and L' to B, then B=a+t+b. 

Let p and p'= - p be the surface densities of the charges on the planes A and B. 
Let <r and a'= -<r be the surface densities of the strata on L and L' which aie 
equivalent to the polarity of the dielectric. 

At a point B between the planes A and L the force P, measured from A towards 

B, is constant and equal to 4irp (Art. 22). The constant force F', measured in tho 
same direction, at a point R between L and L' is found from the condition that the 
induction is unchanged when P crosses the boundary of the dielectric (Art. 469), 
hence KF'=F. At a point Q, between L' and B the force is again Fs^isrp. 

Let a, p be the potentials at the planes A, B, and X, X' those at L, V. The 
force at a point P distant x from A is -dV/dx^F, .’. V—a-Fx. Similar reasoning 
applies to the points Q and R. We have therefore 


\=za-Fa, X'=X-F't, p=\'-Fb. 

Adding these three equotions together and substituting for F, F" their values, we 
find p — a= —ivp{a + b+tll{} 

= -iirp(e-t+tlK) (1). 

The capacity G (when measured by the ratio of the charge on either of tiie 
conductors A, B to the difference of their potentials) is given by 


i=4w|d-(l-i)f[. 


We notice that this is independent of the position of the dielectric G. 

If the whole space between the plates A, B is filled with air, we have t=0 and 
the capacity is l/47rd. The capacity is therefore increased by the introduction of 
the dielectric G. When the dielectric G fills the whole space between the plates 
A, B, we have t=e and the capacity is K times as great as when the separating 
medium was air. 

The potential energy per unit of area due to the charges ±p on tho plates is by 
Art. 61, W=i-ZEr=ipa-ipP=ip{a-p). 

We may express this result either in terms ol p oi a-p. We have by (1), 


jr= 2a p= (9 - 1 + tJK) = ” 


Stt g-t + tiK' 

It follows that the introduction of the dielectric decreases or increases the potential 
energy according as the charge p or the difference of potentials is kept unaltered. 

The Jorce per unit of area which one conductor A exerts on the other B is JP/i 
(Arc. 143). Since F=i-irp this becomes 2jr/)“. The force is therefore not changed 
by the intioduclion of the dielectric C provided the charges ore kept unaltered. 
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If the difference of the potentials is kept unaltered, we substitute for p from 
equation (1). The force per unit of area is then (^-a)°/8Tr(fl — t+f/Ji)-. 

479. & eylindzical dielectric. The outer and inner boundaries of two 
conductors A, B are infinite co-axial circular cylinders whose radii are a, b. A 
co-axial circular cylindiical dielectric C of specific inductive capacity K is introduced 
into the space between A and B, the rest of the space being filled with air. To find 
the effect of the shell G on the capacity and potential energy. 

Let p, p' be the densities of the charges on the surfaces A, B of the conductors ; 
<r, a' those of the strata on C whose repulsions represent the forces due to the 
dielectric, let the radii of the two surfaces L, L' of the shell C be a', 6'; L being 
nearer A than B. Let a, p be the potentials at the conductors, X, X' those at the 
EUifaces L, L‘. 

The lepulsion of any one of these cylinders at an internal point is zero. At an 
external point the force varies inversely as the distance r from the axis and is equal 
to 2»i/r wheio m is the charge per unit of length (Arts. 55, 56). For the cylinder A, 
ni=2vpa. 

Tlie force at any point P between A and L is ivpajT. Putting r=o', and using 
the rule that the product of the force and K is unaltered when P passes into the 
dielectric (-Art. 489), we see that the force just outside L is iirpaja'K. The force at 
any point IJ between L and 1/ is therefore iirpaji'K where r' is the distance of & 
from the axis. Similarly the force at a point Q between L' and B is irpay 
where r" is the distance of Q from the axis. 

We now find by easy integrations 

X-o= -Iwgalog^, X'-X= - ^^logp, j3-X'= -4w/iologp. 
Adding these together we have 

p-a=- 4irpa ^log j i log log (1). 

The capacity C per unit of length (measured by the ratio of the charge on A to the 
difference of potentials) is given by i=log - - (l - log ^ . 

Since the whole quantity of matter given by Poisson’s equivalent strata is zero 
(Art. 340), we have <ra' + a-'b' = 0. Also since the potential of the whole system at 
any point external to B is constant, the quantity { pa +p'b + ira' -I- i/b') log r is 
independent of r, and this is impossible unless pa+p'b=0. The charges on the 
conductors A and B are therefore equal and opposite. 

The potential energy per unit of length (Art. 61) is given by 
ir=4(2jrpao-i- 2wp'b p) = vpa {a- P), 

which can be expi eased in terms of either the charge or the difference of potentials, 
by substituting from (1). 

480. A repeVinr/ point of mass E is placed at a point A in a 
medium of inductive capacity K; prove that the potential at any 
point P distant r from A is EiKr. 

The point may be regarded as the limit of a small sphere of 
equal mass, radius a, whose specific inductive capacity is unity. 
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This sphere is then the inner boundary of the dielectric and the 
equivalent distribution on its surface must be taken into the 
account. The force due to the charge E at all points just inside 
the surface is Eld? and, a being small, all other forces in the field 
may be neglected. Since there is no real electricity on the 
sphere, the normal forces on each side are inversely as the .specific 
inductive capacities (Art. 469). The force at all points just out- 
side the sphere but within the substance of the dielectric is 
therefore F—EjKa?. The surfe.ee density a of the stratum on 
the sphere is o- = — hF, and is therefore uniform. The resultant 
r^nliion of the charge E together with that of the uniform stratum 
is therefore EjEr^ at all points external to the sphere (Art. 64). 

If another charge of mass E' be at a point B distant r from A , 
we replace it by a small sphere of mass E' and radius h. The 
force on the sphere E' due to a uniform distribution of attracting 
matter on this sphere is zero, (Art. 65). When therefore two point- 
charges, separated hy a uniform dielectric, repel each other, the 
force is EE'jKr^. 

481. Problems on dielectrics. To find the effect of in- 
duction on a dielectric we have generally to begin with a trial 
solution. Sometimes we assume the density of the equivalent 
stratum on the boundary S of the dielectric to be an unknown 
constant multiple (say \) of some quantity suggested by a corre- 
sponding problem when the dielectric is air (Art. 474). We can 
then deduce the potentials on each side of the equivalent stratum 
and determine the constant \ by using some one of the forms of 
the boundary condition. 

In other cases it is more convenient to assume some expressions 
for the potentials 12, 11' due to the repulsions of the dielectrics ; 
these must be suggested by the circumstances of the case. They 
must obviously satisfy the following conditions, (1) the functions 
11, H' must satisfy Laplace’s equation at all points not occupied 
by attracting matter, and be finite and continuous each on its own 
side. If the medium on one side of S extend to infinity, the 
potential corresponding to that side must be zero at an infinite 
distance. (2) The two functions H, H' must be such that at 
every point of 8, 

11 = 12 ', + + = 
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i 


■where dv, dv are elements of the normal to S, measured po.sitively 
from S, and U is the potential of the influencing body. These 
are called Foisson’s conditions. When 12 has been found, the 
magnitude and dii-ection of the induced polarity follow from 
equations (1) of Art. 466. The surface density of the equivalent 
strata can be found by (4) of Art. 469. 


4B2. Ex. Find ihe polarisation induced tn two media of capacities 
separated by a plane and acted on by an eUetrie charge E situated at a point B which 
is in ihe first at a distance B^sshfrom th£ separating plane. 

First solution. Produce BM to G and make MC^ht see the iignre of Ai't. 412. 
Let (fi, r/), (fg, TgO be the distances of anj two points Pg in the two media 
from B, C respectively. Assame as a trial solution that the potentials due to all 

— . 1 ~ N ..i . 

wheie !/■, N are two unknown constants. These potentials are finite at all points 
unoccupied by matter, zero at infinity, and satisfy Laplace’s equation. They 
must also satisfy the boundary conditions and A’jPj+Ar«Fj=0, at all points 

which make ri=:rfs=T^. We find by resolution 




Tliesc cqaatioQB give 31 and N, we therefore hare 

r- 




..( 2 ). 


+ IC,K=0. 


2E 1 


From these the values of ihe components of polarisation II, Tm, In follow at 
once, Alt. 4(16. 

The density' r of the equh'alent layer on the boundary plane at a point P distant 
r flora either jB or <7 is given by 

In forming the trial solution (1] we may assume that the potential at a point P^ 
in the liist medium is the sum of the potentials due to the electric point B and any 
imaginaiy electiio points propeily jdaced in ffce other medium. No electric point 
(other than the real point B) in the first medium can be used, because the potential 
wonld then he infinite at that point. Similarly in forming a trial potential at Pg 
in the second medium, any suitable imaginary points situated in the fiist medium, 
bnt none in the second, may be used. 

Second solution. Instead of assuming some values for the potentials V^, To, we 
m.ay take as our trial assumption some form for the density a of the equnalent 
layer on the plane. By leferiiiig to Ait, 412 we are led to the assumption 
2 FI/ 

er = • The repulsion due to tlie stratum at any point P on either side is the 

same as that of a charge \E sitnated at a point [B or C) on the side opposite to P. 
The normal foices on each side of the separating plane (measuied from that plane) 
due to the clcetric point at B and the stratum are therefore 
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S — K 

The boundary condition E',Pi+E’^«=0 gives at once X= - t- ^ . 

[A] + -&,)£] 


Since 


this value of X is constant the tiial solution is vended. 

The v^ne of <r thus found ofavionaly agrees with that found in the fiist solution. 


The potentials ore evidently 


r— 


„ E \E 

^»=T^ + • 

* Ji-iU rj 


483. effect of the substitution of a dielectric shell for 
some of the air. A conductor A is surrounded by another B at 
zero potential, the space between being occupied by air. Charges 
E and — E being given to these bodies respectively, let F, be the 
potential inside A. Let a shell G in the space between A and B 
be bounded by two equipotential surfaces L, L' of the charges on 
A and B, L being the nearest to A. Let U, TJ' be the potentials 
at these surfaces. If a dielectric of capacity K he substituted for 
the air in, the shell G (the rest of the space between A and B being 
still occupied by air) the whole effect of the dielectric is to diminish 

the potential in the intenor of A % )> 

This theorem is due to Kelvin [reprint, &c. Art. 45]. 

When the separating medium is air the potential of the 
system at the interior surface B of the conductor B and at every 
point without its surface is zero (as explained in Art 476) while 
the potential at the surface and within the interior of A has some 
constant value a. 

Let us place on the surfaces i, L' indefinitely thin layers 
whose surface densities a, <r' are respectively given by 47r<r = \F 
and 47ro-' = — XF' where F, F' are the normal components of 
force due to the charges on A and B, both foi-ces being measured 
from A towards B. The total masses of these layers are re- 
spectively \E and ~\E (Art. 156). 

Since i is a level surface, the potential due to the charge on 
it at any external point P is XFj, where Fj is the potential at P 
due to the charge E on Aj and at an internal point Q its potential 
is X{U— Fa) where F, is the potential at Q due to the charge 
— E on B (Art. 156). Similar remarks apply to the layer on tho 
surface L' except that the sign of X is altered. 

Hence at any point P external to both L and L', the effect of 
the introduction of one stratum is to increase the potential by 
\Fi and the effect of the other is to decrease the potential by the 
same amount. The potential at any external point Is therefore 
unaltered. 
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At any point Q internal to both Zr and Z' the potential is 
inereaserl by the sum of X{U— l^a) and — X(Z7'— Fj). The 
potential is therefore increased by the constant quantity \(i7— U'). 

At any point JR between L and L' the potential is increased 
by the sum of XFi and —X{U'— F^). The potential is therefore 
increased by \(F— U'), where F is the potential at JR due to the 
given charges on A and B, Le. F= F, 4- Fj. 

The introduction of these strata therefore increases the 
potential inside A by a constant quantity and does not alter 
the potential within the substance of B. Tlie electric equilibriuin 
of the two conductor's is therefore ‘not disturbed. 

The layers placed on L and L' will be the equivalent strata of 
the dielectric G if the densities o-, a are respectively equal to—k 
times the normal components of force due to all causes at points 
just within the two boundaries of the dielectric each measured 
from its own stratum. The potential at a point JR just outside 
L being F+ \ ( F— U') the outward normal force (obtained by 
differentiation) is (1 + X)F. We therefore have the two equations 

<r = — lk(l + X.)F, 47r<r = \^l 

Hence l4-X = l/A’. The conditions at the other boundary give 
the same value of 

The effect of the introduction of the dielectric is not to alter the 
level surfaces, but to decrease the potential a in the interior of A by 
a Known quantity. 

Since no restriction has been placed on the size of the external 
conductor B, we may replace it by a sphere of infinite radius. 
The charge on its surface being finite, we may then eliminate 
that conductor altogether from the field. Kelvin’s theorem m.iy 
therefore be applied when the shell G surrounds a single conductor 
A, provided the boundaries of G are equipotential surfaces. 


484. Let US now suppose that the ^ell B and the conductor A are placed 
in a field of constant potential (see Art. 477), so that the potential at every point is 
increased by the same quantity §. The electrical equilibiinm is not disturbed, but 
the potentials inside the conducting matter of B and A (when separated by air) 
become respectively /3 and jS+o=o'. Each of the potentials U, V is also increased 
by p, but their difference is not altered. 


After the introduction of the dielectiic shell C, the potential inside B remains p, 


while that inside A becomes 




The capacity C (if measured by 
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the ratio of the charge Q on A to the difference of the potentials of A, B) it then 


given hy 




When the dielectric fills the whole space betjceen A and B, we have U=a', ?7'=j3; 
so that the eSect of introducing the dielectric ia to multiply the capacity by K. 

The potential energy of the system is hy Art. I>X equal to The eiiect of 

introducing the dielectric shell C is to diminish the internal potential of the shell 
A, leaving that of B unaltered. The potential energy is therefore diminished by 




485 . Ex. 1. A spherical shell (whose inner radius is c) and a solid concentric 
conductuig sphere (radius a) are charged with quantities of electricity. The 
space between is filled with two dielectrics separated by a third sphere of radius b. 

Prove that the capacity y is given by i = 

This result fallows at once from Kelvin’s theorem [Art. 483). Let Q be the 
charge on the sphere of radius a. When the separating medium is air, the 
potentials V and U at the surfaces of the spheres a and b are 
V=Qla-Qlc. U=Qlb-Qlc. 

The efiect of the dielectric ia to reduce the potential within the sphere a to the 
value 7' = P-(l-y(P-i;)-(l-ijir. 

The capacity required ia Q/P'. 

Ex. 2. A spherical conductor of radius a is surrounded by a concentric 
spherical conducting shell of radius 6 and the space between is filled with a 
dielectric of specific inductive capacity (where p=r/tt) at a distance r from 

the centre. Prove that the capacity of the condenser so formed is 
where c = l^la?. [Coll. Ex. Is96.] 

Ex. 3. Prove that the capacity of two parallel plates, separated by air and 
placed at a distance apart equal to 6, will be increased n-folJ by introducing between 
them a slab of substance whose specific inductive capacity is K and thickne.ss 

- — ^ where n<A’. [Cull. Ex. 1900.1 

n K-l '• ■■ 




Ex. 4. A condenser is formed of two parallel plates, whose distance apart is h, 
one of which is at zero potential. The space between the plates is filled with a 
dielectric whose siiecific inductive capacity K increases uniformly from one plate to 
the other. Prove that the capacity per unit area of the condenser is 

■inch 

where K-^ and are the values of K at the surfaces of the plates, the inequality of 
the distribution at the edges of the plates being neglected. [Math. Tripos, leO'J.J 
Ex. 5, Three closed surfaces 1, 2, 8 are equipotentials of an electric field; if an 
air condenser is constructed with faces 1, 2, its capacity is A ; with faces 2, 3 the 

capacity is B ; if with 1, 3, the capacity is <7. 

If a dielectric K fill the space 1, 2 and one K' fill 2, 3, prove that the capacity of 

^ [St John’s Coll. 1898.] 


T. Ill 
C A^ B 


the condenser having 1 , 3 for faces is -^ = + - 77 ™ . 

C/ AIL MJL 
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Ex. 6. A condenser consists of two confocal ellipsoids, the squares of whose 
semi-axes are respectively a®, c® and &o. If the dielectric be air and ^ 

the copacity for electricity, prove that 

2 _ ftt 

P JO |{a®+iil(li-+it) (c®+n)}i 

If the dielectric be a solid arranged in ellipsoidal shells confocal with the 
conductors, and such that the specific inductive capacity of each shell is inversely 
proportional to the volume of the enclosed ellipsoid, prove that the capacity is 
iKabcju, where K is the specific inductive capacity of the innermost layer. 

[St John's Coll. 1879.] 


488 . Ex. 1 . A charge E is placed at a distance/ from the centre of a sphere 
of s.i.c. K and outside the sphere. Prove that the potential at any point inside the 

. jE fT\^ 

sphere at a distance r from the centre is — P„, where the sum- 
mation extends from n=0 to co. [Coll. Ex. 1897.] 

Let a=SA„P„ represent the suiface density of the charge equivalent to the 
liolarity of the dielectric. We write instead of because the system is 
symmctiical about the straight line joining the charged point to the centre of 
the sphere. The potentials due to this stratum are given in Art. 294 at points 
inside and outside the sphere. Adding to these the potentials of the external charge 
and using the equation (6) of Art. 469 we obtain the result to be proved. 

Ex. 2. A sphere of s.i.o. E is placed in air, in a field of force due to a potential 
X,^ (befote the introduction of the sphere) referred to rectangular axes through the 
centre of the sphere, where X„ is a solid harmonic of degree ». Prove that the 

potential inside the sphere is [Coll. Ex. 1698.] 

Ex. 3. Find the potential at any point when a sphere of specific inductive 
capacity E is placed in air in a field of uniform force. 

A circle has its centre on the line of force which passes through the centre of 
the sphere and its plane perpendicular to this line of force. Prove that if the plane 
of the circle does not cut the spheie, the presence of the sphere increases the 


£—1 

induction through the circle in the ratio 1+2-p — hSin®o to 1, where 2a is the 

angle of the enveloping cone drawn from any point on the oircumfeienoe of the 
circle to the sphere. [Coll. Ex. 1896.] 

Proceeding as in Ex. 1 we find that the potential due to all causes at any point 

outside the sphere is V'=F^x— ^ where F is the given force of the 

field. The flux of force through the circle is then - j Art. 107. 


Ex. 4. A circular wire is situated in a uniform magnetic field, with its plane at 
right angles to the lines of force ; prove that the effect of introducing into the 
middle of it a sphere of soft iion of permeability /i, which exactly fits its section, is 
to increase the induction through it in the ratio of 3 to 1 + 2//(. 

[By Art. 471 the induction is y. times the flux.] [St John’s Coll. 1896.} 


Ex. S. A spherical shell of radii o, b {b> a) and specific inductive capacity K is 
placed in a field of uniform force P; prove that, if F^ is the force in the space 

within both spheres, p=l +11 ^ (^ ~ p) * 
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Ex. 6. An infinite solid 'vith a, plane face is acted on by a small magnet, of 
unit moment, situated at a point B ontsidc the solid, the axis ul' the nnagnet 
being perpendionlax to the plane face. Prove that the magnetic potential at any 

point P within the solid is where r=EP, 9 is the angle BP make<! with 

the axis of the magnet and /t is the permeability of the solid. [Coll. Ex. 1897.] 
We represent the repulsion of the solid by that of a thin stratum of variable 
density ir on its surface. The normal force at a point Q close to that surface is due 
ultimately to the repelling matter in the neighbourhood of Q and is therefore 2ira. 
If z be the normal force dne to the magnet, the condition at the boundary is 
(2ir<r+B)ii+(2rr—Z)—0. 

This gives by Art. 316 where r'—BQ and z is the distance of 

E from the plane. The potential due to a stratum z/r** is given in Art. 412, that 
due to (T is then deduced by differentiation as explained in Art. 93, Ex. 3. Pinally 
the given result is obtained by adding the potential of the magnet itself. 

Ex. 7. A sphere of specific inductive capacity K and of radius a is held in air 
with its centre O at a distance e from a point A where there is a positive charge £. 
Prove that the resultant attraction on the sphere is 

where p={K-l)l{K+l), [Math. Tripos, Pavtn. 1897.] 

The potential at an internal point is given in Art. 486, Ex. 1, thence the surface 
density c of the stratum equivalent to the polarity of the dielcctrio may be found by 
an obvious differentiation. Art. 466. If B be the distance of any elementary area 

/ B c-ap 


dS of the sphere from A, the resultant force on the sphere is 2= 


The expansion of 


1 ~ph 

~W 


B 


-adS. 


= -= S (n+l)P_ft", where h=alc, is found by differentiating 
c* 


that for c/B (Art. 264) with regard to h. The integrations can be effected at sight 
by using Arts. 288 and 289. The series thus found for X agrees with that obtained 
by expanding in powers of ala the result given in the enunciation. 

Ex. 8. The space between two concentric conducting spheres is filled on one 
side of a diametral plane with dielectric of specific capacity if, and on the other 
side with dielectric of specific capacity K‘. The inner sphere is of radius a and has 
a charge E, Prove that the force on it perpendicular to this diametral plane is 

^ [Coll. Ex. 1901.] 

The potential V in either dielectric is S P„, but since V must be 

independent of S both when f=o and r=b we find V=A+Blr. Since V has the 
same value on both sides of the diametral piano (Art. 481) for all values of r 
between r=a and r=b, this formula, with the same values of A and B, gives the 
potential in both dielectrics. By Art. 470, we find that the real densities p, p' on 
the two halves of the sphere are given by iitp=KBIofi, dw// =K'Bjaf, Since 
n ri E 1 

2jr (p + p’) 0 = = E, we find = = ‘ PnUioS force on an element 

pds is 4pdS . ( - dpydr), which reduces to 2irp*dS/Ar. We now write dS=2ra!‘ aind-dO 
and multiply by cos 9 to resolve the force parallel to x. The integral from 9=0 to 

17 


R. S. 11. 
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iir gives the resolved fotiie on half the sphere. Interchanging AT and AT' \7e have 
the resolved foroo on the oihor half. The difierence is the foree required. 

Ex. 9. A dielectric hemisphere of radios a and indnetive capacity K is placed 
with its base in contact with the plane boundary of an otherwise unlimited 
conductor. Prove that the potential at any point of the field outside both the 


conductor and the dielectric is V'= -4vireos9 , where the origin is 

at the centre of the hemisphere, and <r is the surface density of the charge on the 
plane conductor at a great distance from the hemisphere. [OoU. Ex.] 


487. Uagnetle shells. Ex. 1. An iron shell (radii a, h, a >Zi) is placed in a 
field of uniform magnetic force /. Eind the induced magnetism and the force X 
inside the hollow. 

Put p=El'„, p'=EZ„for the sui&ce densities on the spheres. Their potential 
within the mateiial is 

The boundaiy conditions to he satisfied are 

p=-IcFi=-k^~f<ioae • p’= - ft ^/cos 0 - , 

where a and b are to be written for r respectively after the differentiations have 
been effected. These show that l’n=Oi ^n—0 except when n=l. We find 

_ -9ft/cosd 

^1= Jf . 

The potential V and force X iaside 


where Af=9(l+4irft)+2(4jrft)’ |l- j- 




9nf 


the hoUow, due to all causes, are 

3 + ~ 9/» + (/a - 1)-* . 2 (1 - (t/o )3) • 

Ex. 2. A <.01111 uniform sphere (radius a) is placed in a uniform field of force 
whose potential is -fx, say the magnetic force of the eai'th. Prove that the 
potential of the induced magnetism at aU external points is the same as that of a 

concentric simple magnet whose moment is ^ . 

Ex. 8. A small magnet of moment ilf is placed at the centre of an iron shell, 
radii a, b. Prove that the potential at any point external to the shell, due to all 

causes, is ^ 9,n + 2 (y (1 -p^ ) f* is the permeability of 

the shell. Thence show that if n is great and p not nearly equal to unity, the 
potential is zero. In this case the induced magnetism on the shell neutraUses that 
of the magnet at all external points. 


488. To find, the surface integral of the magnetic mdmtion 
through any closed surface S. 

To find the component of the magnetic induction at any point 
P in a direction PN, we construct a disc-like cavity at P which 
has its plane normal to PN. The normal component of the 
induction is then the same as the actual normal component of 
force at P due to all causes, (Art. 343). 
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To find the surface integral of the magnetic induction we 
remove a thin layer of matter all over the surface S or, at least, 
over that part of S which lies within the magnetic body. We 
shall now apply Gauss’ theorem to the repelling matter situated 
within the internal boundary of this empty shell, i.e. within the 
surface /S. 

Since each magnetic molecule has two equal and opposite poles, 
and no magnet lies partly within and partly without the empty 
shell, the algebraic sum of the magnetic matter within the surface 
S is zero. For the sake of generality, let us suppose that there 
may be other repelling particles (besides the magnetism) situated 
within S. Let M be their total mass. 

Let H be the magnetic force, B the magnetic induction and 
I the intensity of magnetisation at any point P of S. Let 6, 6' 
and i be the angles their directions respectively make with the 


outward normal at P. Then , 

B cos ff=n cos 6 + 47r7 cos i (1). 

Applying Gauss’ theorem to the surface 8, we have 

AiirM = JB cos 6'dS (2), 

= / {H cos d + irrl cos i) dS (3). 


4S9. Another proof. We may also arrive at these results very easily, if we 
first replace the magnetism by Poisson's solid and superficial distributions. Let />' 
be the density of the solid distribntion, I cos i the surface density. If the surface 
S lie wholly within the magnetic body, the snperficial distribution on the body will 
be outside S. We then have by Gauss’ theorem 

i!r(M+]p'db)=lH<soB9dS (o). 

Since Poisson’s rule applies also to any portion of a magnetic body (Ait. 310) we 

have also Jp'du+Jl oo8fdS=0 (,8), 

where the surface integral extends over the surface 5. Eliminating p' we have 

4irlI=J (H cos 9+ 4jrr cost) dS (3). 

If the surface £f intersect the boundary of the magnetic body, we suiipose /=:0 at 
all points of S which are outside the body. 

We must also include on the left-hand side of (a) that portion of the superficial 
density on the body which lies within S; let this portion be called J. At the same 
time we must add J to the left-hand side of (/3), since J/cos idS only extends over 
that portion of the surface S which lies withiu the body. When theiefore we 
eliminate Jp'dv, the quantity J also disappears and we again arrive at (3). 

490. If there is no repelling matter besides the magnetism, 
M = 0. We then find that the surface integral of the magnetic 
indvetion across any closed surface 8 is zero. 


17—2 
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491. If the magnetism is wholly induced we have B = fiH, 
aud 6' = i, (Art. 471). We then have 

47rilf = / /iH cos ids (4). 

We infer that in a dielectric of specific capacity K the outward 
flux across a closed surface S of K times the normal force is equal 
to 47r times the repelling mass inside. This is also called the 
outward induction across the surface S. 


492. Let us apply the modified form (4) of Gauss’ theorem 
to a Cartesian element of volume of a dielectric. The value of 
the right-hand side of (4) for the two faces perpendicular to x is 
(as explained in article 108) d{KX)dydz. Treating the other 
faces in the same way and writing M= pdxdydz, we find 
, d(KX) d(K7) d{KZ) 

If we use the potential V, this becomes 



where p is the density of any real repelling matter which may 
occupy the space S independently of the Poisson volume density 
p’ due to the presence of the heterogeneous dielectric. 


If we write I=leH, (Ait. 471), the eqaation (|8) takes the form 
J p'dv + J kH COB 9 dS= 0. 

Applying this also to a Cartesian element we have 

, d f. dV\ , d f,dV\ . d r, dr\ 

~dx y dx)'^ dyy dy)"^ dz (.* dz ) 

where p' is the density of Poisson's solid distribution. 

The equation (a) becomes in the same way 

.4w(p+p')=g-H|^+^; (7). 

Since ^=l+47rJ;, any one of these three equations follows from the other two. 


403 . To deduce the condition at the common boundary of two dielectrics from 
the modified Qauss equation (4). 

Let a thin stratum of repelling matter of surface density m separate two 
dielectric media of capacities K, K' ; see Art. 470. We follow the same reasoning 
as in Art. 147, but writing KX, KY, KZ for X, Y, Z, If we take x normal to the 
separating surface we then have 

(K'X' -KX) dydz+ tdyd*=dirmdydz. 

K'X'-KX=iirm, 


In the limit this becomes 
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where X, X are the normal forces on each side of the separating stratum, both 
measured in the same direction, viz. from the medium K towards the medium K'. 
This of course is the same as the result arrived at in Art. 470. 

We may put this argument in another way. Let us enquire what form the 

equation (5), viz. ^ (KX) + ^ (KY) + ^ (KZ) = 4irp (5), 

assumes when the specific inductive capacity changes from K to K' at any surface. 
Taking x normid to the surface we notice that dVjdx increases rapidly on crossing 
the surface, while dVjdy, dVjds do not. The left-hand side of (5) is therefore 
tdtimately reduced to its first term. Integrating from x=0 to z=t, we have 
K'X'-KX=4crp't=iim. 


494 . As an example, let us consider the problem solved in Art. 482. At all 
points in the medium which contains the point charge E, the density p=0, except 
at that charge, while in the other medium psO at all points. We may therefore 
take as the trial values of the potential 





since these satisfy equation (o) of Art. 492 at all points at a finite distance fiom E. 
To find L we apply (5) (or equation (4) of Art. 491 from which (5) was derived) to 
the points of space near the charge E. To avoid the difficulties of infinite terms, 
we shall choose the equation (4). Taking as the surface S a sphere whose centre 
is at E and whose radius is a, we have 


4irE=*A: Jfl- cos idS=E-J - ^cosi'^ o’dw, 

where i' is the angle makes with the normal to the sphere. In the limit, when 
a is very small, we reject the term containing M. We immediately have L=EIK, 
and the solution may then be continued as in Art, 482. 

We notice that, when a is not very small, the term containing M is zero by 
Gauss' theorem (Art. 106) because the point C &om which r/ is measured lies 
outside the surface S. 


495. To deduce from the eastended form of Gauss' theorem an 
eapi'ession for the potential of an electric system. 

By Alt. 61 the potential energy of a system of repelling 
particles is TT = Vm = ^fVp dv, 

where V is the potential and p the density at the element of 
volume dv. If there be no repelling particles within the element, 
then for that element p = 0. The integration extends throughout 
the volume of some closed surface S within which all the repelling 
particles lie. Substituting for p its value given in Ai-t. 492, we 
have 



where K is the specific inductive capacity of the medium which 
occupies the element dxdydz. 
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We now integrate each term by parts, following Green’s method, 
(Art. 149). We have 

where the square brackets imply that the term is to be taken 
between the limits of integration. These are represented by A to 
B in the figure of Art. 149. Treating all the terms in the same 
way, we have 

If the integration extend throughout a sphere of large radius 
R, the product VdVjdn is of the order 1/jB* while da- is of the 
order R!‘. The surface integration therefore vanishes when the 
integration extends throughout all space. We thus find 



Ez. Find the potential energy of the system described in Art. 478. 

We have 8irIF=j£'F“<ia:, where F=: -d7/d* and W is the energy per unit of 
area. 

Between A and X, F=:4arp, K=1 and the limits of integration are x=0 to a. 
Between X and X', F=4irp/£', and the limits are x—aioa+t. Between X' and B, 
^=40-^, Ar=l and the limits are z=a+t to 0. Outside A and B, F=0. Effecting 
these integrations and adding the results, we arrive at the result given in Art. 178. 


In the same way the energy of the cylindrical condenser described in Art. 479, 
> given by 8vW= F^dv + j^,{F^IK)dv+ J* F“d», 


where F=^Tpalr and dv=2irrdr. This evidently reduces to the result given in the 
article just referred to. 



THE BENDING OE BODS. 


Introductory Remarks. 

1 . Our object in this chapter is to discuss the stretching, 
bonding, and torsion of a thin rod or wire. We may define a rod 
as a body whose boundary is a tubular surface, of small section. 
The surface is therefore generated by the motion of a small plane 
area whose centre of gravity describes a certain curve and whose 
plane is always normal to the curve. The curve is generally called 
the central axis or central line of the rod. 

The rod or wire is to be so thin, that, so far as the geometry of 
the figure is concerned, it may be regarded as a curved line having 
a tangent and an osculating plane. Although this limitation will 
be generally assumed it will be seen in the sequel that some of the 
theorems apply to rods of considerable thickness. It is not pro- 
posed to enter into the general theory of Hie elasticity of solid bodies, 
e.Kcept where it is necessary for the elucidation of the point under 
discussion, and even then the reference will be restricted as far as 
possible to the most elementary considerations. 

2. In general the deformation of the body \vill be regarded as 
very .small, so that each element of the body is only slightly 
strained from its natural shape. It will therefore be assumed that 
ihe whole effect, when properly measured, of any number of dis- 
turbing causes may be obtained by superimposing their separate 
effects. 

3. By reference to Art. 142 of the first volume of this treatise, 
it will be seen that the action across any section (7 of a thin rod 
AB consists of a force and a couple. On this is founded the 
mathematical distinction between a string and a rod. The action 
across any section of the former is a force, called its tension, which 
acts along the tangent to the string, Vol. I., Art. 442. In the case 
of a rod the force may act at any angle to the tangent and there is 
in addition a couple. 
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4. Let P be any point of a body, let a closed plane curve be 
described round P of indefinitely small area, and let this area be 
&>. If the body is a fluid it is the fundamental principle of hydro- 
statics that the action between the fluid on one side and the fluid 
on the other side of the area to consists of a force whose direction 
is perpendicular to the plane of the area. It is thence deduced 
that the magnitude of this force or pressure is the same for all 
inclinations to the horizon of the elementary curve provided its 
area remains unaltered. If the body is an elastic solid, the action 
across the plane is also a force, but its direction is not necessarily 
perpendicular to the plane of the area and its magnitude is not 
necessarily the same for all inclinations of the plane. 

In discussing the mechanics of a rod, its cross section, though 
very small, is not to be regarded as infinitely small. If we divide 
any section into elementary areas, the action across each element 
will be an elementai-y force, and the resultant of all these will be, 
in general, a force and a couple, Vol. i, Art. 142. 


Tlte Stretching of Rods. 


5. To determine the simple stretching of a straight rod by a 
force applied at one extremity, the other being held fast. 

The relation which exists between the force and the extension 
of the rod has already been discussed in the fii-st volume of this 
treatise under the name of Hooke’s law. It li, I be the unstretched 
and stretched lengths of the rod, to the area of the section of the 


unstretched rod, Tto the tension, then 


l-h 

k 


T 

where is a 


constant depending on the material of the rod and is usually 
called Young’s modulus. 

When a rod is stretched we know by common experience that 
its breadth and thickness are also altered. These lateral changes 
follow a law similar to Hooke's law except that the modulus E is 
not necessarily the same as that for extension. The study of these 
lateral contractions belongs properly to the theory of elasticity and 
only a simple case will be considered here. 


6. The substance of a homogeneous bodj is called isotropic when the properties 
of a solid of any given form and dimensions out from it are the same whatever 
directions its sides may hare in the body. The substance is called esolotropie when 
the propel ties of the solid depend on the directions which its sides have in the 
body. AVe shall suppose that the material of which the rod is composed is 
isotropic. 
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7. Theory of a atretched rod. Let the unstietched rod form a cylinder with 
a cross section of any form and size. "When stretched the rod hecomes thinner, so 
that the several particles undergo lateral as well as longitudinal displacements. 
There is one fibre or line of particles which is undisturbed by the lateral contraction. 
Let this straight line, which we may regard as the central line, be taken as the axis 
of X, and let the origin be at the fixed extremity of the rod. We suppose that the 
stretching forces at the two ends are distiibnted over the extreme cross sections in 
such a manner that after the rod is stretched these sections continue to be plane 
and peipendicnlar to the central axis. It will appear from the result that the force 
at each end should be equally distributed over the area. 

Let X, y, z be the coordinates of any particle F in the unstrained solid, x+u, 
y+v, z + te the coordinates of the same particle P' of matter in the deformed body. 
Then u, v, to are such functions of x, y, z that the equations of equilibrium of all 
the elements of the solid are satisfied. We shall now prove that if we take ti—Ax, 
v= - By, vs= —Bz all the equations of equilibrium may be satisfied by properly 
choosing the constants A and B. According to this supposition the external 
boundary of the stretched rod will be a cylinder and the particles of matter wliich 
occupy any normal cross section of the unstrained rod will continue to lie in a 
plane perpendicular to the axis when the rod is stretched. 

Let PQBS be any rectangular element of the unstrained solid having the faces 
PQ and SS perpendicular to the central axis. By the given conditions of the 
question this element assumes in the strained solid a form P'Q'IfS' in which all the 
angles are still right angles and the aides parallel to their original directions. The 
direction of the stress across each face of the strained element is therefore perpen- 
dicular to that face. To measure these forces we refer each to a unit of area. Let 
Nj,, Nj), N, be the forces, so referred; let these act on the three faces which meet 


$ 



at the corner P' and are respectively perpendicular to the axes of x, y, z\ we shall 
regard these forces as positive when (like the tension of a string) they puli the 
matter on which they act, and as negative when (like a fluid pressure) they push. 

Let a, 2i, c and a (1-1- a), ft(l-l-j 8 ), c(l-t-Y) be the sides of the element before and 
after the deformation. Then N^, N, are functions of a, p, y, see Art. 489, 
Vol. I. We shall expand these functions in ascending powers of a, p, y and since 
we here confine our attention to a first approximation, we shall neglect all the 
higher powers of a, p, y. Assuming the lowest powers in the expansion to be the 
first, we have N^=Ka+\ (p+y), 

the coefilcients of p and y being the same because the medium is isotropic. For 
the .same reason the stress Nf, must be the same function of j 8 and y, a, that N, is 
of a and /9, 7 . Thus N'y=K/ 3 -i-X(o-H 7 ). 

In the same way N, may be derived from by interchanging a and 7 . To make 
these more symmetrical, it is usual to write them in the form 

N,g=2fui+\(a+P+y), Nii-=2iip+\{a+p+y), N,=2iiy+\{a+P+y). 
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The eonstante X and /i are the same as those chosen by Lame to measnie the 
elastic properties of a solid; see his Legora tur Ut thSorie mathtmatiqiie it I’Slasticite 
des corps solides. 

8 . In the problem nnder oonsideration the sides dx, dy, dz of the unstrained 

dement become dj+du, dy+iiB, ds + die. It follows that o=^, 

Substituting the assumed values of u, v, w, we have 

4y,= 2M+X{A-2B), lly=-2iiB+\{A-2B), «,= -2;aB+X(d -2B). 

These values are independent of x, y, e, so that the opposite laces of any element 
wholly internal are acted on by equal and opposite forces. It follows that every 
internal element is in equilibrium. 

Consider nest the dements which have one or more of their faces on the 
boundary of the rod. Such faces must be paralld to the central axis and in a 
vacuum are not acted on by any pressure. It is therefore necessary for their 
equilibrium that the constant forces represented by Ng and A", should be zero. 

We therefore have 2 = 2(^)' 

Since A r is the extension, By the contraction of a rod of length x and breadth y 
and Nx is the stretching force per unit of area of the section, it follows that 

increase of length _ X+a ^ decr e ase of breadth X ^ 

original length *’ original breadth ~2al3X+2/i) *’ 

Comparing the first of these with the statement of Hooke's law given in Vol. i. 
Art. 4S9, we see that the constant E. usually called Young’s modulus, is the 
reciprocal of the coefficient of .V,. If £' be the corresponding coefficient for the 

decrease of breadth we have E 

h-rp. X 

It follows from this solution that when a rod has been stretched, each fibre (or 
column of particles parallel to the central axis) is stretched and contracted indepen- 
deiicly of the others and exerts no action on the neighbouring fibres. The total 
force required to produce a given extension is therefore independent of the form of 
the cross section provided its area remains unaltered. 

In this invebtigation the action across each of the six faces of the element is 
normal to that face. In many problems in elastic solids this simplicity does not 
exist and there are tangential actions also across the faces. For the discussion of 
these questions the reader is referred to 4 Treatise on the Mathematical Theory of 
Eloiticity, hr A. E. H. Love, 1892. 


8 . Ex. 1. Show that E and JE' are the forces which would stretch a rod of 
unit section to twice its original length and half its original breadth respectively. 
Show also that £' is greater than 2E, 

If the stretching tension be Nx, v the volume, Sv the increase of volume, prove 


that 


iv B'-iE „ 

V ~ EE' "*■ 


Ex. 2. If the side faces of the rod are exposed to a uniform normal piessure 
equal to p per unit of area, prove that the force required to produce a given 
extension is less than that in a vacuum by hpj{\+ft) per unit of area of cross 
section. 
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The Bending of Rods. 

10. To form the equations of equilibrium of a thin inesctensible 
rod bent in one plane. 

First Method. In this method we consider the conditions of 
equilibrium of a finite portion of the rod or wire. The method 
has been used in Vol. L Arts. 142 — 147 to determine the stress at 
any point of a rod naturally straight and slightly bent by the 
action of given forces, and the same reasoning may be applied to 
rods whose natural forms are curved. 



Let P he any section of a thin rod APB regarded as a curved 
line. Let T and U be the resolved parts of the stress force along 
the tangent and normal at P, and let L be the stress couple. 
These represent the mutual action of the two parts AP, PB of the 
rod on each other. These strrases sure then obtained by considering 
the conditions of equilibrium of the portions AP, PB separately. 
Let Pi, Pj &c. be forces acting at the points Pi, Pj &o. of the 
portion PB in directions making angles Si, 8s &c. with the tangent 
at P. Taking any directions along the tangent and normal at P 
as positive, let T and U act on the portion PB in these directions; 
we then have by resolution 

2’ + SPco 3S = 0, 17+ SP sin S = 0. 

In the same way if pi, &c. be the pei’pendiciilars from P on 
the lines of action of the forces, we have by moments L + '^Fp — 0. 
These three equations determine T, U and L when the form of the 
curve is known. 

11. Second Method. In this method we form the equations of 
equilibrium of an elementary portion of the rod or wire. 

Let PQ be any element of the rod and let the arc s be measured 
from some fixed point P on the rod up to P in the direction AB, 
BO that s = DP. Let the stress forces of AP on PB be represented 
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by a tension T acting, when positive, in the direction PA and a 
shear U acting in the direction opposite to the radius of curvature 
PC. Then the stress forces of QB on QA are represented by 
T+ dT in the direction QB and Z7 + d ZT" in the direction QC, these 
directions being represented in the figure by the double arrow 
heads. Let the stress couple at P on PB be represented by L, the 



positive direction being indicated by the arrow head on the circle 
at P; then the stress couple at Q on jlQ is represented hy L + dL 
acting in the opposite direction, i.e. in that indicated by the double 
arrow heads on the circle at Q. Let Fds, Gds be the impressed 
forces on the element PQ resolved in the direction of the tangent 
PQ and normal PC, taken positively when acting respectively 
in the directions in which the arc s and the radius of curvature p 
are measured. Let dtfr be the angle between the tangents at P 
and Q, and let be so measured that and s increase together. 

Resolving the forces in the direction of the tangent and normal 
at P, we have 

— P+ (P + cZP) cos — ( ^7"+ rf Z7) sin + Pds = 0, 

— Z7+ ( Z7 +dZ7)cos + {T+dT) sin d^jr + Gds = 0. 


In the limits these become 

dF — Udtjr + Pds =0 (1), 

dJJ Fd'^ + Gds = 0 (2). 

Also taking moments about P 


—L + {L + dJj) +(ZI + dir)ds + ^ Ods{^ds)=‘Q, 

dlj + JJds = 0 


EQUATIONS OF EQUILIBKIUM. 
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Writing dyjr — dsjp, these equations take the form 

08 p 

p as 




= 0 


.( 4 ). 


If each element of the rod is acted on by an impressed couple, 
as well as by the impressed forces Fds, Gds, it must he taken 
account of iu the equation of moments. Let Ids be its moment 
taken positively when the couple acta on the element PQ in the 
opposite direction to the couple L. We then add Ids to Uds in 
equation (3) and therefore add I to the left-hand side of the last 
of equations (4). 

The positive directions. The positive direction of the couple L 
at P on that part of the rod towards which the arc s is measured 
is op 2 iosite to that in which the angle d^^ = dsjp is measured. The 
positive direction of the shear U on the same part of the rod is 
opposite to that in which the radius of curvature is measured 
The positive dii'ection of the tension at P on the same part of the 
rod is opposite to that in which the arc s is measured. 


la. When we compaie the advantages of the two methods of solution we notice 
that the second gives difierential equations which must be integrated, and the 
constants must he determined b}r the conditions at the extremities. On the other 
hand the first method, thongh it gives expressions for T, V, and L, introduces into 
the equations the action of ali the forces on the finite aic PB. When, therefore, 
the foim of the strained cuive is so well known that we can calculate the resolved 
parts and the moments of the impiessed forces the first method gives the required 
stresses at once. When however the form of the strained curve is very different 
from that when unstrained, and is itself unknown, the second method presents 
several advantages over the first. 


13. Experimental Results. When a thin rod or wire is 
bent under the action of forces we have to determine not merely 
the components of stress, i.e. T, U and L, hut also the form of the 
strained rod. The equations of equilibrium found above supply 
thiee equations, so that a fourth is required to make up the 
necessary number. For this purpose we have recourse to experiment, 
Vol. I., Art. 148. If Pi, p are the radii of curvature at any point P 
before and after the deformation, the stress couple L is given by 
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where K is some constant depending on the material of which the 
rod is made and on the section at P. It is usually called the 
fletcural rigidity of the rod. This expression for L agrees very 
well with the results of experiment when the change of curvature 
is not very groat. 

Since the moment L represents the product of a force and a 
length, it is evident that the dimensions of K. are represented by 
a force multiplied by the square of a length. If E be Young’s 
modulus for the material of the rod and to the area of the section, 
Pa will represent a force, so that the constant E is often written 
in the form K = Etok", where A; is a length. 

It will be shown further on that in certain cases a/c“ is the 
moment of ineriia of the area of the normal section about a straight 
line drawn through its centre of gravity perpendicular to the plane 
of bending. This result does not agree so well with experiment as 
that represented by (5). 

14. It is hardly necessary to remind the reader of the remarks 
made in Vol. i. Art. 490, on tiie limits to the laws of elasticity. 
When the stretching or bending of the rod exceeds a certain limit, 
the rod does not tend to return to its original form, but assumes a 
new natural state different from that which it had at first. In 
all the reasoning in which the equation (5) is used, it is assumed 
that the bending is not so great that the limit of elasticity has 
been passed. 

15. The theoretical considerations which tend to prove the truth of the 
equation (5) depend on the theory of eUatieity and therefore lie lomewhat outside 
the scope of tlte present chapter. As however this theory clears up some of the 
difliculties which belong to the bending of rods, it does not seem proper wholly to 
pass it over. One case can be presented in a simple form, and that case will be 
discussed a little farther on after the use of the equation (5) has been explained. 

16. The work of bending an element. To find the work 
done hy the stress couple L when the curvature of an element of the 
rod is increased from its natural value 1/pi to the value l/p,. 

Let PQ be an element of the central line and let ds be its 
length. As PQ is being bent, let be the angle between the 
tangents at its extremities; let p be its radius of curvature. If 
be the value of when the rod has its natural form, the stress 

couple £is £ = — = 

Pif ds ’ 
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The work done by the couple L when is increased by d'^ is 
— Ldyfr, (see Vol. I. Art. 292). The negative sign is given to the 
expression because, as explained in Art. 11, Z is measured in the 
direction opposite to that in which is measured. The whole 
work done by the couple when is increased from to is 

therefore equal to 


Eeplacing i/ra, -ijri by their values in terms of pi, pi, we see that 
the work Wds done by the couple L may be written in either of 


the forms 


Wd8 = 



ds = — 


L^ds 
2K • 


If tlve change of curvature at every point of the rod is known, 
the whole work done by the stress couples in the rod may be found 
by integrating the first of these expressions along the length of the 
rod. If however the cluinge of curvature is unknown, and the 
couple is given, the work is found by integrating the latter 
expression. 


ItesluenM. Resilience denotes the quantity of work that a spring, or elastic 
body, gives baok when strained to some stated iimit and then allowed to return to 
the condition in which it rests when free from strain. The word “ resilience” used 
without special qualifications may be understood to mean extreme resilience or the 
work given back by the spring after being strained to the eztieme limit within 
which it can be strained again and again without breaking or taking a permanent 
bet. See Kelvin’s article on ■' Elasticity” in the Bncyc. Brit. 1878. 

17. Deflection of a straight rod. A heavy rod, originally 
straight, rests on several points of support A, B, G <&c. arranged 
very nearly in a horizontal straiglU line, and is slightly deflected 
both by its own weight, and by a weight TF attached to a point H 
between B and G. It is require to explain the method of Jinding 
the deflection at any point of the rod and to determine the relations 
which exist between the stresses at successive points of support. 

Let A, B, G be three successive points of support. These are 
so nearly on the same level that the distances AB = a, BG=b, 
may be regarded as equal to their projections on a horizontal 
straight line. To simplify the process of taking moments the 
order of the letters used is exhibited in the upper figure, as if 
they were all strictly in a horizontal line, instead of being only 
very nearly so. 

Let X be measured horizontally from B in the direction BG. 
The rod, when bent by its weight, will assume the form of some 
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curve which differs very slightly from the nearly straight line 
ABC. Let 2 / be the ordinate at any point Q, between B and C, 
measured positively upwards, from a horizontal straight line drawn 
through B and let the radius of curvature be positive when the 
concavity is upwaids. The stress couple at the point Q is JC/p; 
when p is positive the fibres of the under part of the rod are 
stretched while those above are compressed, hence the stress couple 
at Q acts on QC in the clock direction and on BQ in the opposite 
direction. Let the shear at Q be 17 and let its positive diiection 
when acting on QG be downwarda 



Let £a and be the couple and shear at a point D indefinitely 
near to B on its right-hand side. Let w be the weight of the rod 
per unit of length, then the weight of BQ is wx, and this weight 
acts at the centre of gravity of BQ. Let BH=^. Taking 
moments about Q for the finite portion BQ of the rod, we have 

— ==L2—UaX — ^wa?— W (jB— ( 1 ). 

P 

The term containing TT is to be omitted when Q is on the left- 
hand side of H, i e. when x<^. 

In forming the right-hand side of this equation the rod has 
been supposed to be straight and horizontal, because the deflections 
are so small that only a very small error is made by neglecting the 
curvature. If this were not so, the shear would not be vertical, 
and the arm of its moment would be different from that used in 
the equation. In the same way the thickness of the rod has been 
neglected, and in all its geometrical relations the rod is regarded 
as if it were a line coincident with its central axis. Art. 1. 
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The rod is supposed to he of such material that a cmsiderable 
effort is req^uired to produce a slight curvature; the coefficient K 
is therefore large. On the left-hand side of the equation all the 
small terms cannot be rejected because these are multiplied by K. 
It is however sufScient, in a fii'st approximation, to retain only the 
largest of these small terms. We therefore put 



The upper sign must be taken because p is measured positively 
when the concavity is upwards, and in this case dyjdx is increasing 
and therefore d?yldar is po.sitive. 

The general rule followed in these problems is, (1) that all 
terms not containing K are formed on the supposition that the rod 
has its natural shape, (2) thai in all terms containing K as a factor 
only the first power of the dejleotion y is retained. The natural 
shape in our case is a horizontal straight line. 

18. The equation (1) now takes the form 

W(x-^) (2) 

where x is restricted to lie between *=0 and x = b and the term 
containing W is to be omitted when a? < Let Z,' and If,' be the 
stress couple and shear at a point D' indefinitely near B on its 
left-hand side, and let iS, be the pressure of the point of support 
B on the rod upwards. Consider the equilibrium of the small 
portion B'D of the rod. The stress couples and the stress forces 
at the extremities act on this element in the directions opposite 
to those represented in the figure, the weight wds acts downwards 
and the pressure iZ, upwards. Wo have, by taking moments about 
]}', and resolving, 

i,' ~L,= Uads — {dsy -)- J?a . BD' = 0) 

Ua’-Ua-lt, = -wds = Oy 

Hence in the limit 

L,' = La. Ua'-lTa = Ra (3). 

If we take a point P between A and B so that BP represents a 

negative value of x, we have K ^ = Z,' — U 3 X — . . . (4), 

where x is restricted to lie between x=0 and x = — a. Since 
Z,' = Z, this equation differs from (2) only in having P,' written 
for Ui, the term in W disappearing naturally. 


B. B. 11. 


18 
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Lastly, if TJ be the shear at any point of the rod we have by 
equation (3) of Art. 11 U=— ^ (•^)- 

It is evident that the two arcs AB, BO of the rod must have 
the same tangent at B and therefore the same value of dyjdx. It 
follows from the first of equations (3) that the stress couples on 
each side of B are equal ; the two arcs have therefore the same 
curvature. But the shears on each side of B differ by the pressure 
iia, and therefore there is an abrupt change in the value of dJ'yjda? 
at a point of support. 

These equations are sufficient to determine the stresses when 
the terminal conditions are known. But the integrations must be 
effected for each span separately and the conditions at the points 
of junction allowed for. To shorten the mathematical labour we 
require some method of passing over a point of discontinuity. This 
is effected by the theorem or equation of the three moments, by 
which a relation is found between the stress couples at any three 
successive points of support. 

19. Equation of the three moments*. Let us integrate 
(2) over the length BQ of the rod. The limits for every term, 
except the last, are * = 0 to «, and for the last term x—^ to x. 
We thus have 

k{^- 

where B is inclination of the rod at B to the horizon. 
Integrate again, 

K{y- /Sir) = iis®’ - -^W{x- f)’ (7). 

Eliminating U, between (2) and (7) and writing L — Kd^jdx^, 
■we have 

QK {y — jS®) = (L + 2 L 2 ) + Jw®* + Wf (® — f) (2® — ?) . . .(8). 

This equation holds at any point Q between H and 0. When 
Q lies between B and H, the term with W is to be omitted. 

Since 17^ does not appear in the equation, it also holds when Q 

* The theorem of the three moments in its first form is due to Clapeyron, 
Oomptes Bendtte, 1857, Tome xnv. ; but it has been greatly extended since then! 
A sketch of these changes is given by Heppel in the Proceedings of the Boyal Society, 
1870, vol. xi\. The extension to include the case of variable flexural ligidity is due 
to Webb, Proceedinijs of the Gamb. Phil. Soc. 1886, vol. vi. The allowance for the 
jielding of the supports is given by K. Pearson, Messenger of Mathematics, 1890, 
vol. XIX. 
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lies between A and B, provided « is then regarded as negative. 
Let and y, be the altitudes of the points of support A and G 
above B. The equation (8) becomes when x=b and » = — a 
6K (y, - Bh) = (i. + 2i,) b‘‘ + iv>b* + Ff (6 - f ) (2b - f ) 

6 K (yi + )8») = (Li + 2 L 3 ) a® + ^waf. 

Eliminate B f'Rd we find 

QK (f + f ) = L,a + 2£, (a + 6) + L,h 

+ \w (a« + 60 + (9). 

Here w is the weight of a unit of length of the rod. If the 
spans AB, BG have unequal values of w, say Wj and iv,, we write 
^ (Miffl' + «/,&*) for the fourth term on the right-hand side. 

This important relation between the stress couples at any three 
successive points of support is usually called the equation of ike 
three moments. By help of this equation, when the stress couples 
at two of the points of support are known, the stress couples at all 
the points may be found. 

To find the shear at the point B of support, we take moments 


about either G or A. We then have 

Li = Li— Uib — ^wV^— F(6 — f) (10) 

ii = Za -p Ha'a — (11) 


which may also be derived from (2) by putting a = b and x = — a. 
The pressure 72a on the point of support may then be found by (3). 

If the point H at which the weight W is attached lie between 
A and B instead of B and G, we reverse the positive direction of 
te. Let the distance BH = measured positively from B towards 
A. The last term of (9) must then be replaced by 

Fr(a-r)(2a-r)/«- 

This may also be derived from the last term of (9) by writing — f ' 
for f and — a for 6. 

20. The equation of the three moments when written in the 
form (9) may be regarded as 2/te relation between the ordinates 
yii Va of any tivo points and the stress couples Ly, Z, at, those points. 
It may be used, for example, to find the defiectiou y, at the free 
end of a rod where Zj = 0. 

21. If the rod rest on n points of support, the equation of the 
three moments supplies 71 — 2 equations connecting the n stress 

18—2 
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couples ii, Li ,. . .Ln at the points of support. Two more equations 
are therefore necessary to find the n couples, and these may he 
deduced from the conditions at the extremities. 

If one end of the rod is free, and at a distance c from the 
nearest point of support, the stress couple at that point of 
support is found, by taking moments about it, to be Z„ = — -^wc^ 

If an extremity rest on a point of support the stress couple at 
that point is zero. 

If an extremity he built into a wall so that the tangent to the 
rod at that point is fixed in a horizontal position we may imagine 
that the fixture is effected by attaching that end of the rod to two 
points of support indefinitely close together. The required condi- 
tion at that end then follows at once from the equation of the three 
moments. Let be the couple at the wall, Z„ that at the 
nearest point of support and let e be the distance, then writing 
a = c, 6 = 0 in the equation of the three moments we have 

Zft + 2Zn.f-i "t = 0. 

The pressures on the points of support may be obtained by 
combining equations (10), (11) and (8). If Ita be the pressure on 
the rod measured upwards at B, we find by eliminating (7,, Ui 

The case in which TF = 0 has also been attained in Vol. I. Art. 14.5. 

The weight W has been included in the equation of the three 
moments to facilitate the calculations. It is however evident that 
we may regard the point of the rod to which the weight W is 
attached as a point of support at which the pressure is kno%vn. 
Such a point may be included in the equation of the three 
moments as one of the three consecutive points A, B, G. The 
deflection at each of these points being unknown, the extended 
equation of the three moments fails to determine the stress couple. 
But the pressure being known, the equation (12) gives an additional 
equation connecting the stress couples, and the extended equation 
of the three moments then gives the deflection. 

Yielding of the supports. In some cases the points of support 
are the tops of vertical columns which are themselves elastic. Let 
the bases of the columns be on the same level, h^, &c., &c. 

their original altitudes and their altitudes under pressure; o-i, 
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<72 &c. their sectional areas, then for any column h — z = hRIEtr. 
\Ye have therefore the additional equations 

JRi Ri B3 Ri . 

«! = 01-^2 = yt = — - , &C. 

^ Pi Pi ^ Pi Pi 

where = Eitrjki &c. and E is Young’s modulus. 


22 . Ex. 1. A uniform rod, Wght W, is supported at its extremities; the de- 
flection at its middle point is observed and found to be h. Show that the value of the 
constant K for the rod is given hy 48ft .K= Sa^W, where 2a is the length of the rod. 
If the inclination to the horizon of the tangent at either end of the rod be observed 
by a level and found to be 6, show that the value of K is also given by K=arWI6S. 

This example shows how the value of K may be found by experiment for any 
given rod. 


Ex. 2. A uniform heavy rod is supported at its extremities A, G and at its 
middle point B ; A' and G are at the same level and B such that the pressures on 
the three supports are equal. Prove that the depth of B below AU is 7/15ths of the 
whole central deflection of the beam AG when supported only at its ends. 

This example shows that when a long heavy bridge is supported on three columns 
of equal strength, their summits ought not to be an the same level. 

Ex. 3. A heavy rod rests on a scries of points of support which are very nearly 
in a horizontal line. Let A, B be any consecutive two of these points, a their 
distance apart, pj, p, their altitudes above a horizontal plane. Let Li, L, be the 
stress couples, dj, 0, the inclinations of the rod to the horizon at A, B. Prove that 
E'(ton0j|-tan Sj)=jj(Li+L 3 )a+-^wn>, 

(jfs “ 01 - “ tt” ®t) = J (2-^1 + is) + vV «’“*• 

The stress couples having been found, the first of these equations enables us to 
find the inclination of the rod at any point of discontinuity when the inclination at 
some point is known. The second determines the inclination at any one point. 

Ex. 4. A uniform slightly elastio rod rests on five supports in the same 
horizontal line, two at the ends and one at each of the points found by dividing the 
rod into four equal parts. The second and fourth supports ih>m either end are now 
removed. Prove that the ratio of the new to the old pressure on an end support is 
as 21 : 11. [CoU. Ex. 1893.] 

Ex. 5. A uniform bridge of weight W' formed of a single unilorm plank is 
supported at its ends : a man of weight W stands on the bridge at a point whose 
distances from the ends are a and b. Prove that the deflection just under the man 
is ab {W (o®-f3o6-bi*) +8(ra6}/24 (a-t b) E, 

where E is the bending modulus. [Coll. Ex. 1808.] 

Ex. 6. A naturally straight weightless wire of flexural rigidity G has its ends A 
and B built in horizontally at the same level, and is slightly bent by a weight W 
attached to it at a point Q. Prove that the deflection p at a point P in AQ is given 

by the equation Cy=^ ^ BQ’.AJ^ (3.4Q . BP-BQ.AP). 

Find the points of inflection of the axis of the wire and show that the point at which 
the axis is horizontal is in the longer eegiuent, and that its distance &om the 
corresponding support is bisected by one of the inflections. [St John's Coll. 1893.] 
Ex. 7. A uniform heavy beam rests on tbiee points of support, A and C at its 
ends and B at the middle. The middle support is at first so placed at a depth pj 
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below AC that the beam is entirely supported by A and C. The support B is then 
gradually raised to a height y, above AC such that the beam is wholly supported by 
B. Prove that as B is being raised, the pressure at B is proportional to the height 
raised. Prove also that the ratio yity^ is equal to 5 : 3. P'idler’s Treatise on 
Bridge Construction, 1893.] 

as. Bzltaimia Bridge. Ez. 1. A uniform heavy beam ABC is supported at 
its extremities A, C and at its middle point B, and the three points are in one 
horizontal line. Prove that 3/16ths of the weight is supported at either end and 
6/8ths at the middle point. We notice that the pressure at the middle support is 
more than three times that at either end. 

Prove also that the stress couple is a maximum at a point which divides either 
span in the ratio of 8 : 6, but the stress couple at either of these points is 9/16ths of 
the stress couple at the central point of support. Prove that the latter is equal to 
the stress couple at the middle point of a beam supported at each end whose length 
is equal to that of either span. 

Prove that there is a point of contrary flexure in each span dividing it in the 
ratio 1 : 3. 

Ex. 2. A uniform beam is supported at its extremities and at two other points 
dividing the beam into three equal spans, all the four points being on the same 
level. Prove that the pressures on the supports are in the ratios 4 ; 11 ; 11 ; A 

Ex. 3. A uniform beam ABCDB is supported at its extremities A, E and at 
three points B, C, D, all five being on the same horizontal line. To assimilate this 
problem in some measure to the case of the Britannia Bridge the two middle spans 
ate supposed to be twice the lengths of the outside ones, i.e.BC=OD=2AJ9=8DJS. 
Prove that the pressures on A, B, C are in the ratios 4 s 27 : 34. 

The examples in this article are taken from a treatise on The Britannia and 
Conway Tubular Bridges by Edwin Clark, resident engineer, 1850. 

The tubes AB, BC, CD, DE, which form the four spans of the Britannia Bridge, 
were raised separately into their proper places and then rigidly connected into one 
long tube. The connections at B and D were such that the tubes adjacent to each 
had a common tangent. The junction at C was however so arranged that the 
tangents to BC and CD should make a small angle with each other. The object of 
this was to diminish the inequality between the pressure on C and that on either B 
or D. It was found convenient to make the angle between the tangents equal to 
2 tan"’ -002. In Example 3, given above, the analytical condition to be satisfied at 
C is that the tangents to BC and CD should be continuous, but in the bridge the 
condition is that these tangents should make a known small angle with each other. 

34. Ex. 1. A rod without weight is supported at its extremities A, C and at 
some other point B, all three being in the same horizontal line. Given weights P, 
Q are suspended at the points D, E, biseoUng AB and BC. Show that the iTinUnotln.! 
to the horizon of the tangent at A and the deflection y at the weight P ore given by 
32 (a + h)K tan o= -Po» (a+2b) + Qab^, 

768 (a + 4) Ey = - P (7o + 164) a= + QQaUbH, 

where AB=a, BC=b. 

It appears from this result that when the point of support B bisects AC and 
<3=!3P the tangent at A should be horizontal. Moseley describes three experiments 
with different rods supported on knife edges by which this curious result has been 
verified. See his Mechanical Principles of Engineering and Architecture, 18S5. 
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Ex. 2. A uniform thin rod of length 2 (a+&) rests on two points of support in 
a horizontal line whose distance apart is 2a. Show that, if the middle point and 
the two free ends are on the same horizontal line, b/a must be the positive root of 
the cubic 3r® + 9r“ - 3r - 5 = 0. 

Ex. 3. A uniform heavy rod rests on any number of points of support in the 
same horizontal line. Let A, B, C, O, E be any consecutive five of these, and let 
their distances apart be a, b, c, d. Prove that the pressures i?,, E3, E^, at B, 0, D 
are connected by the linear relation aBf+pIi^+yB^=^iv>S, where 
a=a^ (64 c) (c+d) (6 + e+d), 

P={a+b) (e+tl) {6*(d + 2c)4-2bc (o+d)+c* (a+26) 4ad(b + c)}, 

7=d“ (6 + e) (a+5) (a+64-c), 

8 = (0+6) (b+c) (c + d) (64-c4-<i) (0 + 6+c) (a+6+c4-d). 

Ex. 4. Prove that the deflection y at any point Q between B and G, in Ex. 3, is 
given by 

-GKby^BQ.CQ {i, (6 4- CQ) +L,[b+BQ) + iuib (6» + BQ . CQ ) }. 


Ex. 6. A wire is bent into the form of a circle of radius c, and the tendency at 
every point to become straight varies as the curvature. Show that, if it be made to 
rotate about any diameter with a small angular velooity u, it will assume the form 

of an ellipse whose axes are 2c ^1 , m being the mass of a unit of length, 

and ja/c the couple necessary to bend the straight line into the circle. [Math. T. 1868.] 


Ex. 6. A heavy elastic flexible wire originally straight is soldered perpen- 
dicularly into a vertical wall. If the deflection is not small prove that the 
difference between the tension at any point P and the weight of a portion of the 
wire whose length is the height of P above the free end is proportional to the square 
of the curvature at P. [May Exam.] 

Ex. 7. A flexible wire is pushed into a smooth tube forming an arc of a circle, 
and lies in a principal plane of the tube ; prove that it will only touch it in a series 
of isolated points, and that if it only touch the inner circumference at one point, 
the pressure there will be iE cosa (sino-sin7)/o*8in“a, where a is the inner radius 
of the tube, 2a the angle subtended at the centre by the wire, 7 the angle at which 
either end of it meets the wire, and E the ooeiflcient of flexibility. [Math. T. 1871.] 

Ex. 8. Three very slightly flexible rods are hinged at the extremities so as to 
form a triangle, and are attracted by a centre of force attracting according to the 
law of nature situated in the centre of the inscribed circle. Show that the curvature 
of any side, as AB, at the point of contact of the inscribed circle varies as 
cosJA+oos^E-cos i G 
cos ^G 

Ex. 9. Equal distances AB, BC, GD ore measured along a light rod which is 
supported horizontally by pegs at B, D below the rod and G above. A weight is 
now hung on at A, producing at that point a deflection. Find how much B must be 
moved horizontally towards A that the deflection may bo unaltered when the peg D 
is removed. [Coll. Exam. 1888.] 


26. Ex. 1. A uniform heavy rod rests symmetrically on 2m + 1 supports placed 
at equal distances apart, and the altitudes are such that the weight of the rod is 
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equally distributed OTer the eupporta. Show that the altitude pp of the support 
distant pa from the middle point, is given by 

24(2m+l) _ g _ y,) = (2j3 _ 1),4 _ {(2^ _ 1) (6m> - 1) + (6;8> - 1) (2m + l)}p», 

WOr 

where a is the distance between two oonsecntive points of support and /3a is the 
length of the rod beyond either of the terminal snppoits. 

We drat see by taking moments about the pth support that the stress oonple Xp 
at that point is a quadratic function of p. The extended equation of the three 
moments is ip+4Xp+i+ip+j + iwa*=(pp+a- 2 pp 4 .j+pp) 6g/fl®. 

By an easy finite integration, or by the rules of algebra, it follows that pp is a 
biquadratic function of p. Since there can be no odd powers of p, we have 

yp-yi,=^p*+^p*- 

The values of A and B are then found by applying the equation of the three 
moments to any two convenient spans. 


Ex. 2. A uniform heavy rod rests on m supports placed at the same level at 
equal distances a from each other, one being at each end. Prove that the stress 
couple at the nth point of support is 



(1 - h *-! - (1 - ft "-!) fc "- 


?• 


where h and k are the roots of k’'+47t4-l=0. Prove also that the pressure on the 
nth support is aRn=3tca^ - 6Xp except when n=l or m. 

The equation of the three moments is an equation of differences and may be 
solved in the usual maimer by assuming X„=A+B/t“+Oi». The constants B, C 
are determined by the conditions that Xp=0 when n=:l and n -m. It is also 
evident that /t=-tan.^7r, -oott<]-)r. 

20. Flexoral rigidity not constant. If the rod is not nniforri the equation 
of the three moments takes a more complicated form. We shall firs>t suppose the 
fiexural rigidity K to vary from point to point of the rod, but the we ight per unit 
of length to remain constant. We start as before with the equation^ (2), Art. 18. 
Let us multiply this equation by {b-x)IK and integrate over the length Since 

where and j3 have t)ie same meaning as before, we find ^ 

y,-l>e = ^ dr - IT J* 

Substituting for 1/, from (10), this becomes 


where 


— LjB+XqB^ 4*1^5^^+ W . G, 


6=(6-DB 




i K 


The left-hand side of (I.) is the elevation of the point 0 of support above t he 
tangent at B. The equation obtained by integrating over the length AB is similarly v 


y^+ap= I^A -b XaA' +v>A", 

where A, A', A" are obtained from B, B', B" by writing a for 5. 
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Eliminate p and nre have 


a 0 ^ a ^ 


. T ^"\ TT7® 


which is the equation of the three moments when the flexural rigidity is not uniform. 

When the meight w per unit of length is not constant, we may include the weight 
in the term W, We put W=wdx and integrate that term throughout each of the 
spans. 


27. A bent bow. A uniform inextensible rod, used as a bow, 
is slightly bent by a string tied to its extremities. It is required to 
find its form. 

Taking the string as the axis of x, the statical equation is 

evidently K = ±z^ = Ty (1), 

where T is the tension of the string. Let A, B be the extremities 
of the rod, C a point on the rod at which the tangent is parallel to 
the string. Let OG be the axis of y. Then since dyjds: vanishes 
when x = Q and decreases algebraically as x increases, d^ylda? is 
negative. In forming (1), p has been taken as positive, we must 
therefore give the second term the negative sign. Putting T = Kn" 
for brevity, the equation gives y=hooanx (2), 


C- p 



where h is the versine of the arc formed by the bow. It is obvious 
that unless the conditions of the problem make h small, we cannot 
reject the terms containing {dyfdxy in the expression for p in 
equation (1). 

The form of the curve given by the equation (2) is sketched in 
the diagram. It appears therefore that the bow may take the form 
AGB, the string being attached at A and B. It may also take the 
form ACS' with the string attached at A and S', and so on. 

28. We may easily find a second approximation to the 
solution of the differential equation. This is perhaps necessary, 
for, owing to the smallness of the inclination of the rod to the 
string, if the ordinates near B were slightly decreased, a considerable 
change might be made in the distance OB. 

If we substitute for p its full value, the diflferential equation 



becomes 
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Expanding the right-hand side we have 



We see that the terms on the right-hand side are of the third 
order of small quantities. We therefore assume as a trial solution 

y = kcQa cnx cos Sonic (4) 

where is a small quantity analogous to A, and o, B are as yet 
undetermined constants. Substitute in the differential equation 
and neglect all powers of k above the third, we then have 
(1 — c*) n^k cos cnx -I- (1 — 9c’) cos Bcnai 

= — (A cos cnx) (A’cV sin® cnx) 

= — f n^A'c® {cos cnx — cos Bcnx]. 

The equation is therefore satisfied if we put 

1 — c’ = — |»®Fc® ; .*.0=1+ B = — 

The solution to the third order of small quantities is therefore 

y = k cos cnx — cos 3cn® (5) 

where c exceeds unity by the small quantity Let, as before, 

h represent the distance OG; we have y = h when a; = 0, hence 

h = k--^n^k? ( 6 ). 

Let the lengths of the string and the rod be 2a and 21, then 
when x = a, y = 0, and the least value of a is given by cna =^Tr. 
We also have 

^ {^ + @)T 

when terms above the order A® are neglected. Eliminating a, we 
have i = = ...(8) 

when the fourth powers of k are neglected. 

Since a® =T/^ we have = J (l + ^ . 



w'hen the fourth powers of h/l are rejected. This equation 
determines the tension necessary to produce a given defection 0G = h. 

29. Let us regard the half GB of the how as a uniform rod 
having one end G and the tangent at G fixed while the other end 
B is acted on by a force T whose direction is parallel to the 
tangent at G. 
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Let the length I be given, then the equation (8) shows that k 
is imaginary unless I exceeds ?r/2». Let n^ = ’irl^l and let — Kn^ 
be the coiTesponding value of the force T. It follows that ihe rod 
cannot begin to bend unless the force exceeds T^, where T^ — K-n^l4el-. 
Let r = 2*0 (I + I) where | is a small quantity, then 
n = 7io(l+^f). 

The equation (8) gives 

n = Wo (1 + ^ = 32l»f/7r». 

Since dkjd^ is infinite when k=Q, we see that k (and therefore 
also h) increases much more rapidly than the force does. A slight 
increase in the force makes a considerable change in the value of k. 


30. When the terms containing dyjdx are included in equa- 


-K- 


y 




.( 10 ), 


tion (1), we have - ^ ■ 

where accents denote differential coefficients with regard to x. 
Multiplying by f and integrating, we find 

l-cosi^ = Jn=(^“-»“) (11), 

where is the acute angle made by the tangent at any point P 
with the string of the bow. 

Let y = A cos then sin | nh sin <j>. The equation may be 
written in the form d‘<^[ds = n*y. Put e = ^nh, substitute for y 
and and integrate between the limits a = 0 to a = ^, we then have 

; (!’->■ 

If the length I and the force T are given, n’ = TjK is also known. 
This equation then determines e and therefore h. 

The integral (12) is lessened by writing unity for the denomi- 
nator. We then have nl > ^vr. Since n* = TjK it immediately 
follows that the tension or force must exceed the value ofir^KjiiP. 
This is the result already arrived at in Art. 29, and it has now 
been proved without the use of series. The equations (8) and (9) 
of Art. 28 may be obtained by expanding the integral (12) in 
powers of e’ and neglecting all powers of e above the second. 

31. The importance of the case considered in Art. 29 lies in 
its application to the theory of thin vertical columns. The rod 
may be regarded as a vertical column having the tangent at its 
lower end G fixed in a vertical position, while a weight, much 
greater than that of the column, is supported on the upper ex- 
tremity. It appears from what precedes that if the weight on 
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the putnmit is gradually increased, the column will remain erect, 
without bending, until the weight becomes nearly equal to a 
certain quantity depending on the flexibility and dimensions of 
the eolmnn. 

Since the constant K is equal to Emk^ (Art. 13) it follows that 
the bending weight, for columns of the same kind, varies as the 
fourth power of the diameter directly, and as the square of the 
length inversely. This result is usually called Euler’s* law. 

Columns yield under pressure in two ways, first the materials 
may be crushed, and secondly the column may bend and then 
break across. In some cases both effects may occur at once. If 
the column is short it follows fi:om Euler’s law that the bending 
weight is large, so that short columns yield by crushing. Long 
columns on the other hand break by bending and are not crushed. 

Many experiments have been made to test the truth of Euler’s 
law. The results have not been altogether confirmatory, possibly 
because Euler’s law applies only to uniform thin columns, in which 
the central line in the unstrained state is a vertical straight line. 
For the details of these experiments we must refer the reader to 
works on engineering. See also Mr Hodgkinson’s Experimental 
researches on the strength of pillars, PhU. Trans. 1840. 

lu this investigation ve have supposed that the weight has been placed centri- 
cally over the avis of the columu. The weight of the column itself has also been 
neglected and no allowance has been made for the shortening of the column due to 
the weight it has to support. 

32. Heavy columns. Ex. 1. A vertical column in the form of a paraboloid 
of latus rectum im with its vertex upwards is fixed in the ground. Show that it 
will bend under its own weight when sli^Uy displaced if the length be greater than 
IT where w is the weight of a unit of volume, E the weight whioh would 

strctcli a bar of the same material and unit area to twice its natural length. 

Ex. 3. A vertical cjlindtical column of radius r is fixed in the ground. Show 

2 1 

that it will bend under its own weight if its length be greater than c^( - 2 — ) , 

\ low / 

where c is the least root of (c) =0. 

Let A be the area, r the radius of a section of the column (supposed to be thin 
and straight) at a distance x from the base 0, then (Art. 13), K=EA1^. When the 


Euler, Berlin Mcmuirs, IToT. Betereburg Commentaries, 1778. Lagrange, 
Acad, de Berlin, 17S9. Poisson, TraitS de Mfeanique, 1833. See also Thomson 
and Tait, vol. i. Art. 811, where some figures are given. Also the Proceedings of the 
Bog. Irish Acad. 1873, whore Sir B. Boil notes an error in Poisson’s analysis. In 
the Pi oc. London Math. Soc. 1893, vol. xxrv.. Prof. Love discusses the stability of 
columns. A discussion ot Euler's theory is contributed to the Canadian Society of 
Civil Engineers, 1890, by C. F. Findlay, GJS. 
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coinmn is a paraboloid and r‘=im.{l-x), when the column is a cylinder 

Affi is constant. In the figure of Art. 27, let x', y' be the coordinates of auy point 
P' between P and B. Taking momenta about P the differential equation U seen to 

be • iy - y')< 

where A' is the area of the section at P'. Differentiating this equation with regard 
to X, we find after some redaction 

where (=l-x, j8’=uj/2niE, and the column is supposed to be a paraboloid. 

At the free end where (=0, we hare {di//d{=0 and, since the stress couple is 
there zero, dPyj<l^=0. At the base where {={ we have dyld$=0 and this leads to 
the condition that the column cannot begin to bend unless 

When the column is a cylinder, the differential equation becomes 


^ 4a (i)/_ 
dj- ' df “ ’ 

which may be reduced to Bessel’s iorm. To effect this put dp/df p=f'‘, we 
then see that X=^, • 

Both these examples are due to Prof. Qreeuhill, Proceedings of the CoTitb. Phil. 
Sac. 1881, vol. IV. 


33. TReozy at a best circular rod. A ■uniform thin straight rod without 
weight is bent without tension into the form of a circular arc of great radius; it is 
required to find the stress couple at any point P. See Art. 16. 

We shall obtain a particular solution of this problem by making an hypothesis 
which simplifies the process, and which we afterwards verity by showing that all the 
equations of equilibrium are satisfied. 

We assume (1) that all filaments of matter parallel to the length of the rod are 
bent into circles with their centres on a straight line perpendicular to the plane of 
bending. Tills straight line will be referred to as tho axis of bending. Wo assume 
(2) that the particles of matter which in the unstrained rod lie in a normal section 
continue to lie in a plane when bent, (3) that this plane is normal to the system of 
circles above described. 



Let ABGD be a short length of the straight rod bounded by two normal planes 
AOC, BMD. To examine the small changes which this length undergoes we take 
the plane AOG as that of yz and let some perpendicular straight line Oilf be the axis 
of X. To avoid confusing the figure only the lines on the positive octant have been 
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drawn. Let the plane of m he the plane of bending, so that the axis of y is parallel 
to the axis of bending. Thus OA is the axis of z, 00 that of y. Let QB, be any 
elementary filament parallel to the axis of x, let (0, y, z), (®, y, z) be the coordinates 
of Q and R. Let the positions of these points and lines in the bent rod be denoted 
by corresponding letters with accents. According to the hypothesis A'O'C , BM D 
are normal to all the filaments of the bent rod, and (when produced) these planes 
intersect in the axis of bending. Any filament, such as Q'S', is a circular arc whose 
unstretched length is OM. 

The rod being bent without tension, the filaments near A'B' are compressed 
while those on the opposite aide of the rod are extended. There is therefore some 
surface such that the filaments which lie on it have their natural length. This 
surface is usually called the neutrctl surfaeCf and the lines on it parallel to the length 
of the rod are called neutral lines. Since the filaments on this surface are circular 
arcs of the same length with their centres on the axis of bending, the neutral surface 
is a cylinder which cuts the plane of ifs in a straight line parallel to the axis of 
bending. Let the origin O' be taken on the neutral surface, the axis of a is there- 
fore a tangent to a neutral line, and the unstretched length of every filament, sueh 
as Q'R', is equal to 03/ or O'M'. Let p bo the radius of curvature of this neutral 
line. Since the rod is thin, all the linear dimensions of the mass ABGB ore small 
compared with p. 

When the unstretched length QR has been compressed or stretched into the 
length Q'R', it remains sensibly parallel to the axis of x, but its distances from the 
planes xz, xy may have been altered. Let these distances he y'=y+v, z'^z\-w, and 
let the stretched length Q’R' be »'=*+«. Since R' lies in a plane normal to the 

X (z+w) X 

neutral line at M', we have 3f={p-z-w) sin -=«-^ — . 


The difference x'~x represents the stretch of the fibre QR whose unstretched 

Z + 1P 

length is x. The tension per unit of sectional area is therefore equal to - £ — — . 


When the rod is only slightly deformed by the bending (as in Art. 17) the displace- 
ment w must be small compared with z. We may then, as a first approximation, 
equate the tension to - Ezjp. 

Since the rod has been bent without altering its length, the resultant tension 
across the section AOC is zero, and we have 


JJ [Ezjp) dydz=0. 

It immediately follows that the centre of gravity of the section lies in the plane of 
xy. The neutral surface therefore passes through the centre of gravity of every 
normal section. In a cylindrical rod therefore, bent without tension, the central line 
is also a neutral line. 

Since the elementary tensions have no components parallel to the axes of p or x, 
it follows that the shear is zero. 

If L be the moment about the axis of y of the tensions which act across the 
section AOG, measured positively from a to x, we have 


L=ijz^dydz.-=:B—, 

P P 

where is the moment of inertia of the sectional area about the axis of y, i.e. 
about a straight line drawn through the centre of gravity of the section perpendi- 
cular to the plane of bending, see Art. 13. Since the rod is a uniform cylinder bent 
into a circular arc, the corresponding couples about O'O', M'D' balance each other. 
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In the same Tray the moment about the axis of z of the tensions which act across 
the section AOC is jjyzdydz.BIp. This couple cannot be balanced by the equal 
couple about M'S' because their axes are not parallel. It is therefore necessary that 
this moment should vanish. It follows that the rod will not remain in the plane of 
bending unless the product of inertia of the area of the normal section about the 
axis of y and any perpendicular straight line in its plane is zero. In other words, 
the plane of bending must be perpendicular to a principal axis of the section at its 
centre of gravity. 


34. If we suppose, as already explained in Art. 8 , that each 'fibre or filament of 
the rod is contracted or extended in the same manner as if it were separated from 
the rest of the rod, the mutual pressures of these filaments transverse to the length 
of the rod and also the tangential actions are zero. Each element of the rod is 
therefore in equilibrium, and the surface conditions are also satisfied. Each 
filament is slightly displaced, like those discnssed in Art. 8 , and slightly turned 
round. These displacements are those represented by v, w, and are such that, 
when the fibres are stretched independently of each other, the body remains 
continuous. 

The expressions for the coordinates y'=y+v, z'=z+w, of Q' in terms of the 
coordinates y, z ot Q may be deduced from the theorems given in Art. 8 . It 
follows from that article that when the filament QB is stretched into the filament 
Q'R' by a tension N,, the rectangular base QLMB remains rectangular and simRar 
to its original form, and is of such size that corresponding sides are connected by 
the relation (Q'L’ - QL)IQL= - NJE'. 

Let </} be the angle which the side Q'L' mokes with the axis of y, measured posi- 
tively from z to p ; then 

qV cos dj, = (l -i-g) dy, - Q'L’ sin ^J±dy^^ dy. 

Rejecting the squares of the small quantities v, to and remembering that QL=dy, 

, dv N. dtp 

we have t- = -T 5 i -tan 0 =-^, 

dy E' ^ dy 


Treating the side Q'N' in the same way, we have - 5 -= - , 


integration 


. , dv 

tan^=^. 


dw _ Nj, 

'di~~ W 

Substituting for its value -E (i + tp)lp, and neglecting le/p as before, we find by 
E yz+f(z) E z^+F[y) 

E' p ’ 2E' p 

Equating the two values of tan 0 and substituting for v and tp, we find that 
-iP'(F)=F+/’W. 

It follows that/(z)=az + b, and therefore 


_E (y+a)z+b 


tp= 


E z°-(p-ba)°-e 


E' p ' 2B' p 

The terms containing b and a’ - c represent a translation of the section as a whole, 
those containing the first powers ofy,z represent a rotation through an angle EajB'p. 
If neither of these displacements exist, we may omit these terms. 

The expressions thus found for u, v, w, give the displacements of Q referred to 
the axes O'M'^ O' A', (XC. They also give those of B referred to corresponding 
axes with M' for origin. The displacements of B referred to the axes with O' as 
origin are therefore given by 

xz E yz r? 

P E p 

where x,y,z are the coordinates of B, 


E z^-y^ 
2p E' 2p ’ 
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35. If the seotion of the beam is a rectangle having the sides EF, GH perpen- 
dicular to the plane of bending, we see by examining the expression for v and w that 
these sides become carved when the rod is bent, and that they have their convexities 



turned towards the centre of curvature of the rod. The sides EG, FS which before 
bending were parallel to the plane of bending remain straight lines but are inclined 
to the plane of bending and tend outwards on the concave side of the rod. 

The expressions found in Art. 34 for the displacements u, v, v> agree with those 
given by Saint-Yenant for one case of bending. Bui what has been said in that 
article is not to be taken for a complete discussion of his problem ; for that the reader 
should consult a treatise on the theory of Elasticity. 

The second and third assumptions of Art. 33 are included in the first, either if 
the circle is complete, or if proper forces are applied at the extremities of the arc. 
The first assumption may be regarded as following from the statement in the 
enunciation that the rod is uniform, without weight and bent into the form of a 
circular arc. 

In the theory of Bernoulli and Euler these assumptions are applied to the case 
of any thin rod *. The theory thus extended leads to the result that the bending 
moment is proportional to the curvature and this result agrees with experiment. 
But other results of the theory are not so nearly in agreement with facts. To 
obtain a correct theory it is necessary to have recourse to the general equations of 
equilibrium of an elastic solid. In this treatise the expression for the bending 
moment is intended to rest on experiment (Art. 18), and the bending of a circular 
arc ha-, been considered merely as the simplest example of the theory of elasticity, 

36. Airy’s Problem. In using standards of length two considerations have 
attracted attention, (1) the application of supports in such a manner as to produce 
no irregularities of flexure and (2) the application of such supports as will permit 
the expansive or contractive efiects of temperature. The importance of the former 
was made known by Eater, that of the latter by Baily, Freedom of expansion is 
usually secured by sui^portiug the body on rollers. Excessive flexure is avoided by 
making the rollers rest on levers which are so arranged that the weight of the body 
is either equally distributed over tbe points of support or distributed in such ratios 
as may bo thought proper. 

The flexure is so small that the mere curvature of the central line does not 
produce a sensible alteration of its length. If however the measured length is 
marked on the upper surface of the mcaswring rod, this length may be either stretched 
or shoi tened by the curvature of the central line. There may therefore be a small 
error in each length measured by the rod, which would be multiplied indefinitely 
when the whole distance measured is great. The problem is to determine how this 

* Prof. Pearson shows in The Quarterly Journal for 1889 that the results of the 
Bernoulli-Euleiian theory give fairly approximate formulce for the stress and strain 
of beams whoso diameter is one-tenth, or lees, of their length. 
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error may be avoided. Airy’s principle is tbat the extension o! each element of the 
upper snrfacn of the measuring rod ie proportional to the bending moment L, Ue 
therefore infers that the supports of the rod should be so arranged that [Ldr—0, the 
limits of integration being from one end of the measured length to the other. 

We may deduce the oorreotness of this principle from the theory given in Art. 33. 
The extension of the filament QS has been shown to be approximately QJi (z/p), 
where p is the radius of curratiire of the central lino and z the distance from the 
central line of the projection of QS on the plane of bending. If then z be the half 
thickness of the rod, tlie extension oi an element dx on the surface is edxjp. Since 
L=KIp, it immediately follows that the extension of any element on the surface of 
a uniform rod is proportional to the bending moment. 

£x. 1. A bar, of length a, is supported at two points symmetrically placed, and 
the marks defining the extremities of the measured length are close to its ends; 
prove that the distance between the points of support should be ajiJS. 

Ex. 2. A standard of lengtli a is supported on m rollers placed at egual distances, 
and the weight is equally distributed over the rollers. The measuring marks are 
placed at distances e from the ends. If D be the distance between two consecutive 
rollers, prove that D,y(m'‘-l)=a,^(l-8c“/o®). 

Memoirs of the Royal Astronomical Society, Yol. xv., 1846, and Monthly Notices, 
Vol. VI., 1846. 

37. Bending of Circular rods. The natural form of a thin 
inextensible rod is a circular arc; supposing it to be slightly flexible, 
it is required to flnd the deviation from the circular form produced 
by any forces*. 

Let AB be the arc of the circle when undeformed, 0 its centre, 
a its radius. Let P he any point on 
the circle, P' the corresponding point 
on the rod when bent. Let a, 6 be the 
polar coordinates of P; a{l+u),d + <f> 
those of P', referred to 0 as origin. 

If p be the radius of curvature at P', 
we have bya theorem in the differential 

calculus + 

where the squares of u are neglected. Zet vs represent either side 
of this equation by qja. 

If the central line be extensible, let ds^ and ds he the un- 
strctched and stretched lengths of an element of arc, then 
dsi = ad6, (dsf = {adufl + (1 + it)“ (dO -f 

* The case of a circular arc is important because the periods of its vibrations, 
both when inextensible and extensible, can be found. Seo the second volume of the 
Author’s Rigid Dynamics, where also the expression for the work of the stresses is 
found in a different manner. 
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Neglecting the squares of small quantities, this gives 
ds = a(l +u)d6 + adcf). 

If p he the proportional elongation of the elementary arc 

ds-dsi dtf> , 

f — s; — 39+“ 

If the rod is inextensible, we have p = 0. 

The equations of equilibrium of an inextensible rod may be 
'formed by either of the methods described in Arts. 10, 11. Taking, 
for example, the three equations marked (4) in Art. 11, and joining 

them to Z = 2 ^ ^ = 0 (3), 

we have five equations to find T, U, L, u, d> in terms of 6. 


38. If the rod is slightly extensible as well as flexible, the equations become 
somewhat changed. The arc da in the equations of equilibrium in Art. 11 means 
now the stretched length of the element, while F and G- represent the impressed 
forces referred to a unit of length of the stretched rod. The equation p=:0 must 
also be replaced by another connecting p with the tension. 

The relations which connect L and T with p and g are perhaps most easily 
deduced from the expression for the work done by the stresses when the rod is 
deformed. If H'dsj be the work done by the stresses when the element is stretched 


and bent, we hare 



(4). 


where H and K are the constants of tension and flexural rigidity. This result 
follows at once from those given in Art. 16 of this volume and in Art. 193 of Vol. i., 
tchen ice assume that the work clue to a deformation of bending is independent of 
that of stretching. 

From this expression for W we may deduce the values of T and L. Seeping 
one end P' of an element P'Q' fixed, let the element be further stretched, without 


”” ds 

altering the curvature, so that its length ds becomes ds', then dp= . The 

dsi 

work done by the tension T at the end Q' is -T (ds’-de), and that done by the 
couple at Q' is - L The sum of these is d IF. dsj. We therefore have 



,(5). 


Next let the element, without altering its length, receive an increase of curvature 

so that the radius of curvature is changed from p to p'; then ^ = L 

a p' p 

tension at Q' does no work, while the work of the couple JL at Q' is -i ( — - 1 1 ds 

L dir 1 

Alsods = tl+p)*i, 

These expressions give for a slightly extensible and flexible rod 



T=Hp 


K 


(7). 
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The equations of equilibrium found in Arts. 10 and 11 when joined to (7) 
supply five equations from wMoh L, T, V, u, 0 may be found 

30 . Ex. One end of a heavy, slightly flexible inextensible wire, in the form 
of a circular quadrant, is fixed into a vertical wall, so that the plane of the wire is 
vertical and the tangent at the fixed end horizontal. Assuming that the change of 
curvature at any point is proportional to the moment of the bending couple there, 
prove that the horizontal deflection at the free end is where E is the 

flexural rigidity, w the weight of a unit of length, and a the radius of the circle. 

[Trin. Coll. 1892.] 

Let A be the free end of the rod, 3 the end fixed into the wall, 0 the centre. 
Taking moments about any point P for the aide PA, Art. 10, we arrive at 
E ( dhi\ . „ , 

( “+ 331 )=-Sintf + #COBff, 

a^m \ dd-*/ 

where AOPssd, and 0P=a(l+u). The constants of integration are determined 
from the conditions that v, and du/dS vanish at B, and the deflection required is 
the value of au when 6=Q. 

40 . 'I'o find the work when a thin rod, whose central line in the natural state is 
a eirele of radius a, is stretched and lent so that the central line becomes a circle of 
radius p, bj^ a method analogous to that used in Art. 33 for a straight rod. 

The figure of Ait. 33 may be used in what follows, except that the lines OU, 
AB, CD must be supposed to be small arcs of circles. 

Let 01/ be an element of the central line of the unstrained solid, (fM' the same 
element when the rod is deformed. Let the tangents to OM, O'il' be tho axes of x 
and a', and let the planes of xz, x'z' be the planes of the circles. Let QB be any 
filament parallel to OM, CfR’ its position in the strained rod. Let y, z; y", s’ be 
the coordinates of Q, R ; Q', B.', each referred to its own set of axes. 

If dsj, ds be the lengths of OM, O’M' and l+y) stand for eL/ds, as before, the 
tension of O'M' per unit of area is Ep. If da^, da be the lengths of Qli, Q'W, 

wohave diTi=dSi(^l d(r=:rf» ^ 1 - (1), 

and the resultant tension of all the fibres which cross the arm ayilz is therefore 



The work done by this tension when the filament is pulled from its unsUetched 
length dcj to the length da, is 

- iEdydz - 1 ^ dc, (3). 

The difierence z'-z is a small fraction of z; for a straight rod it has been 
shown to be of the order z^jp. Art. 34. As a first approximation we lake z'=r. 
Substituting for ds/dzj and for 1/p their values 1+p and (l+g)/o, and negleoliug 


all powers of z/a above the second, we find that the work is 

-lEdyds |^p®-{p*+2pg{l+p)}^+sMl+P)*^^)*]<*«i (4). 

^[ntegraiing this over the area ta of the section, and remembering that O is the 
centre of gravity of the area, we have for the whole work 

Wds^= - iEo, [p* + gZ (1 asi (S) ; 

when the higher powers of p, g are rejected this becomes 

irdsi=-J£w[j)’+^g»Jdzi (6). 

19—2 
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41. In the same way we find that the tension of the fibres which cross the 



Eemenibering that 0 is the centre of gravity of the section, we find by an obvious 
integration that the resnltaut tension T and the resultant couple L are given by 

r=£M |p-^//(l+p)J- , L=Eaa^^q{l+p) (8). 

These reduce to the forms given in Art. 38 when the product pq is neglected. 

42. If we examine the expressions for the work, tension and couple given by 
equations (C) and (8} of Arts. 40, 41 we see that they contain two constants of 
elasticity, viz. Eu and Eati^. These were represented by the letters if, K in the 
corresponding expressions in Art. 38. 

When the rod is suoli that the constant of elasticity Eu is infinite or very great, 
a small change in the proportional extension p alters the product Eup very con- 
siderably. If, therefore, the tension is finite or not very great, p must be very 
nearly equal to zero. It follows that in all the geometrical relations of the figure 
wu may regard n as equal to zero. At the same time the product Eap which occurs 
in the tension is not to be regarded as zero, but as a quantity analogous to the 
singular form co . 0. If the tension is finite, the term E'^ which occurs in the 
work is zero. 

Since tlic other constant of elasticity, viz. Euk^ja^ is not necessarily large in 
thin rods, it does not follow that q must be small, because Eu is large. 

Eads in which E<a is very great are said to be inextensible. Such rods may be 
bent, and the bending couple is proportional to the change of curvature. 

43. Very flezllile rod. When the flexibility of the rod is such that it may be 
made to pass through several small rings not nearly in one straight line the 
integrations of the differential equation become more intricate. To simplify the 
problem we suppose that though weights may be attached to any points, the rod 
itself is without weight. 

Let A, B, C ikc. be a series of email smooth rings through which the rod is 
passed. Let the stress couple at A be i,, and let T, , ZJj be the tension and shear 
at the same point. Let be the corresponding Btresses at JB and so on. 


The stress Lj, Tj, Di acting at A may be reduced to a single resultant acting 
along some straight line A'B’, whose position is found in Vol. i. Art. 118. If P' be 
any point between the rings A and B, the stress at P* must be equivalent to the 
same force, for otherwise the portion AP' of the light rod would not be in 
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eqaiUhtium. In the eetae ■way the stress at every point of the rod between the 
rings B and C is equivalent to a single resultant !•'„ acting along some other 
straight line B’C, and so on for every portion of the rod lying between contiguous 
rings. These straight lines may be called the lines of pressttre. We shall suppose 
the forces F^, F^, &c. when positive to be pulling forces, so that fur instance 
the action of AP on PB is equivalent to the force Fj acting in the direction B'A'. 

The stress forces at points one on each side of any ring, as B, being and Fj, it 
follows that the pressure on the ring S is the resultant of Fj acting along B'A' and 
Fj reversed and thus made to act along B'C'. Xhe pressure at B therefore acts 
along B'B, and this line is a normal to the rml at B. 

Let ns consider the equilibrium of any portion BP of the rod, where Fis a point 
between B and C. Lot \fi be the angle the tangent PII mates with B'C', and let 


B'C be the axis of Let rj be the perpendicular distance of P from that axis. 
Let L, T, U be the stress couple, tension and shear at P. Then 

T=:F„C 0 Brl/, L'=-F,sm^, L=F^ri (1). 

Talcing moments about Pfor the portion BP we have =F,i| (2). 

Multiplying both sides by sin \j)=dnldsaadL integrating, we find - 27C cos ^=F„i)‘-+ 0. 
This result may be written in the form 

2FFjCo«il'+F,®v»=r (3), 


where 7 is a constant for the portion BP of the rod. We notice that in this 
equation FjCos is the tension and F»ij the stress conpile at the point P. 

A similar equation holds for each portion of the rod which lies between 
contiguous rings. If P move along the rod and pass through the ring C, the 
tension and stress couple uudergo no sudden changes of value, though the shear is 
altered discoutinuously. It follows that Fgcos^ and F^ij are the same on both 
sides of C and that therefore 7 is the same for both ])urtions of the rod. The 
constant I has therefore the same value Ihrvughoiit the whole length of the rod. 

If one extremity of the rod is free, let A be tlie ring nearest the free end. The 
tension and the stress couple at A are therefore zero ; hence, by equation (3) the value 
of I is zero. In this case, since the stress at A is reduced to the shear only, the 
line of pressure between the rings A and B is the normal at A, 

Since pcoB^=(do/d^) (rft/ds) = <ff/d^, we have by (2) 

(It _ ^ cosy _ AT cos ^ 

PjTi ~(I-2FFaC0»^)^ ’ 

where f is measured positively opposite to the direction of Fj. Putting iji~rr-2g, 
we reduce this to the diSerence of two elliptio integrals, 

Fjt=£ [(l-c=Bin=d)idd-i f — j, 

’ ty (l-c=sin-'d)i 

where P=1 + 2KF2 and c-£®=47f7'j. 

44 . To show that these results supply a suDicient uumber of equations, let us 
suppose, as an example, that both ends of the rod are free and that it has been 
made to pass througii live small rings at A, B, C, D, E. 

Beginning at the ring A, the line of pressure A'B' is the normal at A; lot fl be 
the angle it malces with any fixed straight line in the plane of the rings. Taking 
AB' as the axis of £ and A as origin, the coordinates of B, viz. (, y, are known 
functions of S. The eriuations (3) and (4) give 4, y, in terms of V' and Fj, the 
constant in (4) being determined from the condition that when 4=0 tbe value of ijr 
is known, viz. in this case ^ is a right angle. Equating these two values of 4 and y 
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we have two eiiuations to deterinine and the vnlne of at B. The tangent nt 
B having been found, the nomal B£' can be drawn and the position of B 
determined. 

In the figure of Art. 43 we have Fjem A'R'R=Fjsin BD'C. When therefore we 
repeat the piocess just described and take IffC as a second axis of £ and the foot of 
the perpendicular fiom R on R'C' as the origin, with the object of finding and the 
value of ^ at C, we ieaU 3 ' have sufficient equations to find the angle RB'C' also. 

in the ‘-amc w ay we next take CD’ as the axis of {and finally D'E'. But since 
this last line of pressure must be the normal at E, the value of ^ at R must be a 
right angle. This supplies a final equation from which 0 may be found. 

Ex. A light rod BE is made to pass through two small rings A, C in the siiine 
horizontal line at a distance apart equal to and has a weight W applieil at a 
point B so that the vertical thiough Ji bisects AO at right angles. If 2^ be the 
angle between the normals at A and C prove that 

3 cos ^ (cot <p)^ + (cos 0 d^=b cosec ip 



On rods in three dimei}sions. 

46. Measures of Twist. Let PK be a normal to the 
central line of an elastic rod at any point P, and let K lie on 
the outer boundaiy of the rod, the portion PK is called a 
transverse of the rod. This name is due to Thomson and Tait. 

Let P, P', P" &c. be a series of adjacent points on the central 
line of the unstrained rod, and let each of the arcs PP\ P'P" &c. 
be infinitesimal. Any transverse PZT having been drawn at the 
first of these points, let the plane KPP' intersect the normal 
plane at P' in a second transverse P'K'. Let the plane K'P'P" 
intei-sect the normal plane at P" in a third transverse, and so on. 
We thus obtain a seiics of transverses, any consecutive two of 
which lie in a tangent plnue to the central line. 

If the rod when unstrained is straight and cylindrical it is 
obvious that all the transverses thus drawn lie in a plane pawsino- 
through the central line. It is also clear that the extremities 
K, K’ &c. of the transverses then trace out a straight line on the 
surface of the md parallel to the central line. 

Let these tninsverses be fixed in the material of the rod and 
move with it when the rod is stnained. The normal section at P 
of the r-I being fixed, let the elements lying between the normal 
planes at P, P', P' ke. he tw^ted round the tangents PP', 
P'P Ate. ru-i eotively, so that the points E, K', K" &c. trace 
out a spiral line on the outer boundary of the rod. The twist 
of the elementary portion of the rod which lies between the 
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normal planes at P, P' is mea.snred by the infinitesimal angle 
which the transverse P'K' makes with the plane KPP', or, what 
is ultimately the same, by the angle which the planes KPP', 
PP'K' make with each other. If the arc PP' of the central line 
be ds, and if the angle which the planes KPP', PP'K' make with 
.each other be d^, the ratio dxjds represents the twist of the portion 
ds of the rod refen-ed to a unit of length, and is usually called the 
twist at P. 

It iB Bometimes nseful to so choose the transveraes PK, P'K' Ac. in the unstrained 
rod that the angle which the planes KPP', PP'K' make wjth each other has any 
convenient value. Let <?xi be this angle and let dxi=r-,de, then is an arbitrary 
function of the arc s. If dx or Tit be the corresponding angle in the etraiued rod, 
the twist ia measured by t - t, . 


46. Resolved Curvature. Let a straight rod be strained 
by bending, so that the central line takes the form of a curve of 
double curvature. If de be the angle between the normal planes 
to the central axis at P, P', the curvature at P is measured by 
the ratio dejds, and the central line is said to be curved in the 
osculating plane. 

It is sometimes more convenient to re-solve the curvature in 
two directions at right angles. Let the normal planes at P, P' 
intersect each other in a straight line CO, then GO intersects the 
osculating plane at right angles in some 
point C. Since PC, P'G are two con- 
secutive normals lying in the osculating 
plane, the point C is the centre of the 
circle of curvature ; let CP = p. Let us 
now draw a plane through the tangent 
PP' to the central line making an arbi- 
trary angle ^ with the osculating plane, and let this plane cut GO 
in Q. Then since PQ, P'Q are two consecutive normals to the 
central line, the point Q is the centre of a circle of curvature 
drawn in the plane QPP'. If the radius PQ of this circle be R, 



we have from the right-angled triangle QGP, ^ ~ cos (f). 


It follows that the curuature in a plane drawn through the 
tangent may be deduced from the curvature in the osculating plane 
by the same rule that we use in statics to resolve a force. 


47. Let us draw two planes through the tangent at P to the 
central line, and let these be at right angles to each other. Let 
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the resolved curvatures of the central line in these planes be 
called K and X. Then the curvature in the osculating plane is 
+ and the tangent of the angle the osculating plane 
makes with the first of these planes is \//t. 

These two planes intersect the normal plane at P to the 
central line in two straight lines at right angles. Let these be 
PK, PL, the straight line PK being perpendicular to the plane 
in which the resolved curvature is k. 

The three straight lines PK, PL, PP' thus form a convenient 
system of orthogonal axes to which we may refer that part of the 
rod which lies in the immediate neighbour- 
hood of P. The resolved curvatures of the 
central line in the planes perpendicular to 
PK, PL, being k, X and the twist about 
PP' being t, it follows that in passing fi'om 
the point P to P' the three axes are screwed 
into positions P'K', P'L', P'P" by a combination (1) of the rota- 
tions Kds, Xds, rds about the axes PK, PL, PP', and (2) of a 
tran.slation of the origin P along the tangent to P'. It should 
be noticed that each of the three quantities «, X, t is of — 1 
dimension as regards space. 

'Ihe i(uaulities k, X are the resolved curvatures of the strained 
rod and are the same as the resolved bendings produced by the 
forces, only when the unstrained rod is straight. To find the 
bending jiroduced by the external forces when the unstrained rod 
is itself curved we must subtract fi-om /c, X the resolved curvatures 
of the mist rained rod. 

48. Since Kcls, Xels, rds are rotations about the axes of 
reference, wo know by the parallelogram of angular velocities 
that they may be resolved about other axes by the parallelogram 
law. If then we wish to refer the strains to a different set of 
axes, say PK, PL^, PT^ we change *, X, t into kj, Xj, tj by the 
usual foimulas for the transformation of coordinates or for the 
resolution of ibrees. In this way we may refer the bending and 
twist in the neighbourhood of P to any arbitrary system of axes 
having the origin at P. These generalized axes may be screwed 
from their positions at the origin P to those at P' by the three 
rotations Kids, Xids, Tids and the ti’anslation ds along the 
tangent. 
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49 . In many of the applications of analytical geometry to physical problems 
it is found advantageous to make the coordinate axes moveable, so that they may 
always be in the most convenient position. Thus if a point travel along the strained 
rod and successively occupy the positions P, P', P", Ac., the axes change their 
directions in space. To specify the motion of these axes we may either use a 
second system of axes fixed in space or we mav refer the motion to the moving 
axes themselves in the manner above described. The first method rcgnires 
the use of the formulos of transformation of axes which are often complicated, in 
the second we avoid the introduction of a second .system of axes. Moving axes arc 
of gre.at importance in Dynamics and arc also of much use in discussing the 
geometrical properties of curves and surfaces. For these .applications the reader is 
referred to the second volume of the Author's Treatlee on Rigid Dynamics. 

50. Ex. 1. A straight line is marked on the surface of a thin unstrained 
cylindrical rod, parallel to the central line. If the rod is bent along any curve on 
a spherical surface so that the marked line is laid in contact with the spherical 
surface, show that the twist is zero. 

If the rod is laid on a cylrndrical surface so that the marked line is in contact 
with the cylinder, show that the twist is sin a cos a/a, where a is the radius of the 
cylinder and a is the angle the rod makes with the axis of the cylinder. Both these 
results are given by Thomson and Tait, Art. 126. 

If P, P" be two consecutive points on the central line, the transvorses PK, P'K' 
are normals to the surface. The first resrrlt follows, because the trausverscs pass 
through the centre of the sphere, so that the angle between the planes KPP', 
PPK' is zero. Since the radius of curvature at any point of a helix lies on the 
normal to the cylinder on which the helix is drawn, the second result follows from 
the ordinary expression for the radius of geometrical torsion. 

Ex. 2. A straight thin rod has a straight line marked along ono side. If the 
rod is bent and laid on a surface so that this line lies in contact with a geodesic, 
show that the twist at any point P is A sin d cos 0, where A is the difference of the 
curvatures of the principal sections of the surface at P and 0 U the angle the rod 
makes with either line of curvature. 

51. Relations of stress to strain. Let P be any point on 
the central line ; the mutual action of the parts of the rod on each 
side of the normal section at P can be reduced to a force and a 
couple with any convenient point of tJiat section as base. 

Let three rectangular axes be taken at the point P to which 
we may refer the strains and stresses in the neighbouring portion 
of the rod. Let IC, L, T be the components of the stress couple 
about these axes. If the unsti-ained rod is straight, let «, t be 
the resolved parts of the curvature and twist about the axes ; if 
the unstrained rod is itself curved, then «, X, t represent the 
changes in the curvature and twist produced by the external forces. 

We shall now assume the two following principles* : — 

(1) that the changes in the twist and curvature of the rod in 


See Thomson and Tait, 1883, Act. 691. 
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the neighhourhood of P are independent of the force and are 
functions only of the couple ; 

(2) that the couples K, L, T are linear functions of the strains 

K, T. 

These assumptions are necessary because we do not in this 
place enter into the theory of elasticity. 

If -we suppose, as usual, that the strains are so small that we 
may neglect all powers but the lowest which enter into the 
equations, the second principle is equivalent to the assumption 
that when K, L, T are expanded in powers of k, X, t the lowest 
powers in the series are the first. 

62. Since the three couples K, L, T arc each expressed in 
terms of k, X, t by a different linear equation, it might be supposed 
that we shall have to deal with nine constants. But if the elastic 
forces form a conservative system we may reduce these to six by 
using the work function. 

Let TFds be the work function of an element of the rod 
bounded by the normal sections at P, P'. Supposing the end P 
fixed, let one strain, say X, become X + dX, the other two remaining 
unaltered. Since the element of the rod has been rotated about 
the axis of the couple L through an angle equal to dX . ds, the work 
done by the couple L is LdXds, while that done by each of the 
couples K and T is zero. We therefore have dsdW ~ LdXds. 
Similar expressions hold when K and T are increased by d* and 
dr, so that in general 

K = d F/d«, Z = d F/dX, T=d Wjdr. 

Since K, L, T are linear functions of k, X, t it follows that W is 
a quadratic function of «, X, t, Le. 

F = ^ (,4 «» + PX= + Ct* + 2aXT + 26 tk + 2c/eX). 

K=AK + o\ + hT, Z = c« + PX + aT, T=hK + aX + Gr. 

53. We have already seen that if we refer the strains to 
another set of axes the quantities k, X, t are changed by the 
ordinary formulae for transformation of coordinates. Art. 48. 
Since a homogeneous quadratic expression can always be cleared 
of the terms containing the products of the variables, it follows 
that by a proper choice of the axes of reference the expressions for 
F, and therefore those for K, L, T may be reduced to the simplified 
forms F = ^ 

Lj^ BXif OiTi. 
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These axes are called the principal axes of stress and the constants 
Ai, Bi, Cl, are the principal flexure and torsion rigidities. 

In what follows it will generally be assumed that the tangent 
to the central line at P is one principal axis of stress at P : this is 
of course the axis of torsion. If also the constants of rigidity for 
the other two principal axes are equal, we have 
lY = ^A{K* + X*)->r^GP, 

where the suffixes have been dropped as being no longer required. 

The expression for the work is not complete if the rod is 
extensible, for we have not yet taken account of the extension or 
stretching, of the element PP' of the rod. This additional term is 
given in Vol. I. on the supposition that the tension obeys Hooke’s 
law. It will not be required in the problems considered in this 
chapter. 

64. Helical twisted rods. A uniform thin rod, naturally 
straight, whose principal stress axes at any paint are the central line 
and any two petpendicidar cures, is bent into the form of a helix of 
given angle and receives at the same time a given xmiform twist. 
It is required to find the force and couple which must be applied at 
one extremity, the other being fixed, that the rod may retain the 
given strains. 

Let APQ be an arc of the helix, A the fixed extremity, Q the 
terminal at which the forces are applied. Let AMB be a circular 
section of the cylinder on which the helix lies, OZ the axis of the 
cylinder. 

The mutual action of the portion AP of the helix and the 
portion PQ consists of a force and a couple. From the uniformity 
of the figure it is clear that 
the force and couple must 
be the same m magnitude 
wherever the point P is 
taken on the helix, and 
that their direction and 
axis respectively must 
make the same angles 
with the principal axes of 
the curve at P. 

The stress force at P 

may be resolved into two 'y 
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compoDents, one acting along the genei’ating line MPF of the 
cylinder and the other acting parallel to the plane XY. The 
latter, if it is not zero, must be in equilibrium with the compo- 
nent at Q parallel to the same plane. This however is impossible, 
because as P is moved along the helix the direction of the com- 
ponent at P makes alwaj's the same angles with the principal 
axes at P and is therefore changed, while that of the component 
at Q remains unaltered. Both these components must therefore 
be zero. It follows that the resultant stress force at any point 
P must act along the generator through that point. 

Let i2 be the stress force at any point of the rod. The force 
R may be transferred to the axis OZ of the cylinder by introducing 
the couple Ra acting in the plane OZFM. The force R thus 
hecome.i independent of the position of P. 

Let us now turn our attention to the stress couples at P. Let 
Px be drawn perpendicular to the axis of the cylinder and let 
TTz be a tangent at P to the helix. Then by the known 
properties of the curve, the plane TPx is the osculating plane 
at P. Let Pij be the binormal. If p = l//c be the radius of 
curvature of the helix, the strains round Py and Pz are re- 
spectively K and T, each being measured in the 2 Jositive direction 
round the axes. i.e. from z io x and x to y. There is no strain 
round Px because the rod is naturally straight. If A and G are 
the constants of flexure and torsion, the corresponding stress 
couples are Ak and Gt. These couples may be resolved into two 
components, one having the generator PF for axis and the other 
having its axis parallel to the plane of XY. 

Let the resultant of the latter couple and of the couple Ra be 
called H. The couple H at P together with the force R acting 
along OZ must be in equilibrium with the corresponding reversed 
coiqde H' and the revei-sed force R at Q. The forces are equal 
and opposite, hence the couples S, H' must be in equilibrium. 
ISiuce the axis of the couple H always makes the same angle with 
Oil/, its direction is altered when the point P is moved along the 
helix while that of the couple Q is fixed. Equilibrium cannot 
exist for all positions of P unless both H and H' are zero. The 
stress at P is therefore equivalent to a wrench whose fm-ce acts 
along the axis OZ of the cylinder and whose couple acts in a plane 
perpendicular to that axis. 

Gonsider the equilibrium of the portion AP of the helix. The 
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fibres of the rod which are nearest to OZ are compressed and those 
more remote are stretched. Hence the arc QP Lends to turn AP 
round the binormal Py in the direction 2 to ai. Also, as P travels 
along the wire in the direction APQ the positive direction of the 
torsion is firom x to y, hence the twist couple exeited by PQ on 
AP is in the same direction, viz. x to y. 

The stress couples which act at P on the portion AP of the 
rod are therefore X = 0, il/ = Ak, N=Gt round Px, Py, Pz respec- 
tively. These together with the force at P are equivalent to a 
wrench, let G be the couple measured clockwise round OZ and let 
R be the force acting along OZ. By equating the moments of 
these about MP and also about a parallel to MT drawn through 
P, we find that 

G = Ak cos a + Gr sin a, 

Ra = — Aie sin a.+ Gr cos a. 

Here R tends to pull out the spiral AP, and G to twist it round 
OZ from A to B. 

These equations determine R and G when the angle a of the 
spiral, the curvature k and the twist r of the material are known. 

By giving the proper twist, we can make G<=0 and then the 
spring can be maintained in the spiral form by a force R only. 

55. Spiral Springs. A thin rod or ivire, whose natural form 
is a given helix and whose principal axes of stress at any point are 
the tangent to the central line and any tivo perpendicular axes, is 
bent into the form of another given heliv. It is required to find the 
forces and covptles which must be applied at one end, the other being 
faced, that the rod may retain the given form. 

Let rii, a be the radii of the cylinders on which the unstrained 
and strained helices lie; a the angles of the helices. Let the 
axes of the two cylinders be coincident and let it be taken as the 
axis of Z, the plane of XY being perpendicular to it. 

Let P, P' &c. bo a series of consecutive points on the central 
line of the unstrained rod and let Pf, P'f' &c. be the principal 
normals at these points. The angle between the consecutive 
planes ^PP', PP'f' is ds sin cos «,/«! where ds is the arc PP'. 
Let Pt], P'n' be rhe binormals at the .same points, then the 
curvature of the unstrained rod, measured, as in Art. 47, round 
the binormal, is ds cos‘‘ a, ja^. Let Pf, P'f' be the tangents to the 
helix taken positively in the direction in which s is measured. 
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Ijet the axes of i} be fixed in the material of the rod and be the 
transverses of reference. When the rod is strained, let Par, Py, Pz 
be the principal normal, binormal and tangent at P, then Pf 
coincides with Pz, and Pf makes some angle (j) with P®. The 
figure of Art 54 may be used to represent the strained position 
of the rod, the axes Pf, Pi}, Pf are not drawn but may easily be 
supplied by the description just given. 

The stress at the point P of the strained rod consists of (1) a 
force which we may suppose to be resolved into two components, 
one along the generating line of the cylinder and the other 
parallel to the plane of X F. (2) A couple G(j — tj), whose axis 
is the tangent Pz, and two couples Ak and —Aki, whoso axes are 
Py and Pij respectively ; where 


sin cos oii 



«i = - 


Oi 


K=- 


cos" a 


and T(Zs is the elementary angle between the planes fPP', PP'f ' 
in the strained rod. 

Examining first the stress force, we find, as in Art. 54, that 
the component paiallel to the plane of Z 7 is zero. Thp stress 
force at every point P therefore acts along the generating line of the 
cylinder', let this force be R, and let it be transferred to the axis of 
the cilinder by introducing a couple Ra. 

Taking ne.vt the stress couples, we find by the same reasoning 
that the component about auy axis parallel to the plane of XY is 
zero Let us firet equate to zero the moment about P®; since 
P.r IS pojicndicular to Py, Pz and to the axis of the couple Ra, 
and makes with Pij an angle + we have ACisin^ = 0. Since 
Kn is not zero (as it was in Ait. 54), it follows that ^ = 0. The axes 
P| ..ml Pcc therefore coincide and the couples Ak and —Ak^ have 
a common a ns Py, viz. the hinorvial of the strained helix. The 
angle rdi is also equal to the angle between the consecutive 
osculatiug planes to the strained helix, i.e. t = sin a cos ct/a. 

Equating to zero the moment about a perpendicular to the 
plane passing through P® and the generator of the evlinder, we 
have Pn = — A sin a (k — %) + (7 cos a (t — Ti) (^1). 

Equating the moment about a geuerator to the corresponding 
moment at the terminal we have 


ff = A cos a (« — (Vi) + 6’ sin a (t — Ti), 


,(2). 
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«i = - 


cos- «1 
cti ’ 


K"- 


cos* a. 

T'* 


Tl = 


Sin «i cos ttj 

"oi “ 


sin a c<^ a 


56. If the spiral spring have a groat many turns so that 
ttj and a are both small, wo have when the squares of a are 


neglected 



If there be no cou})lo G but only a force at each end pulling the 
spiral out, we deduce Irani these equations that a = ai. so that the 
spring occupies a cylinder of the same radius as before the strain. 

We also have Ha = G ^ , 

a 

which is independent of the constant of flexure. It appeal's there- 
fore that the spring resists the pulling out chie/i/ bg its torsion. 
It is stated by both Saint-Venaut and Thomson and Tait, that 
this result was first obtained by Binet in 1S15. 

Lot I be the length of the spiral spring, h the elongation of its 
axis produced by the force R ; then 

i sin a — I sin = h. 

Rejecting as before the squares of Oj and a we find that R=C.^. 

This expression determines the force required to produce a given 
elongation in a given spring of small angle. 


57. Equations of Equilibrium. To form the general apta- 
tions of equilibriuin.* in three dimensions of a straintd rod. 

Let P, P' &c. be a series of consecutive points on the central hue 
of the unstrained rod. Let a series of trausverses PA'. P K.' ecc. 
be drawn such that the angle of twist ti is either zero or some 
ai'bilrary function of the arc s. Taking the transverse PL per- 
pendicular to PK, let the resolved curvatures about these Hues 
be Xi and /tj. If these transverses are the principal flexure aud 
torsion axes at each point of the rod they form a convenient 


* The general eqnationg of a rod in Cartesian coordinates may be found in the 
Treatise on Natural Philosophy by Thomson and Tait, 1879. The intrinsic equa. 
tions, or those referred to moving axes, are given in the Treatise on Staties by 
Minchin, 1889. 
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system of coordinate axes. If not let some other system of axes, 
jPf, Prj, Pf, be chosen which are connected with the transverses 
P/v, P'K' &c. in a known manner. Let 6^, 0^ be the resolved 
parts of /Ti, \i, Ti about the axes P^, Pij, Pf. Then, as explained 
in Art. 48, the axes at P may be brought into positions parallel to 
those at P' by rotations 0ids, 6^s, about themselves. 

When the rod is strained the axes Pf, Pt), P^ will move with 
the material of the rod and assume new positions in space. Let 
these be Px, Py, Pz. Let toiflls, co^ds, atyis he the rotations by 
which the axes at P in the strained rod are brought into positions 
parallel to those at P'. The differences (6>i — 6^) ds, (a>t — d^) ds, 
(a)j — di) ds may be used to measure the strains produced by the 
external forces. 

Let jRi, Pi, Pi] Li, Li, La be the stress forces and couples 
which act at P on the element PP' in front of P and let them be 
estimated as positive when they act in the negative directions of 
the axes at P. Then Pi + dPi &c., Li + dLi Sac., are the corre- 
sponding forces and couples at P' and act on the element PP', 
behind P', in the positive directions of the axes at P'. Besides 
these the element is acted on by the impressed forces Fids, Fj.ls, 
Fyis and the impressed couples (if any) Gids, Gads, G,/ds- 

Since P,, Pi, P, are the components of a vector, viz. the stress 
force at P, the differences of the resolved parts at P and P' along the 
same set of axes are given by the rule for resolving vectors* ; we 

therefore have + eBjPj + Pj = 0 (1), 

~ <OiPa + a)iRi Fi = 0 (2), 

— cOiPi + WiPa + Pj = 0 (3), 


* The following proof of the rule is the same as that given in the second volnme 
of the Author’s Sigid Dynamics. 

Describe a sphere of unit radius whose centre is at P and let the axes Px, Py, Pz 
cut its surface in x, y, z. Let parallels to the corresponding axes at P' drawn 
through P out the surface in .V, y', z'. Thus we have two spherical triangles xyz, 
x'y'z', all whose sides are quadrants. Also x, y, z are brought into coincidence with 
X', y', z' by the combiued effect of the rotations uijds, ujdk, ujds about Px, Py, Pz 
respectively. 

Let U, V, W be the components of the vector at P in the directions of the axes 
x,y,z, U+dXJ, *0. the components of the vector at P" along the axes x', y', z'. 
The difference of the resolved parts along the axis of x is then 

(If H-dt/) cos lai'+fF'+dF) aoaxy' + (W+dW) coaxz'- U. 
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In the same way since Lu L^, are the components of a vector, 

dT 

we have — taji/, + WjZi, + (?i + /tfij — vR^ = 0 (4) 

— a>iLt + tojZi + G*, + vii, — AjRj = 0 (5) 

■ ■ tojj^ + + G3 + — fiRi = 0 (6), 

where fi, v are the direction cosines of the aic PR' referred to 
the axes at P. 

The relations between the conples L^, &c., and the strains 
<01 — 01, &c., may be deduced from the expression for the work W 
given in Art. 52, by writing <Bi — 0i, See. for ic, r, X. Supposing for 
the sake of brevity that the axes are the principal flexure and 
torsion axes, we have 

Xj = A (eoi — 0i), B (a>i — 6^, 1/^ = 0 (tos — 0.)...(7). 

If the axes are the tangent at P to the central line and two per- 
pendicular axes, we have X = 0, /a = 0 and v = 1 ; but in all cases 
X, (jt,, V are known from the given conditions of the rod. 

We thus have nine equations to determine the quantities 
Pi, Pj, Pj; Zi, L„ Z,; ®i, <03. If the rod is extensible there 

will be another equation supplied by Hooke's law. 

68. The meaning of these equations will be made clear if wo 
apply them to the simpler case in which the rod is uniform and 
when unstrained is straight and without twist. In this case 
^1 = 0 , 0 a = 0 , 03 — 0, and ®i, <03, eo, are the components of the 
curvature and twist. Let us also take the tangent FT as the 
axis of X and the principal flexure axes PK, PL as axes of y and z 

The rotations about Px, Py cannot alter the are xy, but the rotation about Pz will 
move y' away from x by the arc ujdt. la the same 
way the rotations about Px and Pz cannot alter the 
arc xz, but the rotation about Py will move / to- 
wards X by the arc u^ds. Therefore 

xy'zzxy + Uids, xz'=xz-a,ji». 

Also the cosine of the arc xx' differs horn unity by 
the square of a small quantity. Substituting we 
find that the difference of the resolved parts along 
the axis of . 1 : is dU - Fwjd* + IFwjds. 

If f7, V, W stand for R,, E 3 , P 3 wo join to this the 
force F,ds ; equating the result to zero and dividing 
by do, we obtain the first of the six equations. If 
U, V, W stand for Zi , , Zj we add the couple Oidz 

and the moments of the forces ifi-l-tfi?, &c. acting at Z'. We thus obtain in the 
same way the fourth of the six equations. 
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SO That \ = 1, /i = 0, K = 0. The equations (1) to (6) then take the 
foriuB 


^-O)3iio + 6).E3 + i\ = 0, 
as 

as 


— 6)3^2+ 0)22/3+ (?l =0, 

— 0)i2/3 + fHilti + (?3 — iJs = 0, 

— oi^Li + a>i2/2 + ffs + Ri = 0, 


and the equations (7) hecome Li = Aa>i, Li = Ba>i, 2^3 = 00)3. 

From these modified equations we can immediately deduce the 
equations of the bending of a rod in two dimensions as given in 
Art. 11. Let the plane of the rod be the plane of xy and as 
before let the axis of x be the tangent, then o)i = 0, 0)3=0, 
o)3 = J/p. The stress forces 22,, 22, arc respectively T, U, while 
72, = 0; the stress couples ii = 0, 2/2 = 0, L 3 = Ka>s. Also Gi = 0, 
(?a=0, G, = 0 and in the notation of Art. 11, Fy = F, F^=G, 
F, = 0. The two first and the sixth equations immediately reduce 
to those given in Art. 11, while the third, fourth and fifth are 
identities. 


69. Supposing the rod to be uniform and when unstrained to 
be straight and without twist, we find, by eliminating 2/,, L 3 , £3, 
three equations of the form 

A ^ - (7) ws = 22, - 

These are the same as the three equations of the motion of a rigid 
body about a fixed point (with s instead of t). This analogy is 
due to Kii’chhofij but we cannot properly discuss it here. 



ASTATICS. 


On Astatic Couples. 

1 . The couditions of astatic equilibrium in two dimensions 
have already been investigated in the first volume of this treatise. 
We have now to consider what other conditions are necessary 
when the body is displaced in any manner in three dimensions*. 

* The snbjeat of Astatieg appears to have been first studied by Moebins, \rho 
published his results in his Lfhrbuch der Stntik, 1837. Moigno also, in his Statique, 
has discussed the subject at great length. Minding in the fifteenth volume of 
Crelle’s Journal gave the theorem that, whenever the body is so placed that the 
forces admit of a single resultant, that resultant intersects two conics fixed in the 
body. Many proofs have been given of this onrious theorem ; we may mention that 
by Datboux, Tait’a proof by quaternions modified by Minchin; Iiarmor’s proof with 
the use of the six coordinates of a line. 

Darboux published in the M^motres de la SocidtS da Scienca phytiquet et 
natureVa de Bourdeaiix, t. n. [2° Serle], 2° Cabier, a very long paper on this subject. 
In contradiction to Moebius, he showed that when one point of a body is fixed there 
are in general four positions, and only four, in which the body can be placed so that 
the forces ore in equilibrium. These he called the initial positions of the body. 
His investigation is rather long and a different proof is given here. He also 
introduced the idea of a central ellipsoid analogous to the momentBl ellipsoid 
used in discuasing moments of inertia. This result is given in Art. 14 of the text, 
and the general Unea of his argument have been followed in that article. By the 
use of this ellipsoid he gave a geometrical turn to the proof of Minding’s theorem, 
but it remained rather complicated. Extending the theory by considering all 
positions of the body, he showed that Poinsot’s central axis formed a complex 
of the second order, such that each straight line is the intersection of two perpen- 
dicular tangent planes to the conics used by Minding. The first part of this result 
was subsequently arrived at by Somoff in 1879. 

The theorems on Aetatics given by Moigno may be found in his Lefons de 
MScanique Analjitique, 18C8, whicb he tells us are chiefly founded on the methods of 
Cauchy. As his demonstrations are diffeieut h'om those given in this treatise, it 
may be useful to indicate the plan of his work. First, by a transformation of axes, 
he obtains the twelve equations of equilibrium given in Art. 11. Thence he deduces 
the conditions that a system of forces can be astatically reduced to a single force by 
considering what single force can be in equilibrium with the system. Supposing 
these conditions not to be satisfied, he shows that the system can be reduced to two 
forces provided two conditions are satisfied. These conditions agree with the two 
last determinnntal eqnations given in Art. 73. He next shows that the system can 
always be reduced to a force and two conpies and that the point of application of 
the force may be arbitrarily chosen on a plane fixed in the body. This plane m 
defined to be the central plane. He then shows that if the arbitrary jioint is 
properly chosen the directions of the forces and of the arms may be simplified in the 
manner described in Art. 27. This point is defined to be the centr.'il point. Pro- 
ceeding next to consider the case in which the body is so placed that the forces 
admit of a single resultant, he shows that that single resultant must intersect two 
conics fixed in the body. He next discusses the case in which the eqailibrinm is 
astatic only for displacements of the body round a given axis ; following the same 
plan as before, be enquires into the conditions that the system can be reduced to 
one, two or three forces. He concludes with an application to magnetic forces and 
investigates the positions of the central plane and central point. 


20—2 
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2. We shall suppose, as before, that each force acting on the 
body retains the same direction in space, the same magnitude and 
continues to act at the same point of the body, for all displace- 
ments. 

The forces of a couple remain parallel, equal, and unaltered in 
magnitude as the body is moved, but the length of the arm is 
not necessarily the same. Let .4., 5 be the points of application 
of the forces, then the distance A£ is unaltered, and is called the 
astatic arm of the couple. If in any position of the body the 
inclination of the astatic arm to the forces is 6, the arm of the 
couple is ABain.d. 

The product of either force into the astatic arm is called the 
astatic moment of the couple. The astatic moment is of course un- 
altered by any change in position of the body. Representing the 
astatic moment by K, the actual moment in any position of the 
body is K.smd. 

The angle 6 which the astatic arm makes with the force is 
called the astatic angle of the couple. 

Two couples are said to have the same astatic effect when they 
are equivalent in all positions of the body. 

For the sake of brevity the couple whose force is P and astatic 
arm is AB is represented by the symbol (P, AB). 

3. The astatic effect of a couple is not altered if we replace it 
by another having the same astatic moment, the astatic arms being 
parallel, and the forces acting in the same direction in space as 
before. 

Let the astatic arm AB be moved to a new position A'B' in 
the body. The extremities of the astatic arm of a couple are 
fixed in the body and move with it ; thus as the body is displaced, 
AB and A'B' continue to be parallel to each other. The astatic 
angles of the two couples continue therefore to be equal to each 
other. Since the astatic moments are equal, it follows that the 
actual moments of the couples are equal. The two couples are 
therefore equivalent. 

It may te noticed that we cannot in general turn the astatic arm of a couple 
through any angle in the manner explained in Vol. i. Ait. 92; for the planes of the 
couples may not icmaiii parallel to each othei , unless the displacements of the body 
are restricted to be parallel to the original plane of the couples. 

4. To find the astatic resultant of two couples whose forces are 
parallel but whose astatic arms are inclined at any angle. 
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Let AB, A'W be the astatic arms of the couples, the forces at 
A, A' being supposed to act in the same direction in space. 
Through any point 0 draw OL, OM to represent the directions 
of AB, A'B' and let the lengths of OL, OM be proportional to the 
astatic moments of the couples. We shall now prove that the 
diagonal ON of the parallelogram described on OL, OM will 
represent in direction the astatic arm of the resultant couple and 
in length the magnitude of the astatic moment of that couple. 

Let the straight lines OL,LN be fixed in the body. By Art. 3 
the two couples may be replaced by two others having OL, LN 
for their astatic arms and having the four forces all equal. The 
two forces acting at L being equal and opposite may be removed, 
so that the two given couples are equivalent to two equal and 
opposite forces acting respectively at 0 and N. These two forces 
constitute a single couple having ON for its astatic arm and 
having its astatic moment proportional to the length of ON. The 
proposition is therefore proved. 

From this proposition we infer that the theorems used to 
compound forces apply also to compound the astatic arms of 
couples having their forces parallel. It is hardly nece-ssary to 
add that the forces of the resultant couple are parallel to those of 
the two constituents. 

5. To find the astatic resultant of two covples whose astatic 
arms are parallel hat whose forces are inclined at any angle. 

Let AB, A'B' be the parallel astatic arms of the couples, both 
AB, A'B' pointing in the same direction in the body. Through 
any point 0 draw OG parallel to AB and also two straight lines 
OL, OM parallel to the forces at A and A' and proportional to 
the astatic momenta of the couples. We shall prove that the 
diagonal ON of the parallelogram OLM represents the moment 
of the resultant couple, the plane of the couple is parallel to the 
plane NOG, and the astatic arm is in the direction of OG. 

Let the couples be referred to a common astatic arm along OG, 
the forces at 0 are then represented by OL and OM. Proceeding 
as in Art. 4 the results stated are easily seen to be true. 

6. Working rule. Uniting these two propositions we may 
construct a rule to reisolve or compound couples. 

When the forces are parallel we resolve or compound lengths, 
measured along the astatic arms and proportional to the astatic 
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moments, by the parallelogram law, the new forces being supposed 
to act parallel to their former directions. 

When the arms are parallel we resolve or compound lengths, 
measured along the directions of the forces and proportional to 
the astatic moments, by the parallelogram law, the new arms 
being parallel to their former directions. 

7. There is one resolution of a couple which will be found 
useful afterwards. 

Let Ox, Oy, Oz be any set of Cartesian axes, not necessarily 
rectangular. Let (x, y, z) be the coordinates of any point D, and 
let OJD = r. Then a couple whose astatic arm is r and forces ± P 
may be resolved into three other couples whose astatic arms are 
situated in the axes of coordinates and whose lengths are equal to 
X, y, z. The forces of these couples are parallel to that of the 
original couple and their astatic moments are Px, Py, Pz. 

Let us now take any three points 4, 5, O' on the axes and let 
OA = a, OB = 6, OG = c. These tliree couples may be replaced by 
three others having OA, OB, OG for their astatic arms. It follows 
that any force P acting at any point D may bo replaced by four 
parallel forces acting at any four points A, B, G and 0 whose 
magnitudes ai’o respectively equal to Pxja, Pyjh, Pzjo and 
P (1 — x/a — yjb — z/g). 

Conversely, since these four pai’allel forces may be compounded 
into a single force equal to their sum and acting at the centre of 
gpravity of A, B, C, 0, it is evident that they are equivalent to the 
force P acting at the point (x, y, z). See Vol. I., Art. 80. 

e. Tiro coiijihi, cannot be aetaticaUy compounded together into a tingle resultant 
couple unless either the four forces are parallel or the two astatic arms are parallel. 

If poioible lot three coapleo be in astntio equilibrium. Transfer these parallel to 
themselves so that one force of each couple octs at the point 0. Let OA, OB, OC 
be the astatic arms, let OP, OQ, OR be the du-eetions of the forces. Then as the 
body is displaced, OA, OB, 00 are fixed in the body, OP, OQ, OR are fixed 
in space. 

If the fonr forces of any two of the three couples ore parallel, the forces of their 
lesultaut couple are also parallel to them, by Art. 4. Thus equilibrium could not 
exist unless all the six forces were paiallel to each other. In what follows, we may 
theretoio suppose that no two of the three lines OP, OQ, OR are coinoidont. In the 
same way no two of the thiee arms OA. OB, OC are coincident. 

Place the body so that OC, OR are m one straight line. Since in this position 
the couples (P. OJ), (Q, OB) are in equilibrium, the planes POA, QOB couicide. 
Thus OA, OB lie in the plane POQ and continue to lie in that plane as the body is 
turned round OG. It follows that the axis OC must be perpendicular to this plane 
and theiefore to both OA and OB. Similarly OA is perpendicular to both OB and OC. 
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SuppoBing as before that 0(7, OS are ia one straight line, it is clear that the 
hofly may he tnmed ronnd 00 until OA coincides with OP. The axis OB must 
then coincide with OQ, for otherwise eqnihbrium conld not exist. Summing up, the 
axes OA, OB, 00 ore at right angles and the body can be so placed that the forces 
of the respective couples act along their astatic axes. 

Keferring to the figure of Ait. 76, Vol. i., we see that if the couple (P, OA) is a 
stable couple, the couple (Q, OB) must he unstable, for otherwise they would not act 
ill opxiosite directions wheu the body is rotated about 00. Similarly by rotating 
the body about OB we see that (P, OG) is an unstable couple. Therefore {B, OC) 
cahnot balance (Q, OB) when the body is rotated about OA. The three couples 
cannot therefore be in equilibrium in all positions of the body. 


The Central Ellipsoid. 

9. To reduce any number of forces astatically to a single force 
and three couples. 

Iiet the forces be Pi, Pj, &c. and let their points of application 
be Jl/i, Jl/a, &c. respectively. Let Ox, Oy, Oz be any axes, not 
necessarily rectangular, which are fixed in the body and move 
with it. Let {x, y, z) be the coordinates of the point of applica- 
tion M of any one force P, and let OM=r. 

Take three arbitrary points A, B, C on the axes of coordinates ; 
let OA = a, OB = b, 00— c. By Art. 7 tho force P acting at x, y, z, 
is equivalent to an equal and parallel force acting at 0, together 
with three astatic couples whose aims are OA, OB, OG respec- 
tively, whose astatic moments are Px, Py, Pz and whose forces 
are parallel to P. 

In this way all the forces may be brought to act at the origin 
parallel to their original directions. These may be compounded 
together into a single force, whose magnitude and direction in 
space are the same for all positions of the body. Let us represent 
this force by P. 

Each force P will also give a couple having OA for its astatic 
arm. Compounding the forces at the extremities of this common 
arm, all these couples reduce to a single couple. The arm OA of 
this couple is fixed in the body while the magnitude and direction 
in space of tho forces are the same for all positions of the body. 
Let us represent the magnitude of either of its forces by F. 

The couples having OB, OC, for their astatic arms may be 
treated in the same way. Their astatic arms also are fixed in the 
body, w'hile the magnitude and direction in space of the forces are 
always tho same. Lot these forces be G and H. 
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Summing up, we see that a system of forces can. be reduced to 
a principal force R acting at any assumed base point 0, together 
with three couples {F, OA), (G, OB) and. (S, OC), having their 
astatic arms arranged along any three assumed straight lines 
OA, OB, OC fixed in the body and not all in one plane. 

It may be seen that this reasoning, as far as we have gone, is 
the same as that used in the corresponding proposition when the 
body is fixed in siJace (Vol. L, Art. 257), The difference is, thht 
when the body has only one position in space these three couples 
may be compounded into a single couple. But no single couple 
cau be found which is equivalent to these, when the body may 
assume any position in space (Art. 8). 

10. Consider any one position of the forces and of the body. 
In this position let X, F, F, be the components along the axes of 
any force P, To find the resultant force R, we bring all these P’s 
to act at the base 0. The force R is therefore the resultant of 
2X, 2F, 2F acting at 0 along the axes. To avoid the continual 
recurrence of the symbol 2 it will be convenient to represent these 
components by Xo, F#, F,. 

To find the force F wo seek the resultant of all the forces 
similar to Fx/a acting at A. The force F is therefore the resultant 
of the three forces l.Xxja, 'ZYxja, "ZZxja .'icthig at A parallel to 
the axes. In the same way the forces G and H are the resultants 
of SXyjb, lYylh, 'SZyJb and of 'ZXzjc, 2Fa/c, 2Fa/c. It will be 
found convenient to represent the summations 2Xa!, 2Xy &c. by 
the symbols X*, Xy, &c. 

In this way the three couples {F, a), {G, b), {H, c) are resolved 
into nine elementary couples whose astatic moments are repre- 
sented by the constituents of either of the following determinantal 
figures 

couple (P, a)= 2Xa:, 2Fa:, SZx = X„, F*, Fe 
couple (G, b) = lXy, tTy, 2Fy = X„, Yy, Zy 
couple {H, o) = 2X.S, 2Fa, 2Fa = X*, F*, Fj 

where the common arms of the throe couples in the first, second 
and third rows are OA, OB, 00 respectively. Thus the small 
letter or suffix indicates the axis on which the astatic arm is 
situated, while the large letter indicates the direction of the force. 
This convenient notation is the same as that used by Darboux 

These will be referred to afterwards as the nine elementary 
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couples. Together with X„, T„, Z^, the three force components, we 
thus have twelve elementary quantities for each base point. 

For the sake of brevity we sh-all represent the couples {F, a), 
(0, b), (H, c) by the symbols Z*, Ky, Kg. 

As we are chiefly concerned with the astatic moments of the 
couples, the forces and arms are separately of only slight import- 
ance. It is often convenient to choose the arms of all the couples 
to he unity and positive. The signs of the forces alone then 
determine the signs of the moments. In other cases it is found 
advantageous to make the forces of all the couples equal to the farce 
K. The forces then divide out of the equations, leaving relations 
between lengths only. 



It will be found useful to remember that the direction ratios of 
any one of the forces F, G, H are proportional to the constituents 
of the corresponding row of the determinantal figure. An inter- 
pretation of the symbols when taken in columns will be found 
later on. 

The figure represents the relation of the elementary couples 
to the axes. To avoid complication the forces at 0 are omitted. 
The directions of the forces at the extremities A, B, G of the 
astatic arms are shown by the arrow-head, while each arrow-head 
is marked by the astatic moment of the corresponding couple. 

11. Conditions of equilibrium. If a system of farces be in 
astatic equilibrium each of the twelve elements is zero. 

Resolving parallel to the axes we have Xg = 0, Fo = 0, Z^ — 0. 

Taking moments about the axes of coordinates we have 

Zy- F,=0, . Xg-Z^=Q. Y^-Xy=Q. 

But the body must be in equilibrium in all positions. Instead 
of turning the body round any axis, let us turn every force in 
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the opposite direction round a parallel axis through its point of 
application, i’irst let the rotation be about an axis parallel to x 
through a right angle. The X forces are all unchanged, but the 
T forces now act parallel to .a in the positive direction while the 
Z forces act parallel to y in the negative direction. Hence, writing 
Y for Z and —Z for Y in the equations of moments already found, 
we have 

Yy-^Zi = Q, .2"*— ?jt=0, — Zx — ^y — ^‘ 

Joining these to the preceding equations we find Zx = 0, 
Xy = 0, Xg = 0, Ytc = 0, i.e, every constituent with an x in it 
(except Xgs) is zero. 

Ill the same way by turning the system round y we find that 
all the constituents are zero except Yy, Z^. But we also find 
that Yy + Zi = 0, Zz + Xj: = 0, Xx+Yy — O. Hence each of the 
three X^, Yy, Z^ is also zero. Thus all the twelve elements are 
zero. 

That these conditions of equilibrinm are snlScient as well as necessary follows 
at once from the previous article. Thus, since the force S' is the resultant of X^^ja, 
YJa, ZJa, it is clear that S is zero. Similarly Q and S are zero. Since Xj, 

Xg, are zero the principal force B is zero, so that the body, is in equilibrium in all 
positions. 

We may however also arrive at the same result independently. The body and 
forces in any one position being referred to axes x, y, z, let the twelve elements be 
zero. The axes x, y, z remaining fixed in space, let the body be moved about the 
origin into any other position, and let the coordinates of the point (z, y, z) become 
(.r', y', z'). Since .x, y, z ore linear functions of x', y’, z’ whoso coefiBcients are 
independent of the coordinates, it is evident that the twelve elements SXx' are 
also zero. The six statical equations of equilibrium referred to in Art, 11 are 
therefore satisfied in this new position of the body. 

12. If two systems of forces he refeired to the same origin and 
axes they oannot be astatically equivalent unless the twelve elements 
are equal each to each. 

Let the twelve elements of the two systems be X® &c., X* &c. 
If we reverse the forces of the second system, the two systems 
together would be in equilibrium. Hence X* — X*' = 0, &c. = 0. 

Thus all the elements are equal each to each. 

13. Ex. 1. If the same system of forces can be astatically represented in either 
of two ways, viz. (1) by three forces (F, G, JS) acting at (X, B, 0) or (2) by three other 
forces (S', G', H') acting at {A'. B', C'), prove that (unless the system can be reduced 
to two astatic forces instead of three) the planes ABC, A'B'G' must coincide. 

Let ns first suppose that the three forces F, ft, S, are not all parallel to one 
plane. Take the plane A'B'C as the plane of xy. We have X,, Z„ the same 
for both systems. But since the ordinates of the points of application of S', G', H', 
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are zero, each of the three X,, Y,, Z, mnst be zero. Consider the equation Z,=0. 
Place the body in snob a position that the forces F, G act parallel to the plane 
A'B'C. This is possible since a plane con be drawn parallel to any two straight 
lines. Then by hypothesis the direction of H will not be parallel to the plane 
A'B'C'. The components of the forces F, G, parallel to the axis of z are now zero. 
Eence Z, must be zero lor the single force H. Thus either H=0 oi the ordinate 
of its point of application is zero. Supposing F, 0, H to be all finite, it follows 
that C lies in the plane A'B’G. By similar argnments we prove that the other points 
A, B also lie in the same plane A'B'C. 

Eezt, let ns suppose all the three forces F, G, H arc parallel to one plane. In 
this case one of the forces as H can be resolved into two components/ and g parallel 
to F and G respectively. Each of the two sets of parallel forces (/, F) and {g, O) 
can be replaced by a single force at its centre of parallel forces. The system 
F, G, H can therefore be reduced to two astatic forces. 

Ex. 2. If a system of forces F, G, H, acting at the corners of a triangle ABC, 
can be reduced to two astatic forces F", G' acting at two points A', B', then either the 
forces F, G, H are all parallel to one plane or the triangle ABC is evanescent. 

We need only to examine the case in which F, G, H are all finite, for, if one be 
zero, the other two are necessarily parallel to one plane. 

The system F", O' can be regarded as the limiting case of a triangle of forces 
F, G', H' acting at the comers of a triangle A'B'C where H' is zero and the position 
of C is arbitrary. If then the forces F, G, B ai'e not all parallel to the same plane 
it would follow from Ex. 1 that all the comers A, B, 0 lie in the plane A'B'C. But 
this is impossible since C is an arbitrary point, unless the triangle ABO is evanes- 
cent and lies in the straight line A'B'. 

14. The central ellipsoid. A base point 0 having been 
chosen, the rectangular axes Ox, Oy, Oz are arbitraiy. We shall 
now show that there is one system of axes which will enable us 
to analyse the system of forces more simply than any other. 

Let Ox', Oy', 0/ be a second system of axes also fixed in the 
body. Let A', 5', G' be points taken ai’bitmily on these axes, 
let their distances from 0 be a', b', o'. Let F', O', H' be the 
forces which act at A', B', G'. We shall suppose both systems of 
axes to be rectangular. 

As the body is moved about, the forces F', O', H' keep their 
directions in space unaltered, so that as regards the body the 
points of application and the magnitude of each force are the 
only elements fixed. Let us then find the magnitude of tlie 
force F' which acts at A', the forces 0, A, B, G being regarded 
as given. To effect this we shall resolve the arms of each of the 
nine elementary couples along OA', OB', OG', keeping the forces 
unaltered. We shall reserve for examination only those com- 
ponents whose arms are along OA'. 

Let (i, m, «) be the direction cosines of tho axis Ox. Then 
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the groups of couples (X®, Xy, X*); (Pie, Pv' ^*) 

yield three component couples having their forces parallel lo 
X, F, Z respectively. Their astatic moments are (Art. 6 ), 

Xe,f -p XyTti “P jZgTl — Z/J, 

YJ + Yym + TgU = Li, 

ZJl + Zylth + ZgTh = Z/J. 

These couples have a common arm OA.' and their forces are at 
right angles. Compounding them we have 
{raJ={XJ,+Xym+Xgnf+{ TJ.+ Yym-\- Yguf + (ZJ + Zym+ Z^nf. 
The direction cosines of the force F' are proportional to the three 
moments L^, Lg, Lj. 

We notice that this expression for F'a' contains only the 
direction cosines of OA', and does not depend on the position 
of OB' or OG', except only that these must be at right angles to 
OA' We arc thus able to consider the couple whose arm is OA' 
apart from those whose arms are OB' and OG'. 

Let us measuie along OA' a length OB', such that OP' is 
inversely proportional to the astatic moment of the couple whose 
arm is OA'. For convenience we shall suppose the product of 
OP' and this astatic moment to be unity. Thus OP .F'a' = 1. 
Let OP' = p, and let 17 , be the coordinates of P' referred to 
the original axes Ox, Oy, Oz. Then ^=lp, 7]=mp, ^=np. We 
therefore find for the locus of P the quadric 

1 = (Xif + XyT} + Xjf)° + ( Fe? + Yyf) + FD“ + (P*? + ^yV + F(£)’ 

15. This quadric may be regarded as defined by a statical 
pro])eity, viz. if any radius vector be taken as the axis Ox', the 
astatic moment of the corresponding couple {F', a') is measured 
b} the reciprocal of that radius vector. It follows that whatever 
coordinate axes Ox, Oy, Oz are chosen we must have the same 
quadric. The equations of the quadric when referred to different 
sets of axes may be different, but the quadric itself is always the 
same. The quadric is therefore to be regarded as fixed in the 
body. Any point of the body may be chosen as the base 0, and 
every such base has a corresponding quadric whose centre is at 
the base. This quadric is called the central ellipsoid of that point. 
It is also called Barboux’s ellipsoid. 

16. Let us rejuesent the astatic moment of the couple whose 
astatic ai-m is directed from a given base along the radius vector 
p by the symbol Xp. In the same way the astatic moments, Fa, 



AST. 17] 


THE CENTRAL KLLirSOlD. 


317 


Gb and Ho, of the couples whose astatic arms arc directed uIohe; 
the axes will be represented by A’,, K^, K,. With this notation 
■we have 

+ Z^- = Aw = AV. 

X/ + r/ + z> = llv = Kf ; 

+ Fy r* + ZyZ, — ICyKz cos a, 

, + Y^Yx + YzZx = HiHx cos /S, 

ZixZy + YxYy -^-ZJZy — HxHy COP ly ; 
where a, /S, 7, are the angles between the duections of tho forct's 
{G, H), (H, F), (F, G) of the couples Kx, Ky, if,. 

Expanding the squares in the equation of the central ellipsoid 
at the origin, it may be written in the form 

+ Kyhi^+K.’^t^ + iKyK, 00 s ayt + SAyf,, cos /Sff + iK,^y com -riy-X. 

Also if K' be the moment of the couple corre.sponding to the 
arm OA', who.se direction cosines arc I, to, n, we have 

£^=:Kx-P + Ky'W+K,^n’‘ + iKyKjnn cos a + %KyKy,n1 cos p + ‘iK^Kyha cos 7 . 

It may be usefnl to state the rule by wbicli tlio bIkoh oI any of the obtutic 
moments A'x, R'„ are determined. The directions ot tlio fnrci-M being iWed in 
space, there is for each line of action a positive and a nogutivu direction di.terniiuvd 
by reference to some axes fixed in space. The astalio anus are luoasured in 
the body, and for each of these also there is a positive and a negative dirnclion. Now 
imagine the couple moved parallel to itself until either extremity of JIh astativ arm 
is placed at the origin, so that one force acts at the origin. 'Xliu inrinient is tin n 
the product of the astatic aim into the other force, when each is taken with its 
proijcr sign. 

17. Ex. 1. Show that the discriminant of tho central ellipsoid at thn oiigiri is 
equal to [6VFGH]-, where V is the volume of tho tetraliedrou OAIIC. 

Prove also that the minors of the cocIlicientH of {*, y-, f* in tlic discriniinaiit are 
(KyK, sin a)®, sin jSj’ and [K,Ky sin y)*, rcHpcctively. 

If parallels to tho directions of the forces F, O, H arc drawn from the centre of a 
sphere to cut the surface, the arcs joining the points of intersection form a spherieal 
triangle whose sides ore a, p, y. If 9, </>, ^ be the opposite angle.', tiie miuors of 
the coefficients of yf, (y in the discriminant are reMpnetivcly 
-iL,E]^ 3 ?sin p siuy cos 9, - sin 7 sin a cos <!> and - A", A',/f,*fiin amti pun*-^. 

Ex. 2. An astatic arm OP moves about any given iiasc point O so that it- 
corresponding astatic moment is constant. Ehow tlial OP tinisiM out a rone in the 
body coaxial with the central ellipsoid at O. 

Ex. 3. If Ox, Otj, Oz he any icctnngiilar axes meeting at a fix'd origin O, 
Ey, Ky, Ky the oorres-ponding astatic moment.^, prove Hint K,^^Ky^ f is invavi- 
able for all such aie.s;. 

Since this expression is the first invariant of the central ellipsind at O the pro- 
perty follows at once. It also follows from the geometrical properly of an ellipsoid, 
that the sum of the squares of the reeipiocals of three diauietcrs at light arigicij is 
constant. 
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18. If we refer the central ellipsoid to its principal diameters 
as axes of reference, the equation loses the terms containing the 
products of the coordinates. If F, 0, H represent the forces of 
the three couples for this position of the axes, the equation is 

= 1 . 

The quadric is therefore in general an ellipsoid. If one of the 
three forces is zero, i.e. if one of the couples is absent, the quadric 
reduces to a cylinder. 

Since the terms containing the products fi?, are absent, 
it follows that if the three forces F, 0, H are all finite, their 
directions are at right angles to each other. If one force is zero, 
the other two must be at right angles. 

Summing up, we see that whatever point of the body we choose 
as base, there are always three straight lines at right angles, fixed 
in the body, such that, when these are taken as the astatic arms of the 
couples, the forces of the couples act in directions at right angles 
to each other and are fixed in space. 

In this way we have for each base point two convenient 
systems of rectangular axes, one fixed in the body, viz. the astatic 
arms of the couples, the other fixed in space, viz. the dii’ections of 
the forces. 

The axes fixed in the body are called the principal axes of the 
base. The couples are then called the principal couples. 

19. The initial position. The base point 0 being regarded 
as fixed, and the body refeired to principal axes, it is evident that 

may turn the body about 0 until the system of axes fixed in 
the body coincides in position with the system fixed in space. 

The peculiarity of this position of the body is that the forces 
of each of the three couples act along the astatic arm of that 
couple. The moments of the couples are therefore zero. The 
forces Pi, P 2 , &c. of the given system reduce to the single resul- 
tant R whose line of action passes through the given base. 

This ib called an initial position of the body and the couples 
are then said to be in their zero positions. 

The body being placed in an initial position, it is clear that if 
we turn it round any one of the astatic arms through two right 
angles, the same property will recur again, i.e. the force of each 
couple will act along its astatic arm. Thus any base being given 
uhere ai’o at least four corresponding initial positions. 
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Though in all these four positions of the body the two systems 
of axes coincide in position, yet the positive direction of an axis 
of one system may be the same as either the positive or the 
negative direction of an axis of the other system. It is usual to 
choose the positive directions of one system so that in one of these 
four positions of the body the two systems of axes may have the 
same positive directions as well as coincide in position. This 
initial position is called the positive initial position. 

20. When the body is placed in a positive initial position the 
nine elementary couples described* in Art. 10 are reduced to 

Yx = 0 Zx — 0, 

X„ = 0 Yx = 0. 

Xx = 0 Y„ = 0 Zx. 

The equation to the central ellipsoid then takes the simple 
form + Py V + ZJ‘^=1. 

If (I, m, n) be the direction cosines of any other arm OA ' the 
direction cosines of the force F' acting at its extremity are 
proportional to X^l, Yym, Z^n, 

and (F'aJ = XxH^ + Y/m^ + Z,^n\ 

Thus the direction and magnitude of F' have been found. If 
the body is now moved into any other position, F' contiuues to act 
in the same direction in space and therefore continues to make 
the same angles with F, G, H that it made in the initial position. 

ai. There are no other positions besides the four initial positions in which a body 
can be placed so that the system of forces may reduce to a single resultant which passes 
through the given base, except when the central ellipsoid at the given base point is a 
siirfaee of revolution. 

Let OA, OB, 00 be the principal axes at the given base 0. Let OF. 06, OS be 
three straight lines at right angles dra^Tn parallel to the forces of the corresponding 
conples. In order to nse conveniently the formulce of spherical trigonometry we 
suppose these axes to out the surface of a sphere whose centre is at 0 in the six 
points A, B, 0, F, G, H. The planes of tlie couples are the planes which contain 
the astatic arms and the forces, and are therefore the planes of the spherical arcs 
AF, BG, CS. If their astatic moments are Kx=Fa, Ky-=Gb, K^=Sc their 
moments in any position of the body are N'^sin AF, Ky sin BG and /C,sm OH. 

When the body is in an initial position the sphciical triangles coincide. Starting 
from this position, the body may be brought into any other by turning it round 
some axis OZ. If this axis interseot the sphere in /, the spherical arcs lA, IB, 10 
are respectively equal to IF, 10, IS, and if Zw is the angle of rotation, tlie angles 
AIF, BIG, CIS are each equal to 2w. Join AF, BO, OH by arcs of great circles 
and draw the perpendicular arcs IL, IM, IN. 

If this position of the body can be one of equilibrium when the base is fixed, the 
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three couples must halauce each other. Besolving the axis of each of these along 
and perpendicular to 01, the moments of the three latter components are respect- 
ively ATajain A^'cosiL, sin cos XAT, and KgSiuCScosIN, Since the three 
components are in equilibrium, these moments must be proportional to sin MIN, 
siaNIL, sinXXM, that is to aiaJBIO, sin OlA and sin AJB. 

C 




For brevity let a, fi, y represent the arcs lA, IS, XC, Since SC is a right angle 
we have cos ^ cosy-tsin^sin^cos SIC =cos BG=0, 

sin® p sin® 7 sin® SIC = sin® ^ sin® y — cos® cos* 7 
=l-cos®/S-cos®7 
= cos®a. 

Again, sin AP 00s li = 2 sin JAP cos a = 2 sin ct cos o sin w. 

Similar expressions hold for the other angles. 

Substituting those values in the condition of equilibrium, and dividing out the 
common factors, we have K^=.K^=K^. Thus the proposed position of the body 
cannot be one of equilibrium when the base is fixed unless the ellipsoid is a sphere. 

This argument assumes that none of the factors divided out are zero. We must 
therefore examine separately the case in which Jlies on one of the principal planes. 
If I lies on TiG, the first component is zero, and the other two are sin B G cos IM 
and K, sin CM cos IN. The condition of equilibrium is that these moments should 
be equal ; hence Ar„® sin® jS cos® jS = P,® sin® 7 cos® 7. 

Since /3 and 7 are complementaiy, this requires that P,®=P,®, i.e, the ellipsoid is 
one of revolution. 

Lastly, if I is at the point C, each of the three component couples is zero. The 
component having 01 for its axis is then the sum or difference of the couples 
sin 2(i>, K„ sin 2u. Since this component also must vanish we again have 
K^=:Kj/‘, i.e. the ellipsoid is one of revolution. 


22. Ex. 1. The body being placed in a positive initial position, prove that the 
diicction of P' is parallel to the normal to the ellipsoid Xgg‘+Yyr^+ZJ^-=l drawn 
at the point where OA' cuts the ellipsoid. This ellipsoid is called the second central 
ellipsoid of Darboux. 


Ex. 2. The body being placed in a positive initial position, a straight line OQ is 
drawn from the base parallel and proportional to the force P' for all positions of 
OA' in the body. Prove that the locus of Q is the ellipsoid 


This is called the third 




central ellipsoid of Darboux. 
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Prove also that, if the arms OA\ OB', OO' be at right angles, the eorresponding 
forces F', G', S' arc parallel to a syblem of conjugate diameters in the third ellipsoid. 
This and the last example are dae to Darbotts. 

Ex. 3. When the body is in a positive initial position for any base, prove that 
the direction of Uie force corresponding to any astatic arm OA' is painllol to the 
eccentric line of OA' in the central ellipsoid of the given base. 


The Central Plane and the Central Point. 

23. To compare the central ellipsoids at different points of the 
body. 

Suppose the forces to be referred to any base 0 and any axes 
Oie, Oy, Os, and that the nine eiemenlary couples and the three 
force-components are known for these axes. We shall now find 
the corresponding quantities when some point O', whose coordi- 
nates are (p, q, r), is taken as the base. 

Through 0' we draw axes O'x', O'y, OW parallel to (as, y, 2 ). 
The nine elementary couples may be transferred to these new 
axes without any change (Art. 3). But the three force-components 
will introduce new couples. By Art. 9 the component X, acting 
at 0 may be transferred to the origin O' if we introduce the new 
couples (Xj, —p), (X„ — q), (X,, — r), the coordinates of 0 referred to 
O' being (—qj, —q, —r). Similar reasoning applies to the components 
I”,, Z,. Hence we have for the nine elementary couples at O' 

XJ = Xx — A,p, Yx = Xx - Xop, Zx = Zx — Z^p_ 

x; = X, - Xog, Y,] = - Y,q. z; = Z, - Z,q, 

x; = Xx - X,r, 17 = Xx - X.r, ZJ = X - Z„r. 

The equation of the central ellipsoid at 0’ is therefore, by 

Art. 14, 

{(Xx - X„p) f + (Xy - X,q) v' + (Xx - X. r) 

+ {(Xx-Xp)r + (X,- Xo?)V + (Xx- Xr)?')’ 

+ {(Zx - z,p) r -I- (X, - x-i) V + (X - X') n = i ; 

the origin of the running coordinates f', if, ^ being O'. 

24. If the principal force R is zero, •wo have Xo == 0, X. = 0, 
X = 0- Int his case the central ellijraoid at O' is the same as that 
at 0. Thus the central ellipsoids at all base points are similar 
and similarly situated. 

26. The Central Plane. If the principal force B be not zero 

21 
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the form of the central ellipsoid will depend on the position of the 
base point. We notice that the three planes 

(Z» - Zop) r + {Xy - Xoq) v' + (X, - X,r) r = 0, 

(7, - F„p) r + (Yy - n' + (r* - y.r) = o, 

(7* - Z,p) r + - Z,q) r,' + (Z^ - Z,r) ?' = 0 

are conjugate jilanes. 

If the central ellipsoid is a cylinder the conjugate planes pass 
through the axis of the cylinder, and the equations to the three 
conjugate planes are then not independent. We thus have the 
detorminantal equation 

X,-X,p, Xy-X,q, X,-X,r. =0...(1). 

7r - 7„P, Ty - F„ 2 , F* - F„r-, 

Zj, — Z^P, Zy — Zi,q, Zg — ZyV, 

This equation may be written in the form 

W. Z. Xy X, =0 (2). 

F. F* Yy Y, 

4 Zy Z, 

1 p q r 

When p, q, v are regarded as the running coordinates, this is evi- 
dently the equation to a plane. The peculiarity of this plane is 
that, if any point on it is chosen as base, the central ellipsoid is a 
cylinder. This plane is called the central plane. 

26. Since the central ellipsoid at every point is fixed in the 
body the locus at' base points at which the ellipsoid is a cylinder is 
also fixed. The central plane is thei efore fxed in the body. In 
discussing its properties we may put the body into any position 
we please. 

Take any point 0 on the central plane as base, and let the 
body be placed in an initial position. By Art. 20 all the nine 
elementary couples, except A'’*, Yy, Z^, are zero. Since the 
ellipsoid is a cylinder one of the three JT*, Yy, Zz is also zero, 
sa^ Xx = 0. Substituting in the second form of the equation to 
the central piano given in Art. 2.5, wm see that it becomes 
pX„YyZz = 0. If any one of the three Xy, Yy, Zz is zero, the 
equation to the plane is indeterminate, but if all these are finite, 
the equation to the central plane is jD = 0. It follows therefore 
that the infinite axis of the central ellipsoid at any point of the 
central plane is perpendicular to that plane. 
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27. This leads to a simplified rcductiou of the forces 
Pi, Pa, &c. Let us take the base of reference 0 at any point 
of the central plane, and the principal diameters of the central 
cylinder as a.xes of coordinates. The moment of that principal 
couple whose astatic axis is along the infinite axis of the cylinder 
is measured by the reciprocal of that axis, and is therefore zero. 
Thus all the forces have been reduced to two couples (instead of 
three) and a force R. The astatic arms of the couples lie in the 
central plane and the forces of one couple are perpendicular to 

those of the other. 

• 

28. The Central Point. It has been proved in Art. 9 that a 
system of forces may be reduced to a principal force R at the base 
of reference and three couples having their arms directed along 
any three straight linos at right angles. Let us now enquire if a 
base 0' can be found such that each of the forces of the couples 
is perpendicular to the principal force. 

If one system of axes O'A, O' B, O'C at any ba‘«e 0' possess this 
property, then every system of axes at that base will also possess 
the same property. To prove this, let O'A', O'B', O'G' be any 
other such system of axes. To deduce the forces at A', B', O' 
from those at A, B, G, we resolve the arms OA, OB, OG in the 
directions OA', OB', OG' and transfer the forces parallel to them- 
selves, see Art. 6. Since each of the forces at A, B, G is 
perpendicular to the force R, it follows that the forces at A', 
jB', C, which are compounded of these, are also perpendicular 
to R. 

Let Ox, Oy, Oz be any given rectangular axes, and let p, q, r 
be the coordinates of O'. Through O' draw a system of axes 
O'x', O'y', O'z' 2 'arallel to Ox, Oy, Oz. Then, by what has just 
been proved, the couples corresponding to these axes must have 
their forces perpendicular to R. If the nine coiTesponding ele- 
mentary couples are X*' &c., the conditions of perpoudicularity are 

and two similar equations obtained by writing y and for a; in the 
suffixes. Substituting for if*', &c. their values given in Art. 23, 
R^p = XnXg -P Fj F* -t- Z„Z„, 

R^q = X,X,J -P Y,Yy -P Z,Xy, 

R^r = -p F„F* -p ZJZ^. 


21—2 



324 


ASIATICS. 


[AKT. 30 


Since these give only one see of values for p, q, t there is but one 
poiut which possesses the given property. This point is called 
t}i6 central point. 

29. The central point lies on the central plane. To prove this 
let us consider the principal axes at the central point. Since the 
forces of the three coujilea are at right angles to each other, they 
cannot all, if finite, be peipeudicular to the principal force. On® 
of these must therefore vanish. The central ellipsoid is therefore 
a cylinder, i.e. the central point lies on the central plane. 

That the central point lies in the central plane may also be 
proved by substituting its coordinates in the equation (2) of the 
central pl.ane found in Art. 25. These coordinates p, q, r are 
given in Art. 28, and a simple inspection shows that the equation 
is sati.sficd. 

Thus it appears that there is a cetiain point, lying on the central 
plane, such that the forces of the two principal couples at that point 
are at right angles to each other and to the principal force. This 
point is called the central 2 ')oint. 

The central point in the three-dimensional theorjr has not the same signification 
as the cential point defined in Vol. i.. Art. 160, with reference to two dimensions. 
In the latter the displacements of the body are confined to one plane, and for such 
displacements the single resultant always passes through a central point fixed in 
the body. In the former the displacements are unrestricted so that the lines of 
action of the forces do not necessarily remain in one plane. 

The picccding theorem^ on the central plane and central point are generally 
given in treatises on Astatics, though the demonstrations in each may be different. 

30. Tl^e may express the fornmke for the coordinates of the 
central point in the form of a working rule. 

As already c.\'plained in Art. 9 the forces are I’epresented by 
-Pi, -Pe, &c. Their points of application are if, ih, &c. and their 
coordinates are (.Vj, t/j, g{), (x,, y^, Aj), &c. Also let the direction 
cosines of Pj, Pj, &c. be respectively (oq. hi, tf), (02, b^, c^, &c. 
Then Aa; = Pjttj,Tj ,,, = P20f^ -pPoOg-j- ••• 

r* = PfiXi -1- Pj6j®j -1- , . . = P161 + PA2 -1- . . . 

Zx = PiCiWi + P^.Xa + ... A) = PiCi + PjCj 4- ... 

Let 012, 0,3, &c., be the inclinations of the forces (Pj, Pa), (Pj, Pj) 
&c. Then cos 0i2 = 0 , 0 ^ hjbj + C1C2, &c. 
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Substituting in tbe expression for p, Art. 28, we have 

_ - P ]:QA + P 

■i\Qi + + ••• 

where Qi = A + A cos + Fj cos 

Qs = Pi cos da + Pa + F^ cos d.^+ ... 

&c. &c. 

a It is evident that is the sum of the resolved parts of all the 
forces in the direction P^ Q, is the sum of the rc'.olvod parts in 
the direction P,, and so oit. 

' The equation just airived at is the common formula for the 
centre of gi-avity of weights P^Q,, P-.Q, >'vc. Similar equations 
hold for q and r. Hence we h.ave this rule. To find the central 
point of any number of forces, we first multiply each force by the 
sum of the resolved parts of all the forces along the direction of that 
force. We then place weights proportional to these products at ike 
points of application of the forces. The centre of gravity of these 
weights is the central point required. 

31, Ex. Show that the e<iuatloD to tbe central plane, lefericd to any axes, 
when cxpicijed in terms of the furues amt their lautuol inclmaclons takes the ferm. 


Xi + Xyi; + T.*-f = .1! 


where Af=SPjPjPjrjjj 

Cj , ITj, 

and f']25= 

«I, ffji tig 


Vk Jfj- Vi 


&1, h,., 


*s- -3 


^1» ‘•V* ^*3 


The coefScient i, is derived from M by writing unity for each of the a’s in the 
determmaut, Ly is derived from ,1/ by writing unity for eaeh y, anil oo on. 

To prove this, we start with the equation (S) of the coutral jilai'e given in ,Vrt. 
2o and make the same substitutions us in Art, 30. On writing down the determi- 
nant it will be seen that the determinants X,„ Ly, L, may be obtained (rum the 
determinant M by the rule just stated. The deteiminantal snin il when expanded 
takes the form of a series of products of triplets of the forces. To dud the 
coefficient of PiPjPj we put all the other forces cqu.vl to zero ; the determinant then 
assumes the known form of the product of the two determinants just written down. 

32. Snamiary. It will be convenient if wo now sum up shortly the gradual 
steps made in reducing a system of forces to its simplest equivalents. 

1. In Art. 9 the forces were reduced to a force It at an arbitrary base point 0 
together with three couples wliose arms Ox, Oij, Oe are arbitrary, 

2. In Art. 18 it was shown that at the arbitrary base the arms Or, Oy, Oz 
could be chosen at right angles to cacli other so that the forces of each couple are 
at right angles to the forces of the other two couples. Those arms are called tbe 
principal axes at 0 and are fixed in tlie body. 

3. In Art. 25 it was shown that, if the bose point 0 is iilaced anywhere on a 
certain plane fixed in the body, the forces can be reduced to the single force B 
together with tico couples. The arms of these couples are at right angles and lie in 
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the plane. The forces also of each couple are perpendicular to those of the other. 
This plane is called tlie central plane. 

4. In Art. 28 it was shown that if the base point is placed at a certain point on 
the central plane the forces of the couples are perpendicular to the force B. Thus 
the forces of the original system can finally be reduced to a force J 2 together with 
two couples whose arms are at right angle-s and snch that the forces of each couple 
are not only perpendicular to those of the other but are also perpendicular to the 
force B. This base point is called the central point. 

The principal axes at the ceirtral point are two straight lines lying in the central 
plane and a third, perpendicular to that plane. The two former are called the central 
lines of the central plane. The latter is sometimes called the central axis. But it 
must not bo confused with Poinsot’s central axis with which it coincides only when 
the body is properly placed. It bears indeed a certain resemblance to Poinsot’s 
central axis, for the system is reduced to a force and two couples (instead of one) 
such that the forces of the couples are perpendicular to the force. 

33. Analogy to Momenta of Inertia. £x. 1. If /iT bo the astatic moment of 
the couple corresponding to any astatic arm OP drawn from the central point 0, 
prove that the astatic moment K' of the couple corresponding to any parallel arm 
O'P' drown from any point O' is given by K'‘=IC- + B-p^ where p is the projection 
of 00 ' on either astatic arm. 

Thus, a motion of the base 0 in a direction perpendicular to the astatic arm does 
not alter the magnitude of the astatic moment, but a motion along the arm from the 
central point increases the moment. 

Ex. 2. If AT,, £’ 2 , ATg be the astatic moments corresponding to the principal 
astatic axes Ox, Oy, Oz drawn from any point 0, prove that the astatic moment AT 
corresponding to any arm OP making angles a, p, y with the axes is given by 
AT- = ATi" cos’ a + AT,’ cos’ /3 + cos’ 7 . 

It appears from these two pi'opositions that the theory of astatic moments 
of couples has an analogy to the theory of moments of inertia. The square of the 
astatic moment about an arm drawn from O in any direction OP corresponds 
to the moment of inertia of a rigid body with regard to a plane drawn through 
0 xicrpendicular to OP. By noticing this correspondence we may deduce the 
analogous propositions in the two theories one from the other. 

It is elcar from those two propositions that the mass of the rigid body is 
analogous to the square of the principal force B, and that the centre of gravity 
must be at the central point. For any base in the central plane the moment 
of the couple whose astatic arm is perpendicular to that plane is zero, hence the 
rigid body must be a lamina whose plane is the central plane of the forces. 

The analogy may he made more distinct by adding another proposition. Let 
0 be the central iioint, Oy, Oz the principal astatic axes in the central plane. 
Ox that perpendicular. The astatic moment K about any axis OP, whose 
direction cosines are I, m, ?i, is given by 

lP=K^nfi+K.^,fl ( 1 ). 

Let a lamina be iilaced in the plane of yz with its centre of gravity at 0, having 
the axes of .r, y, z for its principal axes of inertia; and let K^, be its moments 
of incitia at the origin with regard to the planes respectively perpendicular to the 
axes of y and z. The equation (1) then shows that Af is the moment of inertia of 
the lamina with regard to a plane drawn through 0 perpendicular to OP. 
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Let O' be nny other point whoee coordinates are f, rj, f, and let O'P' be parallel 
to OP. The astatic moment K' at O' corresponding to the arm O'P' is given by 

(2j, 

where p is the projection of 00' on OP, This is also the formula which gives the 
moment of inertia of the lamina ivith regaid to a plane drawn through O' 
perpendicular to O'P', provided is the mass of the body. 

It follows that the moment of inertia of the lamina with regard to a plane 
drawn through any point 0' pcrpendienlar to any straight line O'P' represents the 
square of the astatic moment at the base O' for tbe arm O'P'. 

* Since the moments of inertia for all arms through O' represent the squares of 
the astatic moments for the same aims. It follows that they have the same maxima 
and muiima and arc connected together by the same rules. The principal axes of 
inertia at O' are therefore the same in direction as the principal astatic axes at O'. 

That the principal astatic moments at O' are the normals to the confooals (1) of 
Art. 34, and that the astatic momeuls are the three values of M given by the cubic, 
follow at once from the properties of the principal axes of inertia, see Rigid 
Dynamici, Vol. i. Art. a(i. 

Since the moments of inertia of the lamina about the axes of ij and z are 
respectively and it follows that the lamina might take the form of a 
homogeneous elliptic disc, whose semi-axes of y and z arc respectively 2K„IR and 
HK^IR, and whose mass is S!‘. The boundary is therefore similar to the imaginary 
focal conic. 


The Confocals. 

34. To investigate the mode in which the central ellipsoids at 
different bases are arranged cibout the central point. 

Let the central point be chosen as the origin and the principal 
diameters of the central ellipsoid as axes of coordinates. Let the 
infinite axis be the axis of m, then the plane of yz is the central 
plane. 

As we are enquiring into the positions of the neighbouring 
central ellipsoids, and as these are fixtures in the body, we may 
put the body itself into any position wc may find convenient 
Let it be placed in its positive initial position with the central 
point as the base. 

In this position all the nine elementary couples are zero, 
except Yy and Z^. Also — R, I^o = 0, Za = 0. The central 

ellipsoid at the origin is Zi‘^-=-l (1). 

The central ellipsoid at any jmint O' whose coordinates are p, q, r, 

is + + + (2). 

whore r!, are referred to axes meeting at O' parallel to the 
axes os, y, z. Art. 23. 

Let an astatic arm O' A! move about (T so that the correspond- 



328 


ASTATICS. 


[art. 35 


ing couple (F', OA") has a constant astatic moment equal to JH, 
and in any position let (J, m, n) be its direction cosines. Then, 
since the moment M (Art. 14) is the reciprocal of the correspond- 
ing radius vector of the central ellipsoid, we see that I, m, n are 
connected together by the relation 

YyHv? -1- {pi + qm + ra)® = if ; 

. • . MT -1- {HP - Yy’^) m“ + (If - Z‘) n'‘ = B’‘{pl + qm + rr> )\ . .(3). 
Now, after division by the left-hand side of equation (?>■) 
expresses the square of the perpendicular drawn from the central 
point on a tangent plane to the ellipsoid 

IP ^ IP ~ Y/^ - z,*^ a- ’ 

and the right-hand side of (3) expresses the square of the perpen- 
dicular from the central point on a plane through O' parallel to 
that tangent plane. The equation (3) therefore shows that this 
tangent plane passes through O'. Hence we infer that if O' A' 
move ahout O', so that the corresponding astatic moment is constant 
and equal to M, then O'A' is always perpendicular to a tangent 
plane dratun from O' to touch the confocal (4). 

These tangent planes all touch the enveloping cone of the 
confocal (4), and the axis O'A' traces out the reciprocal cone of 
this enveloping cone. Taese two cones aie knosvn to bo co-axial 
and their axes (Art. 17, Ex. 2) are in the same directions as those 
of the central ellipsoid at O'. 

If ilf is so chosen that the confocal (4) passes through the 
point O', the enveloping cone becomes the tangent plane and 
therefore the cone traced out by O'A' reduces to the normal at O'. 

Hence the pnncipal diameters of the central ellipsoid at any 
paint O' are the three normals to the three quadrics which pass 
through O' confocal to the quadric (4). Also the astatic moments 
of the three corresponding couples are the values of M given by idie 
cubic (4) when lue write for p, ^the coordinates of O'. 

36 Instead of using the three confocals we may use any one of 
them, say the ellipsoid. By known properties of solid geometry the 
three normals at any point O' are (1) the normal to the ellipsoid, 
(2) parallels to the principal diameters of the section of the 
ellipsoid diametral to 00'. 

Lot i)/i. If, Mi be the three values of M given by the cubic 
(4), If being the greatest. Let D^, D, be the lengths of the 
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principal semidiameters of the section of the ellipsoid, being 
parallel to the normal at O' to the confocal and D, parallel to 
the normal to M 3 . Then it is known by solid geometry that 

- M3\ 

Thus Mo, M 3 are known in tenns of J/j and quantities connected 
with the ellipsoid. 

^ 36. As these confocals play an important part in the theorj' 
of astatic forces, it is necessary to state distinctly their position. 

Let the body be referred to the central point as origin, and the 
principal diameters of the central cylinder as axes, the plane of yz 
being the central plane. Let K^, K 3 be the astatic moments of 
the couples whose astatic aims arc along y and z. These astatic 
moments are the same for all positions of the body and are 
represented by Yy and when the body is in its initial position. 
The equation to the confocals is therefore 

II 4 . -1 

M ^ if * - IQ ~ A' ' 

The focal conics of these are obtained in the usual manner by 
putting M^Ks, 7 } — 0‘, M — K 3 , ?=0; and if = 0, ^ = 0. We 
thus have 



If we take as the standard case K 3 > Ks, the first is a hyper- 
bola, the second an ellipse, and the third is imaginary. The two 
first arc represented in the diagram by the dotted linos. These 
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conics will be referred to as the focal conics, and a straight line 
intei'secting both conics may be called a focal line. 

The figure represents the positive octant of a set of confocal 
quadrics inteisecting in O'. The semi ®-axes are repi’esentcd by 
04,. 0A„, 04, and are respectively equal to M^fR, M^jR, 

As is well knowu the vertices F^, of the two focal conics lie 
between A,, 4 3 and A^. We have 0F, = K^j R, OF^ — FJR. 

If K^=0, the ellipsoid and the hyperboloid of one sheet are surfaces of revolutr.on. 
The hyperboloid of two sheets reduees to any two planes through Oz, and the hyper- 
bolic conic becomes the axis of 2 . The central plane is now indeterminate and 
is any plane through the astatic arm of ATj. 

If both K^=0 and K^=0, the ellipsoid becomes a sphere, one hyperboloid is a 
right cone, and the other any two planes through the axis of the cone. 

37. Theorem on focal lines. A straight line is drawn from any point P on 
ow focal conic to any point Q on the other, it is required to prove that 
j;V=a'.V+a'3V, 

where a,, Uj, a^ are the direction cosines of PQ, and p is the perpendicular distance 
from the origin. 

We know that the tangent planes drawn .through any right line to the two 
confocals which that line touches are at right angles to each other, see Salmon’s 
Solid Geometry, Art. 172. Since the focal conics are erauesoent confocals, the 
planes through PQ and the tangents at P and Q to the conics are at right angles. 
If p, p' are the perpendiculars on these planes, !, m, n ; 2', in', n' their direction 
cosines, we have 

JBy = - {Kf - /fjS) n^ J2V== ATj^l'a + (/f,” - Kf) m'K 

:. B V =Bf(p^ -bp'=) = {P+n^- m’‘) + Kf ( l'“ + m'* - ii®). 

Since the straight lines p, p' and PQ are mutually at right angles, this becomes 
Kf (1 - vP - in'"-) + (1 - - n'*) =£: 3 V + AV« 3 ». 

The theorem may be more easily proved by taking as the coordinates of P and Q 
{x, y, z) and (.r', y', s') where 

Sx=K.:,sace, Jly = 0, Ez = {K,^-K^-‘)ita.a0, 

Rxf =K..cos<)), fJy' = (A'j’ — A’j-)! sin 0, 12s'=0. 

'The direction cosines Uj, 03 and the length p may then be found by elementary 
formulas, and it will bo seen that the relation to be proved is satisfied. 

It follows from this theorem that every focal line is a generator of the right 
circular cylinder whose radius is p and whose axis passes through the common 
centre of the conics and is pai-allel to the focal line. 

Ex. 1. Show that four real focal lines can be drawn parallel to a given 
straight line. 

Lot a generator parallel to the given straight line travel round the hyper- 
bolic conic and trace out a cylinder. 'This will cut the plane of the other conic 
in a hyperbola. Each branch of this hyperbola passes inside the elliptic 
conic, because it goes through the focus; it therefore cuts the ellipse in two 
points. 

Ex. 2. If a straight line PQ intersect one foool conic and if its distance from 
the central point be p, where p is given in the theorem above, show that that 
straight line will intersect the other conic also. 
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If possible let PQ intersect one focal conio in P an<i not intersect the other. 
Describe two cylinders whose bases are the focal conics and whose generators ate 
parallel to PQ. By Ex. 1 these inietsect in four lines, and each of these four is also 
a generator of the right circular cylinder whose radius is p. Now by supposition 
PQ lies on one of the elliptic cylinders and also on the circular cylinder, hence 
these two quadric cylinders intersect each other in five lines, wliich is impossible. 

Ex. 3. The locus of all the straight hues drawn from any given point P on the 
hyperbolic cotric to intersect the elliptic conic is a right cone, the tangent of whose 
semi-angle is [K^-K^)IKfRz where z is the ordinate of P. 

Tsx. 4. Show that four real focal lines can be drown through a given point P, 
and that they are the intersections of the two quadric cones 

where (p, q, r) are the coordinates of P and f, i;, f are referred to parallel axes 
meeting at P. 

Ex. 5. Prove that the circular sections of the central ellipsoid whose centre is 
at O’ are perpendicular to the generating lines at O’ of the hyperboloid of one 
sheet. [Darboux.] 

Ex. 6 . If the base is situated on one of the principal planes at the central 
point, show that one principal axis at that base is perpendicular to that plane 
and the astatic moment of the corresponding couple is the same for all base 
points in that plane. 

Ex. 7. If the base is situated on one of the principal axes at the central point, 
prove that the three principal axes at the base are parallel to those at the central 
point. 

Ex. 8 . If a straight line is a principal axis at every point of its length, prove 
that it is one of the principal axes at the central point. 

Ex. 9. Find the locus of the base point O' at which the central ellipsoid is a 
surface of revolution. 

In order that two of the three quantities il/,, Jlf^ , ilf,, in Art. 35 may be equal we 
must have either 03=0 or D,=D,. In the first case O' lies on the elliptic focal 
conio. In the second case O' is at an umbilicus U nod the locus is therefore the 
hyperbolic focal conic. In both cases the unequal axis is a tangent to the focal 
conic. 

The same results follow from the equation to the central ellipsoid in the form 

see Art, 34. By applying the usual analytical conditions that this is a surface of 
revolution we obtain the required relation between p, q, r. 

Arrangement of Pmnsot’s central axes. 

38. In whatever position the body is placed relatively to the 
forces it has been shown in Vol. i. that the forces acting on the 
body can bo simplified into a single force, acting along a straight 
line called by Poinsot the central axis, and a couple round that 
axis. As the body takes different positions relative to the forces 
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Poinsot’s axis also moves relatively to both. In order to determine 
the arrangement of Poinsot’s axes for all possible positions of the 
body and forces it will be convenient to have two systems of axes, 
one fixed in the body and the other fixed relatively to the forces. 

Let the axes fixed in the body be the principal axes at the 
central point. These we shall represent by Ox, Oy, Oz. Following 
the same notation as before, the forces ai-e represented by the 
astatic couples {G, b), (//, c), whose astatic arms are placed al0ng 
y and z, together with a force It acting at 0. The astatic 
moments of these couples ai'e represented by K^, IT, respectively. 
Let the axes fixed in space be parallel to the forces R, G, H 
These are represented by Ox', Oy', Oz'. We shall sometimes 
speak of them as the axes of the forces. 

Let the direction cosines of either set of axes relatively to the 


other be given by the diagram. The positive 
directions of these axes are so chosen that by 
turning one set round the common origin the 
positive directions of x, y, z may be made to 
coincide with those of x, y', z'. The advantage 
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of this choice is, that in the determinant of direction cosines every 


constituent is equal to its minor with the proper sign as given by 



the ordinary rules of determinants. Without losing the simplicity 
of the other relations of these constituents, we thus avoid any 
ambiguity of sign in the minora 
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In the figure the axes are represented in the manner usually 
adopted in spherical trigonometry. The axes Ox, Oy, Oz and 
0{d, Oy', 0/ cut the sphere in x, y, z and R, G, H respectively ; 
the angles being represented by arcs of great circles. The 
Eulerian angular coordinates of R referred to x are 0 = xR, 
-Jr = yxR, ^ = MRG. Since the angle between any two planes 
is equal to the arc joining their poles, it is easy to see that 
zm==e, Iz^-yjr, IH=4>. 

39. To find the position of Poinsot’s axis refeiTed to the axes 
of the forces, and also the moment of the forces about it. 

Let Px" be the required Poinsot’s axis, P the moment of the 
couple round it. The axis Pa/' is parallel to Ox', let its coordi- 
nate.s referred to x', y', z , be y', 

The couples K^, K 3 have their astatic arms on the axes y, z, and 
their forces parallel to y', z'. To refer these couples to the axes 
d, y', d we resolve the arms and move the forces parallel to 
themselves (Art. 6). 'Ihus we replace the two couples by six 
others whose arms are arranged along the axes of x', y', z'. In 
the figure the forces at 0 are omitted to avoid complication, the 
arrows indicate the directions of the other forces of each of the six 
couples ; and each arrow-head (as in Art. 10) is marked by the 
astatic moment of the corresponding couple. 

By hypothesis all these couples logether with a force R acting 
at 0 are equivalent to the couple P round Px" and a force equal 
to R acting along Px". Taking moments about the axes 


Ox', Of, Oz' we have T = K 3 b, — (1), 

R^=-Kyx3 ( 2 ), 

Ry': — Kyx. (3). 

■^^303 



Another proof. We may also obtain these results very simply without resolving 
the couples. Let the arms OB, OC ot the couples be taken as unity so that the 
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forces G, H acting at B and C are measnred by the astatic moments K^, £ 3 , 
Art. 10. The axes Oxf, Oy', Oz' being the axes of refeience, the coordinates ol B 
and G are respectively a^, 65 , fai Oj, bj, e^. Since Xj acts parallel to Oy', its 
moment about 0:' is and since acts parallel to Os' its moment about 

Oy’ is -Kfy. In the same way their moments about Os' are and -A'aOj- 
Sguating these to the moment of 22 acting along Ps" and of T we have the same 
results 08 before. ' 

40. When the body is rotated about Oa/, the direction cosines 
Oa, as are invariable. It follotva that the straight line whose 
position is determined hy the equations (2; and (3) is fixed 
relatively to the forces. Hence we infer, that, when the body is 
rotated about an axis jiassing through the central point and parallel 
to the ptincipal force, Poinsot’s aans always coincides with a 
straight line fired in space. 

This straight line traces out a right circular cylinder in the 
body whose radius p is given by the equation 

Ey=Kia,^+K^^a,^ (4). 

This cylinder is fixed in the body and moves with it. In one 
complete revolution of the body each generator in turn passes 
through the straight line fi.ved in space and becomes the Poinsot’s 
axis lor that position of the body. 

Eeferiiug to the figure of Art. 38, the axis of this cylinder cuts 
the sphere of reference in R. We may also imagine the sphere of 
such size that the cylinder envelopes it along the circular boundaiy 
of the figui e. In the figure the direction of the force R and the 
generators of the cylinder are supposed to be perpendicular to the 
plane of the paper. 

As the body turns round OR as its axis, the dotted part of the 
figure remains fixed in space while the part indicated by the 
continuous lines moves round R. 

Let a plane through the axis of the cylinder and the straight 
line fixed in space cut the sphere in the arc RP. Let RP 
produced backwards cut the circle GH in P'. Then the position 
of P or P' may be found from the equations 

tan GP = tan GP'= (5). 

In every position of the body Poinsot’s central axis is a 
straight line drawn through P perpendicular to the plane of the 
circle GH. Here P is distinguished from P' by the sign of either 
f) or as given by the equations (2) and (3). 
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It fallows from these ro-Milts, that all the straight lines, each of 
•which would be a Poiiisot’s aA-is if the body were properly placed, 
may be classified as the generators of a system of right circular 
cylinders. The axes of these cylinders pass through the central 
point and are always parallel to the direction of the principal 
force. 

Conversely, a straight line being given in the body, it may be 
required {when possible) to place the body in such a position that 
the straight line may be a Poinsot’s axis. To effect this, we turn 
the body about the central point until the given straight line 
is ’parallel to the principal force. If o,, a^, Uj are the direction 
cosines of the given straight line referred to the principal axes of 
the body at the central point, then, in this position of the body, 
Qj, fla, 0.3 Are also the direction cosines of the princip-al force, if 
the distance of the given straight line from the central point docs 
not satisfy equation (4) the straight line cannot be a Poinsot’s 
axis. If however the equation is satisfied, wc turn the body 
round the principal force as au'axis of rotation through the angle 
GP determined by equation (5), or, which is the same thing, we 
turn the body until the given straight line passes through the 
point r)', in the plane y’e determined by the equations (2), (3). 
The body has then been placed in the required position. When 
the straight line fixed in the body has been made parallel to the 
principal force the body may be inverted, so that the given straight 
line is again parallel to the force but points iu the opposite 
direction. If the condition (4) is satisfied in one case, it is 
satisfied in the other. Thus if the construction yield one position 
in which the given straight line is a Poinsot’s a-xis, it will yield 
another. 

41. In every position of the body the couple-moment of 
Poinsot’s axis is given by 

T=K, cos Gz — cos Ily 
= iva (cos sin ^ -1- sini^ cos ^ cos 0) 

-f- if, (sin i/r cos ^ + cos -jr sin <p cos 0), 

by using the spherical formul® for the triangles Glz and Illy. 
This may be written in the form 

r = r, sin {(j> — (j>a) (6), 

where P, is the maximum v'alue of P, and = determines the 
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position of the body when the couple-moment is zero, 
find — - K, + K,cose 




easily 

( 7 ), 


Ft = (Jfa + ^3 COS oy sin® yfr + (JTj cos 0 + K^Y cos- i|rl 

{K„ + KtChf ay + (KtUi + Ktf a,® [•••(8). 

aZ-l-as® J 

Make the arc = </)o, then the arc N^G = <f> — <j>o and 
r = To sin i\'"oG'. As the body rotates about the axis OR, b(Sih 
iU and Nt move with it. When = 0 or tt, the point 

coincides with either P' or P ; the couple-moment vanishes and 
the system is equivalent to a single resultant. As the body is 
turned from either of these opposite positions through any angle 
the couple F increases and its magnitude varies as the sine of the 
angle of rotation. The couple roaches a maximum in either of the 
positions given by ^ — ^o= ± a’’" and then decreases again. Thus 
there are in general two positions of the body in which the couple- 
moment r has a given value, and two more in which it has the 
same value with an opposite sign. 

42. We may interpret this result in a slightly different 
manner. Wo may ascribe to each generator a certain couple- 
moment r peculiar to itself, which becomes the cotiple-moment 
when the body is so placed that that generator is a Poinsot’s axis. 
Make J/Aj = JlfA^o -t- GP, then for any generator of the cylinder, 
say the one which passes through P, we have F = r„ sin A^'jP. 

It will be useful to state this result in words. Through the 
line of action of R draw two planes, one passing throfugh the two 
generators whose couple-mojnents are each zero, and the other 
arbitrary and autting the cylinders in two other generators. If F 
he the couple-moment for these last two generators and x the angle 
between the planes, then F = F, sin x where F* is given by either of 
the forms in equation (8). 

43. In Avhat precedes it has been supposed that both the direction and the line 
of iiction of the principal force B are given in the body. In this case the body can 
only be rot.-iled about Ox' as an axis. If the direction of R is not given, but only its 
line of action, the body can also be inverted by rotating it through two right angles 
about an axis perpendicular to 0*'. To avoid complicating the figure it will be more 
convenient to cfiecc this last change by rotating the forces in the opposite direction, 
each about its point of application, so that the angles between their directions 
remain unaltered. 

The effect of this inversion is easily seen to be, that the positive directions of x' 
and of one of the two y', z' are reversed. As it will be convenient that they should 
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have the same positive directions in space as before, we shall represent the effect of 
the inverMon by changing the signs of the foroo it and of that of one of the astatic 
moments K^, Eg. The sign of the conple-moment P about Foinsot’s axis also must 
be changed (even if its magnitude remains unaltered) when the positive direction of 
x in space is to bo the same after inversion as before. 

One result of these changes is that the arc P'P (Art. 40) takes up another 
position (say Q'Q, not drawn in the figure of Art. 38) making the same angle with 
GB as before, but on the other side. The angle and the couple Pg are also 
changed. Thns the positions in which Foinsot’s couple vanishes are changed by 
th* inversion of the body. 

44. To find the equation of Poinsot's axis referred to the prin- 
ci^cU axes at the central point. 

Following the notation already described in Art. 39, the 
equations of Poinsot’s axis referred to the axes of the forces 


are Rr/ = — KgOg, R^ = — KgUg (1), 

and the couple-moment F is given by r = ^^563 — /fjCg (2). 


Transforming these to the axes fixed in the body, we obviously have 
R’ (^ 1 ? + = ~ RgOg, 

R (cjf +c^ + Cs5) = — R^ga,, 

Eliminating f , r/, % in turn, and remembering that each constituent 
of the determinant of transformation in Art. 38 is equal to its 


minor, we have 

R. ^ “ “qog = — Rgfigpi -f- Rgfighi 1 

-B ( — ?«! + = — -^sOaCs + r (3). 

R ( “• “b = — R^gCg -b RgUghg J 

These may also be written in the form 

Ri — + Sba) — TOi = — KJ)g -b /FgCg] 

R{ - ^ai + frtg) - Fog = - Kgpi i (4). 

iZ ( — fOg + V<h) — FOg = Rgbi J 


Any two of these are the equations to Poinsot’s axis when the 
relative positions of the body and the forces are given by the 
direction cosines Oi, &c. They are also the equations of the fixed 
generator of the circular cylinder. Art. 40. 

Adding together the squares of the equations (3), we obtain 
the equation of the cylinder traced out by Poinsot’s axis as the 
body is turned round Ox'. This cylinder is easily seen to be a 
right circular cylinder and its radius p is given by 

+ Kg^Og^ (5), 

as already proved in Art. 40. 

When the body is so placed that the forces reduce to a single 
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resultant, the equations (4) may be put into a more convenient 
form. Since F = 0, the first of those equations reduces to 
jB ( — tjO, + fOa) = — KJ), + ^sCs) 
also, by (2) 0 = — " 

Subtracting the squares, we have 

— “nOi + = (bs* — Ca’) (Zi* - K^). 

Let us seek the intersection of the single resultant with the plane 
of xyi putting therefore 0, the two first of equations (4) become 

RW ^ = Cl* (6)- 

A straight line drawn through the point thus determined parallel 
to the force R is the single resultant. 

Adding these equations together and remembering that 

^3“ “f" Uj* = 1 — - = Cj® + Ca®, 

V* 1 

we have, after division by a^®, “ iP 

This is the equation of a focal conic, Art. 36. The single resultant 
therefore intersects the focal conic in the plane of xy. In the 
same way, it intersects that in the plane of xz. We thus arrive at 
a theorem due to Minding, viz. that when Idle body is so placed that 
the forces are equivalent to a single resultant, the line of action of 
that resultant is a focal line. A fuller consideration of this mode 
of proof and of Minding’s theorem will be found a little further on. 

An apparent exception arises when cither < 1^=0 or a,=0. Supposing that a]=0 
the equations (3) become - K^a^i, Baji'sAraaaC,. 

Since -C 3 =aj 6 j-n, 6 [, we have r=KJ);i-K^2=t.^3+^^)tii=0. 

Thus either 7/3 = 0 or ATaS- Ar 3 Ui= 0 . Joining the former to r=0, we hare £ 3 = 0 . 
The latter is impossible if is greater than ; if £3 is less than £, the focal 
conic (7) is a hyperbola and the single resultant is parallel to an asymptote. Thus 
in both cases the single resultant intersects the focal conic. 

Ex. 1. Show that the single resultant intersects the plane of the imaginary focal 

conic in the conic ^ _l) . 

This conic is fixed in the body when is given. 

Ex. 2. Show that the circular cylinder (5) intersects the plane oi xy in the 
conic whose equation is 

+ r - (Jai + vai)‘} =K^W + ^»W- 

45 . The direction of the principal force Jt, and a point {, ij, f on a generator 
of the circular cylinder being given referred to the principal axes of the body, it is 
required to find the conple-moment about that generator when the body is so placed 
that the generator is a Foinsot’s axis. 
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For the sake of brevity let ns write 
» 

~f“i+fa3=?. -fOj+ijai=r. 

Multiplying the second and third of eguations (4) Art. 44 by and M,>a, 
reqpeotiyely we have 

Fi*o,(Ba - Ffl,) +i:a»a, (Br- Pa,) +.K3«A) “i^aX's-Rp- 

The oouple-moment r ie therefore given by 

(MjV+R^sV)r=RW<'a«+RsV-R’aSil>) (1). 

^ If the line of action of R only is given and the force may act either way along 
it, we obtain another value of r by invarting either the body or the forces. If r be 
the couple-moment after inversion we have by Art. 43 

(MjV + ATjV) r'=B (Ra’oaJ + ir,»a,r + JSTjBaP) (2). 

* The force JB then aots along the negative direotion of its line of action. 

'We may write (1) in the form 

(BaW+-KsV)r=R{-(Ma’-R3*)W + Ra(28''.-i--Ki)“3’J-R2(R’20i+Rk)<«af}-.(3). 
We therefore see that the plane throu^ the line of action of R and the two genera- 
tors whose oouple-moments are zero (Art. 41) is 

*” (Ra*“R2*) — ^a(R’aUi-(--K3) Oaf’=0 (4), 

Conversely, when the magnitude of the couple F ie given, either of the equatioita 
(1) or (3) enables us to find the generators which have the given moment F when the 
body is so pleased that one of them is a Poinsot’s axis. When F is given, either of 
these equations represents a plane intersecting the circular cylinder (S) in two 
straight lines which are parallel to the principal force. These are the generators 
required ; see also Art. 41. If we change the sign of F we obtain another plane, 
parallel to the former, giving two other generators, each of whose couple-moments 
has the given magnitude but an opposite sign. These four are obviously sym- 
metrically arranged round the principal force. 

Another construction for Foinsot's aria and moment is indicated in the follow- 
ing examples. 

Ex. 1. A straight line OQ is drawn through the central point 0 perpendicular 
to the plane containing the force R and its corresponding fixed generator. Prove 
that p, q, r are the coordinates of the point Q in which this straight line cuts the 
circular cylinder. Prove also that Q is one of the poles of the great circle repre- 
sented by PP' in the figure of Art. 38. 

Ex. 2. Let OS be the straight line whose direction cosines are proportional to 
- ATn/fj, ATjVg, when referred to the principal axes of the body at the central 

point O; thus OS is fixed in the body when the position of OR is given. If 
q> be the angle contained by the lines OQ, OS, prove that 

r ^ *. 

COB0 ( 5 

Show also that the straight line OS lies in the plane containing the force R and the 
two generators whose couple-moments are zero. 

46 . If the magnitude of the oouple-moment F is given as well as the line 
of action of R, wo may obtain other cylinders which will intersect the right cylinder 
already found in the corresponding Poinsot’s axes. 

The first of equations (4) Art. 44 is 

R (“ qaj-tfUj) — ra^= — Rgbs-t-KjCg, 

and r= - RjCj-hA'ji,. 
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Hence subtracting the squares, as in Art. 44, 

-raa»-r»=(V-es') W-^3*)- 

Now by Art. 38, 6 j®-c,®=Ci®-aa®t bence, Bubstitnting for Cj“ from the second of 
equations (4), we have 

— , jiJf — inj + fflg) — raa}^^ a 
j£i _ s 

Again I,* - Cj® = Oj® - h-^, substituting for h-^ from the third of equations (4) . we have 

<i?(-i7aa + fa,)®-r«i}®-r® . {.R + -Fa.,}® ,, ^ 

■* ^ 

Lastly, the last two of equations (4) give 

A? •" A? ^ 

The three surfaces (3) (2) and (3) are (flinders, for the equation to any one of them 
shows that an expression of the first degree in f f is some function of another 
expression of the first degree. Also the axis of eaoh cylinder is parallel to the 
straight line ilai=iija„=ija^, i.e. the axis of each is parallel to the line of action 
of the force R. 

It may be noticed that the direction cosines bj, bg, bg; Cg, Cg, Cg have been 
eliminated so that the equations to these cylinders contain only the principal force 
12, the direction cosines of 12 and Foinsofs couple F. 


47. Supposing that the coordinates (£, i) of some point on the cylindrical 
loons (5) are given, and that the line of action of the force R is also known, any one 
of the equations (1), (2), (3), of Art. 46 may be regarded as a quadratic to find the 
couple-moment when the body is so placed that the corresponding generator is a 
Foinsot’s axis. 

If we seek the corresponding equations when the forces are inverted we change 
the signs of J2, F and one of the R’s (Art. 43). But these changes leave the 
quadiatics unaltered. Thus the two values of F given by any one of these 
quadratics correspond to the two directions in which R can act along the same 
given iine of action. 

Bx. The given point (^, 17 , f) being supposed to be on the circular cylinder, prove 
that the three quadratics (1) (2) (3) of Art. 4C reduce to the same, viz. 

F® fir,®a,=) - 2i2r {Ji:g®a.ag -UTaV) +-B® (oj^+Og*). 

Frove also that the roots of this quadratic are given by 

F (EJ‘aj^+K,^a,^=R (Vajg+ff,®agiu=fi:»ff,p) 
where p, q, r have the meanings specified in Art. 45. 


48. BSlndlng’s Theorem. By joining any one of the three cylinders (1), (2), 
(3) to the circular cylinder we have sufficient equations to find the generators which 
can have a given couple-moment and are also parallel to any given straight line. 
It will often be more convenient to use the intersections of the cylinders with one 
of the coordinate planes. Thus putting ^=0, the cylinder (1) cuts the plane of ay 

in the conic - 1 — + ' — - = o,® ( 1 ). 

When the forces are equivalent to a single resultant we have r=0 and in that 

'R‘ •' 


case equation ( 1 ) reduces to the focal conic 




,.( 2 ). 


A,® - oi,- 

The single resultant therefore intersects the focal conic in the plane of ay. 
Similarly it intersects that in the plane of xa. See Art. 44. 
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49. , Conversely, let a etraight line inierseot both fooal oonics, then by Art. 37 
it is a generator of the circnlar cylinder. If the direction cosines of this straight 
line are Og, a,, the corresponding coDple-moment P is given by the quadratic (1) 
of Art. 48. 

This quadratic gives two values of T. Multiplying (2) by and subtracting 
the result from (1) we find that one root is r=0 and that the other is given by 

r=2B<.s{Ar,»fa,+E,»(,^-faJ} (3). 

The result is that the couple-moment for the generator is zero for one of the 
two directions in which the force JR can act along that generator. 

These two values of P follow also from equations (1) and (2) Art. 46, for when 
the value of P given by (1) is zero, the value given by (2) agrees with that shown in 
equation (3) of this article, 

• Finally, we see that t/ any straight line can he the line of action of a single 
resultant force that line must intersect both the focal conics, and if a straight line 
intersect both the focal conics it can be the line of action of a single resultant if the 
body be properly placed. 


60. Ex. 1. The direction of the principal force R being given by the direction 
cosines o^, a,, Cj referred to the principal axes at the central point show that each 


of the planes 





passes through the line of action of R and intersects the focal conies in four points, 
which axe the corners of a poiallelogcain formed by the focal lines, two of which are 
parallel to the direction of R. Prove also that the focal lines parallel to the given 
direction of JR are the corresponding single resultants. 

This follows easily from Art. 45. 

Ex. 2. If the body is so placed that the force JR acts along an asymptote of the 
hyperbolic focal conic, prove (1) that the circular cylinder contains the elliptic focal 
conic on its surface ; (2) that as the body is turned round OR Poinsot’s axis lies in 
the plane containing 12 and parallel to the force H which corresponds to the 
greater astatic moment ; (3) that Poinsot’s couple P is always zero as the body 
is turned round OR provided the force R acts in the proper direction, but is zero 
only when the plane of the hyperbolic conic contains the force H if R act in the 
other direction. 


61. Salatlons of Folneot’a axis to tlia eonfoeala. The manner in which the 
single resultant is connected with the confocals is given by Minding's theorem. 
We may also find the relations of Poinsot's axis with the same confocals in the 
general case in which the couple is not zero. To effect this we require the following 
lemma in solid geometry. 

62. Lemma. Let the squares of the semi-axes of two confocals be a’^H-X, 
/S^+X, 7 *-hX and a® + X', /S’-hX', V-i-X'. Let the direction cosines of any straight line 
be (2, m, n) and its distance from the origin be p. If two planes at right angles can 
be drawn through the straight line to touch the two confocals, then 

f^+a?P+phn’‘+’^n^=a^+P*+y‘+h+\'. 

It follows that when the confocals are given the left-hand side is constant for all 
straight lines. 

Let (I', m', n'), (I", m", n") be the direction cosines of the tangent planes, and 
p, p' the lengths of the perpendiculars on them. Then 

p«=(a» + X) 2'» •K/S*+ X) + (y’H-X) li'^ 
p'* = {o“ -h X') 2"» -KjS* + X') »»"» -t- (7= + X'} «"». 
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Noticing that we find by addition 

+/3* +‘y»(«'*+n"») +X+X'. 

Hence since P+I'“+l"^=l &o., we have 

pa+o»P+^=+V*n»=o»+j9>+7»+X+V. 

03 . Let ns now apply this Lemma to any generator of the cylinder. Let 
a, p, 7 be the semi-axes of the imaginary focal conic, then, by Art. 36, 

a»=0, 0>=-KtVS^, ■/‘=-Ki‘IS*. 

The values of X, X' ore the squares of the semi.major axes of the two coufooals ; let 
these be represented by M^/IP and as in Art. 86. The direction cosines of 

any generator are (Oi, a,, o,) and its distance p from the central point is given by 
BV=JJs®“a®+ Henoe, substituting, the left-hand side of the equation in the 

Lemma reduces to zero. We therefore have , 

If therrfore any two planes at right angles are drawn through a possible Poinsot's 
axis and two confocals are drawn to touch these plants, the sum pf the squares of the 
semi-major axes of these confocals it constant. This constant when multiplied by B? is 
the sum of the squares of the astatic moments of the principal couples at the central 
point. 

From this we may deduce as a corollary a theorem discovered by Darbonx. 

Let a plane be drawn through any possible Poinsot’s axis to touch one of the focal 
conics, then a perpendicular plane through the same axis will touch another focal conic. 

For in the limit these conics may be regarded as the bounding rims of two flat 
confocals whose semi-major axes are respectively KJB and KJIt. 

34 . Ex. 1. If a possible Foinsot’s axis touch two confocalB prove that the sum 
of the squares of their semi-major axes is equal to after division by iJ*. 

If a straight line touch two confocals, and tangent planes are drawn at the points 
of contact, these planes are known to be at right angles. If we apply the general 
theorem in Art. 53 to these two tangent planes, the result follows at once. 

Ex. 2. If a possible Poinsot's axis intersect one of the focal conics prove that it 
must intersect the other also. 

For suppose it intersects the plane of xy in the elliptic focal conic, it may be 
regarded as touching the confocal surface whose semi-major axis is K^B. Hence 
it also touches the confocal surface whose semi-major axis is KJR (by the last 
example), i.e. it iuterseots the plane of a» in the hyperbolio focal conic. 

Reduction to Three and to Four Forces. 

66. We have seen that the forces of any astatic system may 
be reduced to two couples and a single force. This representation 
of the forces, though very simple in its character, may not always 
be convecient. These couples and the force have an intimate 
relation to the central point and central plane, and the positions 
of this point and plane may not suit the circumstances of the 
problem we wish to consider. 

We shall now examine some other representations of an astatic 
system. We shall show that the forces may be reduced to three 
forces which act at three arbitrary points in the central plane. 
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These points however must not in general lie in one straight line. 
We shall show that the forces of the system may also be reduced 
to four forces which act at any four points fixed in the body at 
which we may find it convenient to apply them. The four points 
must not in general lie in one plane. 

We can see another advantage of these representations of the 
forces. For the points of application may be regarded as the 
comers of a triangle or tetrahedron of reference. We are thus 
enabled to use the systems of coordinates called trilinear and 

tetrahedral with considerable effect. 

« 

66. To show that all the forces of any system may he reduced 
to three forces which act at three points lying in the central plane. 

Following the same notation as in Art. 9, let the forces of the 
system be P^, Pj, &c. and let Hf,, 1/a, ... be their points of 
application. Let these be referred to any axes Ox, Oy, Oz, either 
rectangular or oblique, which are fixed relatively to the body. 
Let the coordinates of lf„ l/j, &c. be (a'l, Xj), {xi, yt, «j), &c. 
Let Oaf, Oy', Oz', be another system of axes, not necessarily 
rectangular, to which we may refer the forces. These are fixed 
relatively to the forces. Let the components of the forces along 
these bo (X'l, Fi, Z',), (Z'^, F*, F,), &c. 

Consider the system of parallel forces X'„ X'^, &c. All these 
are astatically equivalent to a single force %X' acting at their 
centre of parallel forces. In the same way the two other systems 
of parallel forces, viz. F'l, Fj &c. and Z'l, F, &c., are equivalent to 
2F' and 1Z' each acting at its own centre of parallel forces in 
directions parallel to y' and z' respectively. These forces we may 
represent by P, Q, H, and their points of application by A, B, G. 
The centre of parallel forces is known to possess the astatic 
quality If then we move the arbitrary axes Ox', Oy', Oz in any 
manner about the origin, keeping their inclination to each other 
unaltered, the system will yet be equivalent to the same three forces 
F, G, H acting at the same three points A, B, C in directions always 
parallel to the axes Ox', Of, OF. 

To find the coordinates of these points we may therefore 
consider any one position of the forces and the body. In this 
position lee X, Y, Z be the components of any force P resolved 
along the axes Ox, Oy, Oz. Then 

X' = lX-^l'Y+l"Z, Y = mX + m'Y + m"Z, F = &c. 
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where (I, m, n), {V, m', v!), {I", m", n"), are the direction ratios of 
the axes (x, y, £) referred to («', y\ /). 

Let (x, y, z) be the coordinates of A, then 

tX'x ItXw + l'tTx + U'tZx 

itx + i'tY+rtz~ 

with similar values for yi and Taking the same notation 
as in Art. 10 we write 'SiXx = Xx &c., XX — X^ &c. We thus 
have = IXx + I'Y^ + l“Zx\ 

Fyi = lXy + l'Yy + l"Zyy 

Fz,^lXx + l'Yx + rzJ ^ 

F=IX, + 1'Y, + 1''ZJ 


Hence it appears that the point A lies on the plane 


? Xx Yx Zx 
V Xy Yy Zy 
? Xx Yx Zx 

1 X, Y, Z, 


= 0 


,( 2 ). 


In the same way the points B and 0 also lie on this plane. 


57. We notice that the directions of the axes Ox', Oy', Os', 
are perfectly arbitraiy except that they cannot all lie in one plane. 
We may therefore obtain an infinite variety of triangles ABO 
with corresponding forces at the corners. Any one of these may 
be called an astatic triangle, and the points A, B, 0, may be 
called astatic points. 

We may obviously make the inclinations of the forces F, Q, H 
to each other whatever we please, though of course the position of 
the triangle ABO is dependent on our choice of these inclinations. 
It IS generally most convenient to make the forces F, G, H act in 
directions at right angles to each other. 

We have seen that when we want to find the positions of 
A, B, 0 we may consider the body to have some fixed position 
relative to the forces. For this position Xx &o. are all constant 
whatever the positions of the axes x', y', Y may be. The equation 
(2) therefore gives, as the locus of the points A, B, 0, a plane fixed 
in the body. We also see that the locus is a unique plane 
except when all the coeflScients are zero. An independent and 
elementary proof that the plane ABC is unique has been given 
in Art. 13. 

Comparing the equation (2) with that found in Art. 25 we 
notice that this plane is the same as that already called the 
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central^ plane. It follows that all the astatic triangles lie on the 
central plane. 


58, To find the central plane and one astatic triangle with 
rectangular forces. 

The theorem proved in Art. 5C supplies us with a useful 
method of finding the position of the central plane. To effect 
this we resolve all the forces of the system into any three direc- 
tions we may find convenient. Taking the forces in these three 
directions separately we have throe sets of parallel forces. We 
then find the centre of parallel forces of each set by any method 
we may find convenient. Wo thus arrive at three points which 
we call A, B, G The plane through A, B, G is the central plane. 
We have also found one astatic triangle. 

Suppose the system referred to rectangular axes Ox, Oy, O 2 
and consider any position of the body relative to the forces. 
All the ®-components form a system of parallel forces which may 
be collected into a single astatic force acting at a point A. 

whose coordinates are 


ZXx _ ZXv 

2/1 - YX 



In the same way the y-compononts may he collected into a force 
ZY=G acting at a point B whose coordinates are 
_ ZYx _ ZTy . tYg 

The A-components may be similarly treated. 

These three points lie on the central plane. The forces 
F, G, II act in directions at right angles to each other and their 
magnitudes have been found. 

If the principal force is finite, the axes may always be so 
chosen that ZX, ZZ are not zero. If the principal force is 
zero, the coordinates of the three points are either infinite or take 
an indeterminate form; and in this case the central plane is either 
at an infinite distance or is indeterminate in position. Thus 
whenever there is a central plane this construction may he used 
to find it. 


59. Referring to the table of elementary couples given in 
Art. 10 these expressions for (j6, y, e) &c. give a new interpreta- 
tion to those symbols. It has been shown in Art. 10 that the 
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cmstituents in any tow of that table are the components of the 
corresponding couples. It has now been proved that the consti- 
tuents in cmy column are proportional to the coordinates of an 
astatic point with rectangular forces, Art. 57. 

60. To reduce all the forces of any system to four forces 
which act at four given points not all in one plane. 

Let A, B, C, D be any four points fixed in the body. These 
we shall regard as the corners of the tetrahedron of reference. 

Let Pi, Pa, &c., be any forces acting on the body and let 
ilfi, Jfa, &o. be their points of application. We propose to replace 
each of these by four forces acting at the comers A, B, G, B 
parallel to the original direction of the force. Consider BA, BB, 
BG to be a system of oblique axes, let f, ij, f, be the coordinates 
of an3- point M and let BA = a, BB = b, BG = o. Then by Art. 7 
the foiccs acting at A, B, G, B are respectively 

P^ja, Pv/b. Pt/c, P-P^la-P7ilb~P0c. 

Now f/c is equal to the ratio of the perpendiculars drawn from 
ilf and G on the face ABG, and this ratio is the tetrahedral 
coordinate of M, Kepresenting the four tetrahedral coordinates 
of M by a, B, y, S, and remembering that their sum is unity we see 
that the four forces at the corncis A, B, G, B, are respectively Pa, 

PB, Py, PS. 

We therefore have the following working rule. Any force P 
acting at the point whose tetrahedral coordinates are a, B, y, S may 
be replaced by four parallel forces acting at the comers of the 
tetrahedron of reference whose magnitudes are respectively Pa, PB, 
Py. PS. 

The several forces acting at each corner may now be com- 
pounded together. The result is that any system of forces can be 
replaced by four forces, one at each corner of the tetrahedron. 

61. We may prove in the same way that a force P acting at 
any point M in the plane ABG may be replaced by three parallel 
forces respectively equal to Pa, PB, Py, and acting at A, B, G, 
Avhere a, B, y, are the areal coordinates of M referred to the 
triangle ABG. 

We may also deduce this result from the general theorem for a 
tetrahedron. We notice that tetiahedral coordinates become areal 
when the point considered lies in a coordinate plane. We may 
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therefore disregard the coordinate S and treat the tetrahedral 
coordinates a, /S, 7, as if they were areaL 

62. To show that the system can he reduced to iiiree /yrces 
aetiny at any three points ut the central plane which form a 
trianffle. 

Let the system be reduced to three forces acting at the comers 

.B. C of some astatic triangle; then this triangle lies in the 
central plane. Let A\ S', Cf, be any three points in the same 
plane, but not in a straight line, and let B' be a fourth paint not 
iq that plane. Regarding A'B'ijJD' as the tetrahedron of refer- 
ence we shall transfer the forces from A, B, C to the comers of 
this tetrahedron. 

To find the force at B', we multiply each force by its S coordi- 
nate. Since this coordinate is zero tor each of the points .d, B, C. 
the resultant force at B' is zero. 


63. Transformation of Triangles. One a^atic trianfr 
ABC and the rectangular forces F, G, H at its comers being gCcen. 
it is required to transfer this representation to any other trianf.e 
A'B'G' and to find the rectangular forces F', G', S' at it* cnrwrs. 

Let axes drawn through any point 0 parallel to either of these 
sets of forces be called the axes of those forces. We thus hare 
two sets of rectangular axes. Let their mutual direction cosines 
be given in the usual way by the diagram. 

Then any force F may be resolved into the components 


FI, Fm, Fn, acting respectively parallel to the 
axes of F', O', S'. Treating the forces G, H in. 
the same way we have F' = FI + GV + HI", 

O' = Fni. + Gm' Em'\ S' = &c. 

We also have 

F=F'l^ G'm + H'n, G = F'V + G'm' + Sn', 


' r G H 

F I m n 

G V m' n' 

H V m" h" 

E=&c. 


The point of application of the force F' is the centre of the 
parallel forces FI, GV, El" which act at A, B, G. Thus the point 
A' at which F' acts is the centre of gravity of three weights 
(positive or negative) proportional to FI, QV, HI" placed at the 
corners A, B, G of the given triangle. By properly choosing these 
ratios we can place the corner A' at any point we please. 

The areal coordinates of the comers of either triangle referred 
to the other can also be found very simply by using the theorem 
of Art. 61. Let (oi, Bu 7i)) («*> Bs. VaX («»» Ba, 7a) be the areal 
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coordinates of the points A', B', G' referred to the given triangle 
ABG. If we transfer the forces F', G', E' back again to the 
triangle ABG, the three forces at A will be F'oi, E’a^. But 
these are the components of F. The forces at B, G, may be 
similarly found. 

Hence F'ai = FI F'Bi = Cfl' F'yi = El", 

Q'oLi = Fm Q'Bt^Gm' G'^t=‘Ew!', 

E'ol, = Fn E'^, = Gn' Ey, = En". 

By choosing the nine direction cosines in any way which their 
mutual relations jjcrmit we can use these formulae to transform 
from one triangle to another. 

If the forces of the two triangles are oblique we regard (I, m, n), (Z', m', n'), 
(I", vi", n"), as the direction ratios of F, 6, H referred to the axes J", G', H'. The 
direotion ratios of F', G', R' referred to the axes of F, G, R, are proportional to the 
minors of (1, V, I"] &e. If these direction ratios be (\, X', X") (/r, /t', /t") [y, v") we 
have F=F'\+ G'/i+R'p, S=&c., R=&c., 

instead of the expressions given above. With this exception all the other equations 
in this article apply to oblique forces. 


64. The ImaglnaTy focal Conic. Let ns suppose that the forces of the two 
triangles ABC, A'B'C are rectangular. The nine direotion cosines are connected 
by relations such as Zm+ Z"m''=0 &o. Hence the coordinates of A', B\ O' are 
connected by the three equations 


°i°a , ftft 
i?-' ~G- 



® 2“3 . PA , yiya_n 
> Hl-O- 


°8»i I PA I 73T1 


=0...(1). 


If therefore A' be taken at any point (a, /3, 7), both B' and O' must lie on the 
straight line ^ ^ + ^=0 (8). 

where a, p, 7 are current coordinates. Taking S’ anywhere on this line, then O' is 
found as tlie intersection of two straight lines. 

This straiglit line (2) is evidently the polar line of {a^, Pj, 71), with regard to the 

. . i3^ 7^ _ 

imaginary oomo _ + + .^=0 (3). 


Thus the three astatic points are always at the corners of a self-conjugate triangle 
with regard to this conic. 

The statical property of this conio is that each side of every astatio triangle with 
rectangular forces is the polar line of the opposite comer. But as two different 
conics cannot have the polar linos of every point the same in each conio, it follows 
that this oonio is unique. Whatever astatio triangle ABO we take as the triangle 
of reference, the conio given by this equation is the same. 


65. Ex. 1. Show that, whatever astatic triangle with rectangular forces is 
taken as the triangle of reference, the quantities 

(1) F^+G’‘+R^, (2) FGHii, (3) a^G^R<‘+b^R»F‘+c^F‘G’‘, 

are invariable, where a, b, c axe the sides, A the area of the triangle, and F, G, R 
the forces. 
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We Lave also the invariant proi^rty that die centre oi j^ravitij' of three wafghta, 
proportional to f*, G®, iP, placed at the cornecb is the itime foi all triiiiiile'i. 

Ex. 3. Show that, whatever astatic triangle with ofcliipe forces la taxun as the 
triangle of reference, the quantities 

( 1 ) jF“+6®+H*+3FGeos7+2GHoosa+2Srcoa;J 

i9) FGSSfi 

1 3) o'*G'fl' {JS** (cos o-cos/Soosy)- JTH' (cos jS - cos 7 cos at 

- J“£r'{coS 7 -cos accsjSl - G'3' sin- a’ J-ic-H-ta. 
are invariahle, where a, 7 are the mntnal inclinations of the forces and 
/»=l-ooB’o-cos^j 9 -cos* 7 + 2 eosacosjSeos 7 . 

We notice that /t ie six times the volume of the tetrahedron fonned f.v nmt lines 
drawn bom any point parallel to the forces. It follows that fi cannut v.inish ml ess 
the astatic forces are parallel to one plane. 

Ex. 3. A system of forces is eqaivalent to a force S, acting at a point O. and two 
coaples, whose astatic moments are fg, A’,, and whose astatic arms are placed along 
the rectangolar axes OY, OZ, the forces of the coaples being perpeadicalar to each 
other and to the force J2, see Art. 33. If these are transferred to an astatic triancle 
A'B'C' situated in the plane pr, the coordinates of the coiners being 
( 1 ) 3 , C 3 ) and the rectangular forces F', G\ if', prove that 

i”=El F\=Kd' rt^=KJ.' 

G'=Iim C' 73 =A 2 »»' G'i'^=K^’n'‘ 

where 2, m, n &o. are the nine direction cosines of F', O', E'. as in Art. 6 S. 

If the forces F', O', E' are oil equal, prove thal the sum of the distances of the 
three comers from each of the axes of y and z is zero. 

66 . To find tbe Central Point. The astatic triangle ABC trith rectangvLzr 
forces F, G, E being giveti, show that the central point is the centre of graritif of 
three weights proportional to F‘, G-, JP placed at the corners. 

This follows easily from the theorem proved in Art. 30. We multiply each 
force, such as F, by the resolved part of all the forces along it, i.e. by F; the 
product is E®. The rule asserts that the central point is the centre of gravity of 
the three products E®, G®, iP, placed at the points of application of E, G. H. 

Ex. If the forces E, G, if of an astatic triangle are not rectangular prove that 
the central point is the centre of gravity of three weights proportional to 

E(E+GcoS 7 +ifcos/ 9 ), O (Ecosy+O+Hcosa), H(Eeo 3 ^T-Gco.»a + Hl 
placed at the comers, where a, 7 ate die angles between the forces [G, if), i£r,E}, 
(E, G). 

This result follows at once from the general theorem given in Art. 30. 

67. The central point coincides with the centre of the imaginary eirnie. To find 
the centre of the conic we follow the mle given in treatises on Conics. Difileientiating 
the fg^nation of tbe conic (Art. 64) with regard to the areal coordinates a, |3, 7 
separately, and equating the results, we find that a, /3, 7 are proportional to 
f G'-*, iP. The result follows at once. 

66. The imaginary conic being given, it is required to find the central lines and 
the principal moments of the system. 

Let the system of farces be reduced to its simplest form (Art. i.e. let the 
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forces be represented by a force R acting at the central point 0 together with two 
astatic conples whose arms are placed along the central lines Oy, Oz. Let the 
astatio moments be £■». JT,. 

Oonsider the origin O as one comer of an astatic triangle and prodnoe the arms 
of the oonplcs to very distant points B and C, replacing the forces by two others, 
viz. Q and JS, both very small. Then OBO is an infinitely large astatio triangle 
with rectangular forces. Let OB=l), OG=e, then bG=Ki and cH=K^, also F=R, 
We ehall now use this triangle to find the ei^aation to the imaginary conic by the 
formula given in Art. 64. 

Let 7), j- be the Cartesian coordinates referred to the rectangular axes Oy, Oz of 
any point. Lei a, p, y be the areal coordinates of the same point referred to the 
infinitely large triangle ORC. Then a=l, |3=i)/b, 7 =f/e. The conio 

v- gj v 

therefore reduces to ^ + + 

We therefore infer (1) that the centre of the imaginary conio is the central point, 
(2) the principal diameters are the central lines of the system, (8) that the lengths 
of the piincipal semidinmeters are ATgs/ - 1/S and 

Referring to Art. 36, we see that the imaginary conio is the same as the 
imaginary focal conic. 


a*. Ex. 1. If ABC be an astatio triangle with rectangular forces show that 
either central line makes an angle 0 with the side BO where 

_i dAP* (iPi cos 0- G’c cos B) 

a=(?5H!‘+Il»jVoo3 20+A«GSc“ cos8B’ 
and A is the area of the triangle. 

Ex. 2. If a triiingle having its orthocentre at the central point be projected 
orthogonally on the central plane, prove that the projection is a possible astatio 
triangle with rectangular forces, provided the self-conjugate circle projects into the 

real conic -5_ + Jf- = i . 

70. Tranafbrmatloa of tetraliedra. The forces being referred to one 
tetrahedron as AEOD, it is repaired to refer them to any other tetrahedron as 
A'B'Gjy. 

If the coordinates of the corners of the first tetrahedron with regard to the 
second are known, the transference may be effected at once by using the rule given 
in Art. 60. But if the coordinates of the second tetrahedron with regard to the first 
are given, we may proceed in the following manner. 

Let the tetrahedral coordinates oiA'B'Cfiy referred to the first tetrahedron be given 
by the diagram, and let the whole determinant be A. Then 
the coordinates of A referred to the second tetrahedron are 
the minors of the several terms in the row opposite A otter 
division by A. The coordinates of B are the minors of the 
teims in the row opposite B after division by A, and so on. 

The coordinates of tlie corners of the first tetrahedron 
are now known and the transference may be effected as before. 

71. Ex. 1. If one corner as B be changed to D' without altering the opposite 
face show that the direction of the force at B' is paraUel to the force at B, and that 


A' 

“i 

<h 


B' 

h 

6s 

63 

K 


C B* 
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their znagnitades are inTereely proportional to the distances of D and D' from the 
unchanghd face. See the mlo in Art. 60. 

If D' lie in the plane BDC show that the force at A is unaltered. 


Ex. 2. The forces at the oomers of a tetrahedron ABCD are F, G, H, E 
respectively ; it is required to find the central plane, the angles between the forces 
being given. 

Let the cosine of the angle between two forces F, G be represented by cos FG 
and so on. Let f, g, h, I be the minors of the four constituents in the leading 
diagonal of the determinant. 


1 , cosFG, oos FH, cosFL 
COB FG, 1 , cos Gif, cosGL 

cos Fff, oos OS, 1 , cos HL 

COB FL, COB QL, COB HL, 1 

Then the central plane divides any side as AB in a point P such that 


F. AP 

G. BP~ 



Resolve the force F into three others F^, F«, F^, acting parallel to G, B, L. 
Consider the three sets of parallel forces, viz. {0, F,), (H, F,), (L, FJ, We may 
collect each into its own centre of parallel forces and thus obtain three points on the 
central plane, Art. 58. The central plane therefore outs AB in a point P where 
Fj . AP= G . BP. But since Fj, Fj, Fj are in equilibrium with -F, we have by 
Art. 48 of Vol. i., F^jF^^glf. The result follows at once. 


7 a. If the forces F, G, B, of an astatic triangle ABO are rectangular and of 
finite magnitude, and if the area ABO is not zero, prove that the system cannot be 
reduced to fewer than three forces. 

If possible let the forces he reduced to two, P and Q, and let these act at H and 
F in the plane of the triangle. Let p, j, r be the perpendiculars from A , B, 0 on DE. 
Turn the forces about their points of application until the force at A is perpen- 
dicular to the plane ABO, then the forces at B and O act in that plane. Taking 
moments about DE we ha^e Fp=0. Similai'ly Gg=0, Hr=0. But this is impos- 
sible if the area of the triangle is not zero. 

That the points of application D, B must lie in the plane ABO follows bom 
Art. 57, for DE may be regarded as one side of an astatic triangle, the third force 
being zero. We may also prove this in an elementary manner. Place the body so 
that the direction of the force P is parallel to the plane of ABO, while the other Q 
is not parallel ; this is possible provided P and Q ore not parallel to each other. 
Then, as in Art. 13, taking the plane of ABO as that of xy, we have Z, the same for 
the three forces F, 0,H and the two P, Q. The ordinate of E is therefore zero. 
In the some way the ordinate of D is zero. 

If the forces P and Q are parallel to each other, they cannot form a couple because 
their components parallel to F, G and H are not zero. They can therefore be re- 
duced to a single force. Proceeding as above we easily show that its point of appli- 
cation lies in the triangle ; thence we deduce as before that the area of ABOia zero. 

That the three forces F, G, H cannot be reduced to two, P, Q, also follows from 
the invariants of an astatic triangle. Regarding DE as one side of the triangle, 
the third force being zero, wo see that the second invariant of Art. 65 is zero. It 
follows that FOR A is also zero, which is impossible unless either the area A or one 
of the forces F, G, H is zero. 
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73. To investiffate the condition that the forces of an astatic 
system can he reduced to two forces. 

We have seen in Art. 57 that the forces of the system can be 
reduced to three forces, viz. F,,, Z^, acting at three points 
A, B, G -whose coordinates (a;,, yi, z^) y^, y^, z^) are given 

hy XiiXi = Xx Xi,yi'= Xy XoZi~Xi, 

F„a!a = Fa Fo^a = Yy Y^Zj = Fa, 

Z^Xa — Zx Z^yt = Zy Zf,Zi = Zx. 

We shall suppose in the first instance that the principal force 
is not zero, and that the axes are so chosen that Xy, Fj, Zy are all 
finite. 

If the three points A, B,G lie in a straight line we may make 
a further reduction. We can replace each of these forces by two 
other forces parallel to it and of proper magnitude, acting at any 
two points Jkfi, if., which lie in the straight line. By compound- 
ing the three forces at if,, and also those at My, the whole system 
can be reduced to two forcea In order therefore that the system 
of forces may he reducible to two forces it is sufficient that the 
three points A, B, 0 should lie in a straight line. 

It is also necessary, for otherwise the system is equivalent to 
an astatic triangle with rectangular forces. Now by Art. 72 such 
a system cannot be reduced to two forces unless either the triangle 
is evanescent or one at least of the forces X„, F,, Zy, is zero. 

If the three points A, B, (7 lie in a straight Une a plane can be 
drawn through that straight line and the origin. Hence 
Xx, Xy, Xx = 0. 

V*, Yy. Yx 
Zx, Yy, Zx 

The projection of these points on any coordinate plane must also 
lie in a straight lina We therefore have 


'Xy, Xy, Xx 

— 0, Xx, Xy, Xx = 0, 

Xx, Xy, Xy 

1 To, Yy, Yx 

1 Yx, Yy, Yx 

Yx, Yy, Yy 

1 Yy, Zy, Zx 

' Yx, Yy, Zx 

Yx, Yy, Zy 


The second of these four equations expresses the fact that 
A, B, (7 lie in a plane perpendicular to that of yz, the third that 
they lie in a plane perpendicular to that of a!A, and so on. 

Since no two of these four planes coincide, except when the 
points A, B, (7 lie in a coordinate plane, any two of the last 
three equations are sufiScient to express the fact that the three 
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points /4, jB, (7 lie in a straight line except when the three force 
components are zero. 

These determinants are the coeflScients of the several terms in 
the equation to the central plane. That plane is therefore inde- 
terminate. 

Expressions for these determinants in terms of the forces, 
without the intervention of coordinate axes, have been given in 
irt. 31. 

■ 74. To find the equivalent forcea. We have seen that they may be made to act 
at any two points M^, which lie on the straight line ABC. The equation of 

this straight line is evidently _ V-Pt _ . n,ia straight line is called 

Xj-Xi Pa-Pi ^“-*1 

the central line of the two forcee. 

If two forces, not parallel to each other, are together astatically equivalent to 
two other forces, we may prove in an elementary manner that the four points of 
application lie in one straight line. 

Let Pj, P] acting at be equivalent to Qj, acting at Nj, N,. Make P, 

act parallel to and take moments about NjN,. Ii immediately follows that 
Hf, lies on Similarly lies on NjN^. Thus the central line is fixed in the 

body. 

Take any two distinct points Dfj, on the central line. Let the coordinates 
of the points thus chosen be (/, g, h) and (/, g', h'). Let (P, (?, IT), (P, O', H") be 
the components of the forces at these two points. The forces will then be known 
when we have found (P, 6, JS) and (P, O’, fi'). 

Since this system of two forces is equivalent to the given system, the twelve 
elements must be the same for each system (Art. 12). 

We therefore have 

X^=Ff+Ff', Xy=Fg + r!f, X,=Fh+Fh', X„=F+P 

Y„=G/+G'f', Y,= Gg + G'g', Y.= Oh + G’h', Y„=G + G’ 

Z„=Sf+H'f', Zy=Hg+H'g', Z,=Ilh + II'h', 

Any six of these equations determine F,G,H\ P, G', H' when/, g, h and/', g', h 
are given. 

75. To show that whatever points are chosen on the central line, the forces at 
those points are always parallel to the same plane. 

Supposing the system to be already reduced to two forces Pj , Py acting at some 
two points Ml, My, let us replace these by two other forces Qj , Qy acting at any other 
points Ny, Ny on the central line. The force Qy is the resultant of two forces which 
act paraliel to Py and P, ; it is therefore parallel to any plane to which Py and Py 
are both parallel. In the same way the force Q;, is parallel to the same plane. 

It should also be noticed that the resultant of the two forces Py, Py, when 
transferred parallel to themselves to act at the same point, is a force fixed in 
direction and magnitude. 

76. Referring to the determinantal conditions given in Art. 73, we see that if 
we substitute {, rj< f fof the terms in any row in the first 
determinant (repeated here in the margin) we have the 
equation of the plane containing the origin and the central 
line of the two resultant forces. 


•23 
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Tf however we nuhetitute f, % f/or the temw in any column of the s^e detcr- 
minantal equation, we have the equation of the plane to which the two resultant 
forces are parallel whatever be their points of application. 

The first of these theorems follows at once from the values of ij, &o. given in 
Art. 73. The second is easily proved by substituting in 
the terms of the first and second columns the values of Xj. 

&o. given in Art. 74, and in the third column (, 17 . f. After 
an obvious reduction and division hjfg'-f'g, the equation 
reduces to the form shown in the margin, which is the plane required. There is no 
exceptional case when the divisor vanishes, for the equation to the plane then takes 
the form 0=0. 


F. 

F' 

G. 

G' 

B. 

H 


77 . We have hitherto assumed that are all finite. The case in which 

any one or any two are zero may be treated as a limiting case and the corresponding 
conditions maybe derived from those obtained when Ag, rg,Zg have finite but pcnerat 
values. As long as the conditions thus obtained arc not nugatory they will be the 
conditions rcqnired. If however the principal force It is zero, the three compo- 
nents A’g. Tg- -^0 vanish for all axes and the reasoning in Art. 73 fails from the 
beginning. 

The eqnations of Art. 74 supply a method of arriving at the conditions that the 
given forces can be reduced to two forces without making any assumption about the 
principal force. The body being in any position, let the components of the two 
forces be, as before {F, G, H), {F', G', S'), and let their points of application be 
(/. if 1 1 '' requited conditions may then be deduced from the twelve 

equations given in Art. 74. It is evident by simple inspection that the four 
dcteiminantal equations given in Art. 73 are satisfied. 

It the principal force is zero and the system can be reduced to two forces, those 
two forces must be equal and opposite, i.e. they must form a couple. Let e=G, 
iJTbe the resolved parts of the forces of this couple, (/, g, ft) (/', g', ft') the coor- 
dinates of the extremities of its astatic arm. Then equating the nine finite elements 
of the system to those of the couple we have 

X^=F(f'-f), X,=F{g'-g), A,=J?(A'_A) 

y«= (?(/-/). y,= <?(<;' -3). r,=G(h'-ft) 

z^=s(f-f), z,=H{a'-g), z,=n[ii-h). 

The necessary and sufTlcleiit conditions that the system should be equivalent to two 
forces are therefore that (X, , Tg, Z^, (3-„, Tg, Z,), (X„ Y„ Z,), should be each 
pioportional to the direction cosines of one straight line. This straight line is 
parallel to the forces of the couple. 


78 . Ex, 1. Show that any force Eaeting at a point A may be replaced by forces 
P-i, Pj acting parallel to F at any two points Jfi, ilf, such that AJiliM, is a straight 
line. Show also that these forces aie 


P,=F 


AM, 


AM,-AMj 


and P„=F 


AM-, 


AMi - A Jig 


Ex. 2. Two given forces P,, P,, acting at the points M-^, Jfg, are changed into 
two forces Q, which are at right angles to each other, and act at two other 
points Jfi , A'g in the straight line If pj , jr, are the distances of Nj , from 

the central poiiit of the forces Pj, Pj, prove that R*yiya==- {P^P„D sin 6)- where 


E®=Pi®*f Pg^-t-SPjPgCos d, jD is the distance A/gJlfg and d is the inclination of the 
forces Pi, Pj to each other. It follows that the product is the same for all 
equivalent rectangular forces. 
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Ex. 3. In all transformations of two foross Pj, P^ into two others in which the 
points of application remain on the same straight line, the quantities 

(1) Pi»+Pj®+2PiP,oos«. 

|2) P.PjflbinS, 

(S) i?! + i’s cos 0) + P^ (P, cos e + Pj) Tj , 

are invariable, where Xi . a?] are the distances of the points of applioation ilfj , dfg 
from any fixed point on the central line, D is the diutance and ff is the 

angle made by the forces with each other. 

' Ex. 4. A. system consists of two forces Pj , P, noting at Jlfj , JR, and the inclina- 
tion of the forces to each other is 0. dhow that (1) the central point 0 is the centre 
of gravity of weights proportional loPj(Pj-pPjjCost») and P, (Pjcosd+Pj) placed at 
jlf,, J/j. (3) The central ellipsoid at O is two parallel planes perpendicular to 
(3) The principal axes at 0 are MiM, and any two perpeudicnlai straight 

lines. 

79. To determine the conditions that the forces of an astatic 
system reduce to a single force. 

Let the .single force be Pj, let it act at the point (a"!, y^. a,), 
and let its components be X,, F,, Z^. Comparing the elements 
at any base we have 

Zix = S-yi — Xt = XiZi, &o, 

Hence we see that the constituents in any column of any of the 

four determinants of Art. 73 bear to each other the ratios 

(Xi, F,, Zi) of the components of the single force and that these 
ratios must be the same for every column. 

We also notice that the constituents in any row of any of the 

four determinants bear to each other the ratios (a',, y^, or 

(1, yi, Zi) &c. of the coordinates of the point of application. 

We have twelve elementary equations and six arbitrary 
quantities (JTi, Fj, Zj), (xi, y,, Zi) leaving six conditions to be 
satisfied by the elements of the system. 

Since Xc = X,, &c., it is clear that the single equivalent force 
is equal and parallel to the principal force. Art. 11. Also, since 
the coordinates of the central point depend on the twelve ele- 
ments, it is evident that the central points of the two equivalent 
systems coincide, Art. 28. Thus it follows that the point of 
application of the equivalent single force is the central point of 
the system. 


23^2 
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Noth A, Art. 149. Oreea's theorem. We maj deduce from equation (6) of 
Art. 149 an extension of Gauss’ theorem, Art. 106. Let P, Q, R be the components 
of a vector I and let 7=1, so that, by (1), f7=0. We then have 

JlcoBfd<r=J(g + |^ + f)du (1). 

If therefore the components P, Q, ii of a vector satisfy the condition 


dP dQ dR 
dx^ dy dz 


= 0 . 


( 2 ) 


the surface integral or flux of the vector taken through any closed surface is zero. 
It is of course obvious that when / as in 0anss’ theorem represents the force due 
to an attracting body, P=dVjdx Ac., where 7 is now the potential of the body, and 
(2) becomes Laplace’s equation. 

I. Let two surfaces 8, S' be bounded by the same rim. Let that side of either 
be called the positive side towards which the normals are drawn. 

Since these surfaces enclose a space the surface integral of the vector taken over 
both surfaces is zero, provided the noimals are drawn all outwards or all inwards, 
i.e. provided their positive sides are opposed to each other. Beversing the directions 
of the normals for one suiface, it follows that the surface integrals for two surfaces 
with the same rim or boundary are equal provided their positive sides are the same. 

n. Let a curve, such that the direction of the vector 7 at any point of the curve 
is a tangent, be called a vectorial cut ve (Art. 47). Let a tube or filament be formed 
by drawing vectorial curv'es through any small closed curve, as in Art. 126. Let 
<r, o' be the areas of the normal sections at any two points P, P'. 

By the extension of Gauss’ theorem just proved, the surface integral of the 
vector over the boundary of the tube PP" is zero. The surface integral taken over 
the whole space PP', as in Art. 127, is TV -hr where 7, 7' are the magnitudes of the 
vector at the bounding sections. Hence when the vector is such that its components 
satisfy the equation (2), the flux across every section of a vectorial filament is the same. 


HI. It is shown in Art. 149 that in some cases a volume integral can be 
replaced by a surface integral. We may also show that in some cases a surface 
integral can be replaced by a line integral taken round the rim of the surface. 

Let X, Y, Z be the components of a vector whose line integral is to bo taken 
round a closed curve. Let 5 be a continuous surface bounded by this curve as its 
rim. Let P, Q, R be the components of another vector related to X, Y, Z by the 


equations 


dZ 


.(3). 


7 ?-^ 

dy dz’ ** dz da ' da dy 

The theorem to be proved is that the surface integral of the vector (P, Q, R) taken 
over the surface S is equal to the line integral of the vector (X, 7, Z] taken round 
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the rim. Eet (I, m, n) be the direction cosines of the normal to dS, the theorem 

Uien asserts that j{Pl + Qm+Sn)d8=j{Xdx + Yd!/ + Zdz) (4). 

That side of S is called the positive side towards which the normals (1, m, ii) are 
drawn. The line integral is to be taken clock-wise when viewed from the positive 
side. 

If we constrnot an indnitely small sphere whose centre 0 is at (-rye), the 
components of the vector (J, Y, Z) at the point y+v, are by Taylor's 

^theorem Z-Z+gj+f , + f f, r=Y+'gi + S:... 

The sum of the moments of the vector round a parallel to the axis of z drawn 
through 0, taken for every element of volume do of the sphere, is 

where Jok’ has been written for the equal integrals It is obvious that 

in a sphere Jfi)dB=0, [^i‘dv=0, <fto.=0. 

It follows that if (X, Y, Z) are the components of one vector, (P, Q, R) are 
the components of another vector connected with the former at every point by a 
geometrical relation which u independent of all coordinatet. 

We ehall now prove that tlu theorem (4) is true for any area which is so small 
that it may be regarded as plane. Taking the plane of xy to contain the area, we 

have j dxdy=j{Ydy + Xdx), 

where the third expression follows from the second by an integration between 
limits in the manner described in Art. 149. Thus, if AS, drawn parallel to x, cut 

the rim in A, B, j j ‘^dxdysJ{Ys-Yfidy. But at B, dy is pMsitive and at A 

dy is negative, hence taking the integral round the rim and therefore giving dy its 
proper sign, this becomes jYdy. Since 1=0, m=0, »i=l and riz=0, this equation 
asserts that the flux of the vector (P, Q, R) parallel to the positive direction of the 
axis of z is equal to the line integral round the rim taken clock-wise. 

To prove the theorem for a surface of finite sire we add the results obtained for 
each element of area. Let two adjacent elements meet along the arc AB. When 
integrating round each clement we pass over AB in opposite directions so that tho 
signs of dx, dy, dz in one integration are opposite to those in the other. The sum 
of the integrals may therefore be found by integrating round both elements os if 
they were one, omitting ihe arc AB. The same reasoning applies to all the elements 
and the sum of the line integrals may be found by integrating round the rim. 

The surface integrals of the vector (P, Q, B) taken over two surfaces bounded 
by the same rim are each equal to the same Une integral. Hence the surface integral 
of the vector (P, Q, R) for any closed surface is zero. This also follows at once from 
the extension of Gauss’ theorem, for the vector (P, Q, R) as defined by (3) evidently 
satisfies the condition (2). 

The following results show how some volume integrals can be replaced by 
surface integrals. 

(1) The volume of a solid enclosed by a surface S is ^jr cos ipda where da is an 
element of the surface, and ^ is the angle the outward normal at da makes with 
the radius vector produced. [Gauss.] 

■ (2) The potential at the origin, of Uie solid (if of unit density) is J/oos^dir. 
[Smith’s Prize, 1871.] 
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(8) The integral J cob 0fiir/7^ is 4ir or 0 acoording as the origin is inside or 
outBide S. 

(4) The X component of attraction is Jcos^'dir/r where is the angle the 
normal at dir makes with x. [G-anss.] 

In Arts 358, 360, 362 and Note M there are some examples of surface integrals 
replaced by line integrals. 

Kotb B, Art. 190. Potential of a thin circular rln^. When the law of force 
is the inverse square of the distance, Dickson puts the potential at any point B into 

the form 1^3=7 -: tt — ■ 

where i{p+p') is the mean of the greatest and least distances of S from the ring, 
AI is the mass, and AT is the complete elliptic integral of the first kind to modulus 
OPja. See the figure of Art. 185. ' 


Note C, Art. 211. Attraction of a solid ellipsoid. In the text the potential 
at an internal point P is found first and the axial components of force are deduced 
by differentiation. The following method of finding the components of force is so 
simple as to deserve attention. 

Thiough P we pass an ellipsoid concentric with end similar to the boundary ot 
the solid. The attraction at P of the portion of the solid external to this ellipsoid 
has been proved to be zero in Art. 68. It is therefore necessary only to find the 
attraction at P of the portion of the solid bounded by this ellipsoid. The problem 
is thus reduced to that of finding the attraction of an ellipsoid at a point on its 
surface. Let the semi-axes of this ellipsoid be ma, mb, me. 

We now construct an elementary cone whose vertex is P and whose base is an 
element Q of the surface. If da be the solid angle of the cone, its attraction at P 
is jpr^dudrl]^ taken between the limits r=0 and r=r. The attraction is therefore 
prdu. 

The axial components of the attraction of the whole ellipsoid at P are therefore 

X= - pJrXdu, Y= —pjr/idu, Z=~ pjndu (Ij, 

where (X, •>) are the direction cosines of QP and the integrations are to be taken 

so as to include all the elementary cones which lie on one side of the tangent plane 
at P. 

Let (J, V, t) be the coordinates of P when referred to the centre. Since Q lies on 

the ellipsoid we have U ~ ( i'-vr|e _ 

^ m’b^ ^ ni-c- (^1- 

Since the point (t, 57, f) lies on the surface this gives 





(3). 


This value of r has to be substituted in the expressions (1) and the integrations 
effected. As the radius vector turns round P, it is evident by (3) that no values of 
X, p, V make r imaginary. Since the value of r determined by X, p, p diflers only 
in sign from that determined by-X,-^,-i>, the equation (3) represents the surface 
twice over. Since the signs of X, Y, Z depend on the signs ot the products rX, rp, 
TV, it is clear that if we integrate the equations (1) taking all positions of the radius 
vector and not merely those on one side of the tangent plane, we shall obtain in 
each case twice the required attraction. We therefore have 



■nbp . 
6 “ 
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where (X, n, v) have all possible values. It is obvious that the term containing the 
product A/t disappears on integration, for the elements corresponding to (X, /i) and 
(^i ~ /*) destroy each other. In the same way the term containing the product Xe 
disappears. We therefore have 


X= -p^ 




xv^T^’ 

<ia + 4a + <.s 


Y= ■ 


pri 




These may be written in the foiin 
■» X=-Api. 


o’ !)’ c- 


z-^ - Cpi . 


Z=&o. 


.(4). 


Y=-Bpn, 

We notice that the constants A, B, C are functions of the ratios of the axes and 
are therefore the same for all similar ellipsoids. 

The integrals given above for A, B, G may also be written in the form 


A=j^<im, B=j|d<v, C=J^d«.. 


•(5), 


where the integration extends oner the whole surface of the ellipsoid. It easily 

follows that A+B + G—ir Aa^+Bl)‘ i-Cc-=^T^du (6), 

where r is the radius vector of the bounding ellipsoid drawn from the centre as origin. 

The potential is seen by an easy integration to be V=^p{D-AP-Br^-GS^}, 
where D=jr*dai, since ^pD must evidently be the potential at the centre. 


Note D, Art. 218. Other lawe of force. The potential of a thin homogeneous 
homoeoid at an internal point when the force varies as the inverse rth power 
of the distance can be found, free from all signs of integration, when k is an even 
integer >2. Let pp be the surface density at any point Q, where p is the perpen- 
dioular from the centre on the tangent plane at Q. The potential is 


„ 2tp /'2Y-3 (, , 1 NV ,1 E’V-> , 

t ■^2’(c-4'*'2n.2.(*-4)(r-5)'^ J 


Ms-*) 


where 


and 


„ d- <F , d» 

aS bs 


n* 0* c* 


The general term is 2’/ L^/) 1^(k L (re) = l . 2. 3....B. 

The series has terms. Thus for the law of the inverse fourth power it 

reduces to the first term ; for the law of the inverse sixth power, there are two 


terms and so on. 

At an external point P' whose coordinates are V, r, we have 

,*-S 


v'=-^ ^ 

a'b'c' { k-1){k-3) \E / \ 2’«r-4 | 

(S4'4)- 


a'* d= b'* (P , 
where ^ =-S= df^ + 


Here o', b', o' are the semi-axes of the confocal drawn through P', and e’ = o'* - o’ = & 0 . 
It should be noticed that the differentiations implied in the operator V' are to be 
performed on (f', v'l f*) on the supposition that o', 6', c' are constant. The potential 
at an external point may be deduced from that at an internal point by a method 
which is practically one of inversion. See Art. 203. [Phil. Trans, 1895.] 
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Nois E, Art. 250. Betaroganeotifl elUpsold. When die attraoted point P 
lies within the substance of the ellipsoid, a little moie explanation may be added. 
Through P we describe an ellipsoid similar to the external surface of the given body. 
Let it be defined by m=« as in Art. 241. The potential of the inner portion at J? is 

Fi= S J"’ dwfl J” du (1 - (i»> - 1 + (u). 

Now X satisfies j^+ifec.=l (Art 204) and since P lies on the ellipsoid («), 

p 

^j+iSro.=l. It follows that X=0 and therefore, since X=Xim^ X,=0 (Art. 249). ' 

Next consider the shell outside the ellipsoid (a). As explained in Art. 240, we 
put X2=0 and integrate from to We have therefore 

V^= ^ Jo “ m^)*“^ (m“ - 1 +il)“2i’ (u). 

Adding and wo have 1^=2 J^dm‘J^ du[&c.]. 

The order of the integrations may evidently be reversed, and the argument may be 
continued as in Art. 250, and in the result we have X=0. 


Note F, Art. •2Gi. Other laws of force. When the law of force is the inverse 
rth power of the distance we require the expansion of 1/JJ' . There are two ways 

of extending Legendre’s series. 

First we may continue to make the expansion in powers of h and put 

(1 - 2ph+ A») 

If s - 1 is an odd integer, say equal to 2sn-l, we have 

Q.= ^ ^ p 

“ 1.8.5...(2j»-l)dpm'^'»+«- 

If * - 1 is an even integer, soy equal to 2m +2, we have 


Q _ 1 d”* 8in(n+m+l)9 

" 2 .4. 6...2Bidp” sine ’ 

where p= cos S. The four most important theorems relating to the function Q are 
given in Art. 282, Ex. 3. 


Secondly, wo may retain Legendre’s functions of p as the coefficients, but cease 
to expand in powers of ft. We then have when k is even and greater than 2 

i =21* ft" 

(l-2pft + ft2)i(*“l) ” (l-ftS)'-*’ 

There is a similar expansion when x is odd and>l, except that P„is replaced by 
Sin(n + l)e/sinfl and that the coefficients of the function i^(ft) are different. 

The function |^(A) is an integral rational function of ft containing only’ even 
poweis, the highest being ft"'*. Thus the function docs not increase in complexity 
as » increases, but has always the same number of terms. 

When the body considered is a thin spherical surface or a circular ring ft is the 
ratio of the radius to the distance of the attracted particle. Thus f (ft) is constant 
for an integration over the surface of any portion of a sphere or along the ciroum- 
fcrpiice of the ring. 

When the law of force is the inverse fourth power *=4 and ^(ft)=(2n+l)- 
wheu the law is the inverse sixth, (c=6, and ' ” 


1 . 3^ (ft) = (2ji + 1){ - (2« - 1) A>+ 271 + 3}. 
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The general value of ^ (ft) is given in the Proceedings of the Mathematical Society, 
rol. xx^i., 1895, page 481. 

Note G, Art. 281. Legendre’s theorem. There is another proof of the 
theorem JP„®(ip=2/(2«+l) which is in general use. We have 

We multiply both sides of this equation by dp and integrate between the limits 
-1 and +1. We then have, by Art. 278, 

^ f dp 


h 


, = J(P.s+P,=ft»+P/ft4+...)dfp. 


(l + ft»)-2ftp‘ 

Integrating the left-hand side, we have 

{log (1 + ft) - log (1 - ft)}/ft= S JP„2ft»‘(fp. 

Soth series being convergent, we find the value of JP„-ifp by equating the 
coefficients of on each side. 

We may deduce some other interesting results fiom the equation of differences 
(n-f- 1) Pn+i - (2n-l-l)pP„-l-nP„_i=0. 

Multiplying both sides by P„ and integrating between the limi ts - 1 and + 1, we 
have {2 «-h 1) JpP„P„dp=(jt+l) JP,+iP,,dj>+n JP„_iP„ffp. 

It follows from Art. 278 that JpP^P.dp is zero exeept when k and n differ by 


unity. In that case we have JpP„P»f.i<ip= ; 


2(b-H) 


as in page 219. 


■(2n-(-l) (2 h + 3) 

In the same way we may show that |p®P„P,dp is zero except when k and n 
are equal or differ by 2. In these cases 

_2(2aH2u-_l)_ Jp=P„P..«dp = _g(»±l)(>LtgL 


Jp2P„=dp=i 


\2B-t 1) (2a +3) (2a-i- 5) * 


■ (2n-l)(2n + l) (2n-h3)’ 
whei'e the limits of the integrals are -1 to +1. 

We may, by successive induction, deduce from the equation of differences, that 


P,.P,=S 


A (m-r) A (r]A(n-r) 2n+2») -4r-^l 


A (m + a - r) 2n + 2m - 2r + 1 

where Z expresses summation from r— 0 to the lesser of the two quantities in, n, 
1.3.5...(2m-l) 




Also A(m)= 1.3 3 

We may interpret A {in), when m is zero or a negative integer, by supposing this 
relation to hold generally, so that putting m=0 we have A(0) = 1. Similarly 
A(-1)=0, and hence, when m is any negative integer, A(ih)~0. 

In the series r is supposed to vary from r= 0 to either m or n. If however r is 
taken beyond these limits, for instance if r= - 1 or m+1, then (in consequence of 
the property of the function A just stated) the coellieient of the corresponding term 
is zero. Hence practically wo may consider r to be uniestricted in value. 

We notice that in this expansion the suffixes of P are all even or all odd according 
as m+n is even or odd. If then we multiply by Pj and integrate the product 
between the limits -1 and +1, we have jPiPmPn‘'P=^ l+m+n is odd 
(Alt. 278). 

Supposing l + m+n to be even, it follows (by subtracting the even number 21) 
that m+n-l is also even and that there may be a term on the right-hand side in 
which the suffix is given by m + n-2r=:l. This term, aftei multiplioalion by Pj, 
supplies the integral j'Pj-dp and is not zero. We then find 

2 A(s-t)A(s-m)A(s-n) 
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where s=J(]i+m + Ji). Tn, order that thU integral may 7ioi be zero, no one of the 
quantities I, m, n must he greater than the amn of the other two, and l+in-fn must 
be an even integer. 

The reader may consult a paper hy the late Prof. J. C. Adams in the Proceedings 
of the Poyal Society 1878, No. 185. The value of the integral is also gi^en by 
Feirers as an example on page 156 of his Treatise on Spherical HartnonicSt 1877. 

By using the results referred to in Art. 292 we also find 

, j 7n(«t + l)...(m+s-l) 1.3.5...(27»+2 k-2» + 1) 

‘ dp™ 1.2...S ■ 1.3.5... (271-2S + 1) ’ 

when 1=71 - 2s. When ti - 2 is odd or l>n, the integral is zero. 

1.2.3 ..X 

tjP P 2.4...(ic-7n)1.3.5...(* + m+l)’ 
when K>7n. The integral is zero if K-m is odd, or if K<m. In both integrals the 
limits are - 1 to + 1. 

When the law of force is the inverse xih power of the distance, the equation of 
dificicuces takes the form 

(71 + 1) Q„+.i - p (2)1 + K - 1) + (ti + * - 2) Q„_i = 0, 

as explained in Art. 282, Ex. 3. We may use this equation in a similar manner to 
find j<l>(p)Qn"dp and j <t> {p)p-Q„^dp where ^(p) = (l-p“)^^''“®. 


No IE H, Art. 288. Xaplace’s theorem, Baplace deduces the equation 
Jy,„l'„dw=0 from the equation (7) of Art. 284. What follows is on extension 
of his method, ilecanique Celeste, line troisitoe 12. Let us write (7) in the form 



\-Ui 

\ ip i 

d,(7V 

(b^\ 

“ ir 


~dA 


dtft 


=PYm 


.( 1 ). 

.( 2 ). 


where b=l-p‘, c = l/(l-/t-), p=m{m+l), p'=7t(7i + l). 

Multiplying these equations by y„, 7^ respectively and subtracting, we find 


{p-p')\7^Y^da 


-//KiC' 


dpj “dp 




diid^ + &o. 


Integrating by parts, we find that the nnintegrated parts cancel, we therefore have 


' dq> 


)] 


dp. 


.( 3 ). 


where the quantities in square brackets are to bo taken between limits, the first 
between p = ±1, the second from ^=-0 to 27r. 

Now 6 = 1 -p", if therefore y„„ and their diSerential coefficients with regard 
to p are finite all over the sphere, the first integral is zero. 

The range of ip from 0 to 27r, carries a point P round the sphere on a small circle 
to the point from which P started. If then the quantities e, y,„, y„, and their 
diffeiential ooeflicients with regard to p are “one valued” on the sphere, the second 
quantity in square brackets is the same at both limits, and the second integral is zero. 

It follows that if p and p' arc unequal (that is, if neither in=n nor 7 n+ 7 t= -1) 
the integral Jy,„l'„du = 0. 

If wc generalise {7) and write it in the form 

„ d /,dy„A d / d7„\ d ( dY„\ d ( dy„\ 

“^™-dp i‘i2p- j - -dp(*^) 
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where a, b, e, e and A are given finite fnnctiona of /t, 0, bnt not of p, while pia a 
given fuiilBtion of in, the function r„ is not now a Laplace’s functiou, but the 

equation (p-p')|Jr„y,.4d;t.rf0=O (S) 

will in certain cases be true. This may be proved by the same rcasoniug as belure. 
The unintegrated parts cancel and the integrated parts vanish provided (1) b and e 
axe zero when ft= ±1, (2) Y„, and their differential coeOicients with regard to ^ 
and 0 are finite one-valued lunctiuns of m, 0. Other cases in which the integrated 
parts are zero will suggest themselves to the reader and need not be particularised 
Injre. 

We may also extend the theorem to the case in which the integration is effected 
only oner the area within some closed curve drawn on the sphere, provided Y„, 

1- ii- 1 1 1 <*yn 1 dY- 1 dY. ^ „ . . , , 

are such that ^ = =- , ■=- — ™ at all points of the boundary. 

For example, the equation (S) is true if Y„ and y„ v anis h at all points of the 
boundary. 

The equation (5) is also true if both y» and y„ satisfy the condition 


/6sin0 ,\dY ( 


c sin 9 cos 0 d- — - sin 0 
Bin 9 ^ 




at all points of the boundary, whei-e 0 is the angle the arc 9 makes with the 
elementary arc of the boundary and X is an arbitrary function of 9, 0 but not of m 
or n. When fi=:l/c = l-M' e=0, X=0, this implies that the space variation 

of Y perpendicular to the boundaiy is zero. 


Note I, Art. 329. Waenetic sphere. The expression in the text for the 
potential applies obviously to an external point. At an internal point, the potential, 
by the same rule, is equal to $irZr cos 9. This also follows at ouce from the result 
given in the next article lor an ellipsoid. The force due to a uniformly magnetised 
solid sphere at an internal point F is therefore - |irZ. The direction, when taken 
positively, is opposite to the direction of magnetisation, and tends to demagnetise 
the body. 


Note E, Art. 343. Blagnetle forces. Kelvin, when speaking of the two 
definitions of resultant force in a crevasse (1) tangential and (2) perpendicular to 
the lines of magnetisation, sometimes calls the former "the polar definition" and 
the latter "the electTomagnetic definition” (Reprint i&o. Art. 517). This latter force 
is called "the magnetic induction” by Maxwell and this phrase has been generally 
adopted in the text. A slight modification has however been made in Art. 842 and on 
a few other occasions when the change seemed to make the meaning of the context 
clearer. Maxwell’s phrase is not entirely unobjectionable and it is much to be 
desired that some short term could be generally agreed to. 


Note L, Art. 345. The magnetic Indnetlon. At a point outside a magnetic 
body the magnetic force and the inagnetio induction arc tho same. It follows that 
their components satisfy Laplace’s equation, and we have 


dx dy (tz 


dx dy dg 


.( 1 ). 


At a point inside a magnetic body, we have by substitution (Art. 345) 


dx dy 
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Since the magnetic force is by definition that due to Poiseon’e two dietrihutions, 
the sum of the terms in the first bracket on the right-hand side is e<iuU to iirp 
(Arts. 105, 41). The sum of the terms in the second bracket is - iirp (Art. 339). 


We therefore have 


dx^ dy 


dZ , 


^ =0 
dx dy ^ dz 


( 2 ). 


It follows that the components {X, Y, Z) of the magnetic force satisfy different 
differential equations according as the point under consideration is external or 
internal. The components of the magnetie induction satisfy the same equation (vi^ 
Laplace’s equation) whether the point is inside or outside. 

Since the equation satisfied by the components of the magnetic induction is the 
same as the condition (2) given in Note A, page 336, it follows immediately that 
the surface integral of the magnetie induction taken through any closed surface eis 
zero. This surface may be wholly within or wholly without or partly within and 
partly without the magnetic body. See also Art. 488. 

It also follows that the surface integrals of the magnetic induction taken through 
any two surfaces having the same rim are equal. See Note A. 


Note M, Art. 358. Vector potential. Since the surface integral of the 
magnetic induction depends on the closed rim and not on the form of the surface 
(Note L, page 363), it should be possible to find the induction through a closed 
curve, without constructing a surface to act as a diaphragm. 

This is effected by finding a vector A whose components F, 0, H satisfy the 
equations 

_dH d0 y _dF dU _dO dF 

dg~ d{' > di’ *” (f? ■ dy 

where (Xj, Yi, Zi) are the components of the induction at a point P whose 
coordinates are {(, y, f). Then, as proved in Note A, page 356, the induction 
through any closed surface is equal to the line integral of the vector {FGH) round 
the rim. This new vector is called by Maxwell the vector potential of magnetic 
induction. [See his Electricity, Art. 405.] 

The relations (3) are satisfied at on external point for a simple lamellar shell of 
unit strength by taking 



where the integration extends round the rim of the shell, and R is the distance of 
an clement of the rim (xyz) from a point (fvf) in space. This follows at once from 
the values of X, Y, Z given in Art. 358. 

Example. Prove that for a simple magnetic shell of strength m, in the form of 
a small circle of radius a and centre 0, the vector potential at a point P is 
approximately 

, mnatp ), 3a“ . 15 aV“) 

ra " + f "Fj ' 

where r~ OP and p is the distance of P from the axis of the shell. [Coll. Ex. 1896.] 
To prove this we take the plane of the circle as the plane of xy, the centre as 
origin and the plane of xz to contain P. We then have a=ooos^, y=asin^, z=0 
and l?^=j'“-2apcos^+a“. Substituting in (4) and expanding the denominator in 
powers of ajr, we see that i<'=0. Bejectiug all odd powers of oos^ in the 
expansion for 0 we find at once that 0 has the value given in the enunciation. 
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We mast refer this to axes of y which are independent of the position of P if 
we wish io use eiiuations (3). We then have 

F= -A'nip, G^A^Ip, H=0, 

where {f, ij, 0) are the coordinates of P andp*=f* + :)*. 

Por an elementary lamellar ehell, the vector potential is A=MamBli*, where 
T= OP, e is the angle r mahes with the axis Os and M=va'‘m. The direetion of the 
vector is petpendicular to the plane POs and its positive direetion is cloohwise 
round Os. 

’ Nor an elementary magnet whose moment is M, centre 0, and axis the axis of s, 
we assume the magnitude of the vector to be M sin Sjr^ and its direction to be as 

just described. The components are then evidently P=-^, H=0. 

Since thb potential of an elementary magnet is Jtfoosd/r*, it is not difficult to see 
that the equations (3) ore satiafied. 

To find the components of the vector potential of a small magnet when the 
direction cosines of the axis are X, p, t>, we resolve the magnet into HfX, Mp, My. 
The F component of M\ is zero, those of Mp, My are Mp^lS* and -MyrilB^ 
respectively. The F component for a magnetic body at P is therefore 

I'^^dxdyds, 

where it is the distance of any point {xys) of the body from the point P in space 
whose coordinates are (^, y, f) and Maldv, Art. B26. 

NoiJS N, Art. 397. Electrtaed epheFe. The figure has been drawn by Dickson 
to show the distribution of electrical density on the surface of a sphere under the 
influence of a point-charge at S (where OS= 10, OA = 6). Det a radius vector from 
the centre 0 cut the curve drawn inside the circle in P, the circle itself in Q, and 



the dotted oirde outside in B. The length PQ then represents the density of the 
(negative) charge at any point Q of the sphere, when uninsulated; while the length 
QB would represent the uniform density of an equal (positive) charge freely 
distributed on the sphere, when the point-charge at S is absent and the sphere 
insulated. Consequently, if the sphere be initially uncharged and at zero potential. 
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and if the point-charge be then brongbt to S, QB-PQ will represent the, (positive) 
density at the xioint Q. This density will be negative from A to F, at which latter 
point the total density is zero. If the whole figure be rotated about OS, F will 
trace out the line of no force. For the data given, the angle FOS is about 56^°, 
and if the tangent from S touch the circle at T, the angle SOT will be about S3^°. 

Note P, Art. 486. Slaeonttnnlty. The result in Ez. 8 is interesting as it 
exhibits a discontinuity. The difficulty thus introduced would disappear if we 
supposed the value of AT to be continuous but to change rapidly from K to E'. See 
some brief remarks on this subject in chap. xm. of the second volume of the 
Author’s tieati&e on Bigid Dyiuuiuct (Ait. 620 ot the fifth edition). 



INDEX TO ATTRACTIONS. 


The numbers refer to the articles. 

Aibt. Clairant’s theorem to a aecond approximation, 304, note. 

BxBiBA^n. Belation of force to the cnrratares of level anrfacea, 128. 

Bianco^ Bemarka on the history of “potential,” 30, note. 

Biot. Terrestrial magnetism explained by a central magnet, 336. 

Capacity. Electrical, defined, 371. Condensers, 417. Several cases, 418, 419, (fee. 
Capacity found by inversion, 432. Specific inductive capacity, 371, 473. 
Effect of a change of dielectric, 474, 433. Plane, cylindrical and other con- 
densers, 417. 419, 478, 479, 464, <hc. Spheres, Ac.. 486. 

Cektbobabic BoniES. Defined, 137. The fixed point is the centre of gravily and 
every axis is a principal axis, 137. The law of force is the inverse square or 
the direct distance, 137. The boundary of the body is a single closed 
surface and the centre of gravity is inside, 140, 141. 

CiiAmAui’a iBEOBEM. Expression for gravity. 304. Potential at any external 
point, 307. Second approximations, 309. 

CoKDEKSEBS. Green's solution, first and second approximation, 417. Examples, 
392, 418. Cylindrical condenser, 419, 479. Energy of condensers, 447. With 
dielectrics, 484. 

CoBnucTOB. Defined, 368. Conductor with a cavity, 386. Two oondnoting 
spheres, 374. Ellipsoid, 376. Disc, 382. Bod, 386. Concentric spheres, 392. 
Sphere acted on by a point-charge, 397; diagram, page 365. Cylinders, 407, 
dtc. Nearly spherical conductor, 420. Enclosed in a nearly spherical shell, 
421. A nearly spherical solid of revolution in a uniform field of force, 421, 
Ex. 4. Spheres intersecting orthogonally, 423, 436, and at on angle w/n, 433. 
Theory of a system of conductors, 438, Ac. Mutual potential energy, 448. 
Junction of conductors, 448. Introduction of a oonductor, 449. 

Cones. Attraction of sections at the vertex, 26. 

CyLiBnEB. Various problems, 24. Infinite circular cylinder, attraction at any 
internal or external point, 66, 66. Heterogeneous cylindrical shell, 68. 
Elliptic shell, 72. Solid elliptic cylinders, 232, &D. Potential of an elliptic 
cylinder, 237. Potential of a heterogeneous cylinder, 333. A magnetic 
cylinder and the magnetism induced in any field of force, 333. 

CyIiINDEB of bods. Limiting case of a cylinder and consideration of the resulting 
discontinuity, 52. 

Dabwik. Clsdrant’s theorem to a second approximation with references, 304, note. 

Dickson. Potential of a circular ting, Note B, page 358. Diagram of the distribu- 
tion of electricity on a sphere, Note N, page 365. 

DrsuECTBic. See Inductiok. Defined, 473. Substitution of a solid dieleotrio for 
air, 474. Plane and oylindrical dielectrics, 478, 479, 482. Poisson’s con- 
ditions, 481. Eelviu’s theorem, 483. Various problems and results, 484, 
486, 486. Extension of Poisson’s theorem for dielectrics, 492. 
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Differentiation. Method applied to find attractions, 92. 

Dip. Tangent is twice that of the magnetic latitude, 324. 

Direct distance. Magnitude and direction of attraction, 7, 8. * 

Disc. Sec Stbatdit, Plane conductors. Attraction of a circular disc at a point 
on the axis, 21. Attraction of an infinite disc, 22. Table-land, 23. Elliptic 
disc at focus, 80. Elliptic diso at any point, for the law of the inverse cube, 
29. Rectangular disc, 30. Disc bounded by two parallel lines, 30. Gonfocal 
level surfaces, 61. Infinite heterogeneous disc, 93. Elliptic discs, speoialu 
laws of density, 228. Any law of density, 261, 262. Condition that the 
level surfaces are coufocals, 263. Electrified elliptic diso, 883. See 
Ellipsoidal conductor. 

Dison. Anchor ring, 193. Ellipsoids, 247, note. • 

Earnsuaw. Points of equilibrium are unstable, 119. 

Electrical problem. Enunciation, 372. Green’s method of solution, 164, <&c. ; 
another proof, 393, &c. Method of inversion, 168, &c. 

Ellipsoid. Potential of a solid ellipsoid at an internal point, 211, drc. and Note C, 
page 3S8. At an external point, 222, 226. Other laws of force, 313, and 
Note D, page 3S9. Level surfaces, 216. Spheroids, 219, 220. Heterogeneous, 
with similar strata, 239. Any law of density, 246, 247, Note E, page 360. 
References, 248, note. Nearly spherical ellipsoids, first and second approxi- 
mations, 220, 221. Potential of a magnetic ellipsoid, 380. Induced magnetism 
in an ellipsoid, 331. 

Ellipsoidal conductor. Surface densiiy Mpjiitabc, 376. Quantity on a portion 
of the ellipsoid, 377. Potential, 873. Only one arrangement, 381. Elliptic 
disc, 382. Quautity on the portion bounded by parallel chords, 336. 
Insulated rod, 386. 

Ellipsoidal shell. Internal attraction of a homoeoid is zero, 68. The converse 
theorem, 73. Attraction at an external point close to the surface, 71, 209. 
Theorem on the polar plane of an external point, 69. Potential of a 
homoeoid at an internal point, 196. The fundamental integrals I and J, 200. 
Potentials of confocal homocoids at corresponding points, 203. Level 
surfaces, 206. Lines of force, 207. Thin homoeoid, external point, 208, 
209. Linear and quadratic law of density, 281. Any law, 247. 

Elliptic coordinates. Poisson’s theorem, 110. Potential of an ellipsoid, 230 ; 
of an elliptic disc, 261. 

Equilibrium. Points of equilibrium are unstable, 119. The separating cone, 120. 
Level surfaces near a point of equilibrium are quadrics, 120. Repelling 
particles lie on the surface of the containing vessel, 121. 

Equally attractit’e bodies. Bodies attract equally if their potentials ore equal 
over an including surface, 129, 4o. Also, if of equal mass and have the same 
level surfaces, 131. Their centres of gravity and principal axes coincide, 
186. A prolate spheroid and a straight line, 228. Discs and homoeoids, 228. 

Everett. Units of attraction, 6. Referred to, 363, note. Numerical values of 
magnetic force, intensity and permeability in soft iron, 473. 

Faraday. Magnetic induction, 342, note. Dielectrics, 466, note. 

Ferrers. Attraction of a stiatum, 94, note. Heterogeneous ellipsoids and 
ellipsoidal shells, 246. Spherical Harmonics, 248, note. Electricity on 
spherical bowl, 461, note. Expression for JP|P,„P„dp, limits ±1. Note G, 
page 361. 
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FujIixeut. See Lines of fokoe. Definition, 126. 

Elue. The pioduot Fda, 107. 

Eoc^om.. Defined, 196. Potentials, 226. 

Fundi. Attraction of the tide in the Bay of Fundy, 38. 

Gallop. Electricity on a circular disc and spherical bowl, 461, note. 

Gauss. Mean potential over a sphere, 86. The theorem jFdir= 106. Alsu 

deduced from Green’s theorem, 163. Terrestrial magnetism, 336. ii;c. 

Pbeen. Attraction of a stratum, 162, 167. A volume integral replaced by a surface 
integral, 169, and a surface integral by a line integral, Note A, page 3.iC. 
Equivalent layer, 106. Infinite and multiple-valued functions, 168, 161. 
Kelvin’s extensions, 163. Green’s mathematical papers. 268, note. Green’s 
^ n\ethod of solving electrical problems, 166, 393. Green's theoren on a 
condenser, 617. Origin of the name “potential,” 36, note. 

Hanbtebn. Terrestrial magnetism explained by two magnets, 336. 

Eauohtoh. Problem on a finid earth with a spheroidal crust, 318. 

Hodson. Two memoirs on attractions, 266, note. 

HoMOEom. Defined, 196. See Ellipsoidal shell. 

Homoibeiic shell. Defined by Chasles, 196. 

Image. Defined, 396. 

iNDUcrioN. Magnetic force and magnetic induction defined, 362. How related, 
34fi, see Note L, page 363. Other names. Note E, page 363. Coefficients of in- 
duction, 638. Magnetic induction in a solid, 466. Boundary condition, 668,493. 
Induction problems, 486. Surface integral of magnetic induction, 488, Note 
M, page 366. 

Invebse Problems. Find the curved rod such that the attraction of the arc PQ at 
0 (1) bisects the angle POQ, 20, (2) passes through a fixed point, 20, 
(8) passes through the intersection of the tangents at F, Q, 20. Given the 
potential, find the body, 164. 

Inversion. Kelvin’s point inversion, 166. Geometrical properties, 172, Ac. In- 
version from a line, i.e. in two dimensions, 181, &D. The cylindrical trans- 
formation 7-'=ilr", e'=n0, 184, *c. 

Ivory. Geometrical property of confocai ellipsoids, 202. Theorem on attractions, 
222. Application to infinite cylinders, 236. Finite cylinders, 23A 

Jellei. Potentials for different laws of force, 96. 

Kelvin, Lord. Theorems on attraction, 111. note, 121. Attraction of a film, 

162, note. Centrobaric bodies, 136, note. Extension of Green’s theorems, 

163. Method of Inversion, 168. I^ignetism. 314, note. Magnetic force and 
.magnetic induction, 342 and Note K, page 363. Solenoids, 347. Lamellar 
shells, 360. Electricity on a sphere, 403, note. Electricity on a circular 
disc and spherical bowl, 461, note. On two spheres by successive images, 
660. note. Induced magnetism, 666, note. Theorem on dielectrics, 483. 

Lachlan. Theorem on inversion, 179. 

Lamb. Potential of an elliptic cylinder, note to 238. 

L.AMt. Poisson’s equation in orthogonal and elliptic coordinates, 109, 110. 

Lamellar snELLs. Defined, 360. Theory, 360 — 366. Elementary rule to find 
the magnetic force at a given point, 366. Cartesian components of force, 
368, see Vector Potential. Potontial of a lamellar body, 369. Mutual 
potential energy of two thin shells expressed by integrations round the 
rims, 360. Force due to a tliin circular lamellar shell, 862. Mutual potential 
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of a thin circular shell and a small magnet on the ans, 362, Ex. 3. Other 
laws of force, 362. Relation of lamellar shells to electric currents, 361. 

LapIzAcb. The equation V“I''=0, 96. Corresponding equation for other laws of 
force, 96. Properties of functions which satisfy his equation, 133, &o. 
liaplaoe's functions and his second equation, 284. Three fundamental 
theorems on Laplace's functions, 288 — 290. Extension of Theorem I., Note H, 
page 362, Expansion of the potential in a series of Laplace’s functions, 283. 
General expression for Y,, 286. Properties of the surface r=a(l+p2Y^ 
293. Various expansions, 292. See Solid of bevolutioh. Laplace’s rule to 
find the potential of certom heterogeneous bodies, 297. Clairaut’s theorem, 
304. 

LBaBXDRE’E EmtOTioNs. Theorems on these functions, 264, (he. Expressions for 
P„, 269 — ^271. Four equations, 273. Boots of Pn=0, 274, 276. _ The integral 
J/(p)Pndp, 278—280. The integral JP„®dp, and others, 281, 282, Note G, 
page 361. Expression for P„ (p) with any axis of reference, 287. Expansion 
ofp*, dPJdp, d^PJd^ (fee., 292. See Solid of bevolution. Expansion of 
the potential for other laws of force. Note F, page 360. Expressions for 
JPlP„P„<fp, limits =tl, jp‘Pmdp, and jP^{d'‘PJdp^ dp, Note G, page 361. 

Level subfaces. Definition and theorems, 46, &c. Of a rod, 49, 61. Of a 
homoeoid, 205, 206. Cut at right angles, 123. Bankine’s theorem, 125. 
To trace level surfaces, 134. 

Lines of force. Definition, 47. Direction in which a particle tends to move, 48, 
114. Of a rod, 49. Of a homoeoid, 207. Attraction varies inversely as the 
area of a tube of force, 127, extension. Note A, page 356. To trace lines of 
force, 134. Lines of force due to a rectilinear row of particles, 323. Also 
due to a series of parallel infinite rods in one plane, 323. 

MacCull.\uh. Potential at a distant point, 136. 

hlACL-iURiN. Attraction of confocal ellipsoids at an external point, 224. 

Magnet. Potential, 316, 322. Resolution, 317. Mutual action of two small 
magnets, couples, 318, forces, 320. Potential energy, 322. Lines of force 
and level curves, 323. Examples of magnets acting on each other, 324. 

Magnetic body. Elementary rule, 327. Applied to a rod, a sphere, an ellipsoid, a 
cylinder, a lamina, 328 —332. Earth’s magnetism, 826, 336. Mutual potential 
energy of two bodies, 334. Bodies not uniformly magnetised, 346. Induced 
magnetism in spherical shells, uniform field, also a magnet inside, 487. 

Maxwell. Treatise referred to, 314, note; 363, note; 370; a nearly spherical 
conductor enclosed in a nearly spherical shell, 421, Ex. 2. Electricity on a 
sphere, 403, note ; orthogonal spheres, (to,, 423, note. Two spheres, 460, note. 
Stress in dielectrics, 466, note. 

Mountains. Attraction of, S3 — 38. Density of earth, 36. Pyramid of Egypt, 37. 

Mubpby. Electricity on two spheres by successive influence, 460, note. Two 
spheres in contact, 464. 

Permeability, MAGNETIC. Defined, 489. Boundary condition in induced magnetism, 
469. Relation to specific inductive capacity, 473. 

Plana. Attraction of a circular ring, 191. 

Plane conductors. Acted on by a point-charge, 412. Quantity of electricity on a 
portion of the plane, 413. Two planes, 414. Acted on by a perpendicular 
and also a parallel rod, 416. A circular disc acted on by a point-charge (1) in 
its plane, 451, dec., (2) on the axis, 454. 
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0 

Playfub, Cylinder of gieatest attraction, 24. Attraction of a lamina, 27. Solid 
of greatest attraction, 31. Bectangular disc, 80. Density of Schehallien, 35. 

Poisson. -The theorem V“I''=-4irp, 106. Deduced from Gauss’ theorem, 108. 
Polar, cylindrical and oblique Cartesian coordinates, 108. Elliptic coor- 
dinates, 110. Mean potential through the volume of a sphere, 84. Potential 
at a distant point, 138, note. Attraction of a film, 143, note. Level surfaces 
of a homoeoid, 206. Ivory's theorem, 822. Heterogeneous ellipsoids, 248. 

) Attraction of ellipsoids, 248, note. Magnetism, 814, note. Bepresents 
magnetism by an equivalent solid and superficial distribution, 339. These 
expressed in various lands of coordinates, 340. Electricity on a sphere acted 
on by a point-obarge, 403, note. Electricity on two separate spheres, 469, 
note; 464, Ex. 4. Induced magnetism, 466, note. Poisson's conditions 
for dielectiies, 481. 

a 

PornxTiAL. Origin of the name, 39, note. Geometrical definition (1) at an external 
point, 39, (2) at an internal point, 101, iho. Definition derived from work, 44. 
Besolved force, 41. Other laws of force, 43. Potential of a rod, 49, 60. 
Discs and cyliuders at points on their axes, 63. Infinite cylinders at any 
point, 66. 66. Heterogeneous infinite cylinders, 68. Mutual potential of two 
systems, 69. Gauss and Poisson on the mean potential of a body, 84. 
Belation between the potential of the same body for different laws of force, 
96^98. Potential cannot be an absolnte minimum, ikc.. 111. Consideration 
of an internal point, 113. Tarions theorems, 116, 116. At a distant point, 
136. MacCuUagh’s tbeoiem, 136. Centrobario bodies, 137. Potential 
ciHistaut in a cavity, 99, 139. Continuity at the surface, 103, 146. Given 
the potential, find the body, 164, <feo. Potential given over two concentric 
spheres, find it generally, 299. Poisson’s general expression for the potential 
of a magnetic body, 339. See SonxKOins, LamelIiAB shells, CoNnucioas. 
Potential energy of an electric system, 496. 

BANEiNn. The angles of intersection of the sheets of a level surface, 126. 

Beciilineab riGUBES. See Discs. Potential of a lamina found in terms of 
potentials of the sides, 267. Potential of a solid in terms of those of the 
faces, 268. Potentials of all rectilinear figures can be fonnd iu finite terms, 
269. Solid angle subtended by a triangle at any point, 262. 

Bums, ciBCULAii ANo ANCHOB. Polar line of P divides a uniform ring into parts 
equipotential at P, 73. Potential at any point for the law of the inverse 
distance, 66, 66. General method of inversion for any law of force by using 
an ellipse, 186. Several formulss for the potential of a ring, 190, also Note 
‘ B, page 868. Theorems of Plana and Foincard, 191. Anchor rings, 192. 

Bobebis’ iheobem. Potential of a lamina for different laws of force, 98. 

Bon. Components of attraction, 10, Ac. Infinite rod and the attraction of 
cylinders, 14. Singular form, 16. Other laws of attraction, 16. Yarious 
problems, 16. Condition that two curvilinear rods equally attract the origin, 
17, Ac. Inverse rods, 20. Potential, 49, 60. A cylinder of rods, 62. 
Magnetic rod, 328. Electrified rod, 386. 

Bodbioues. Potential of a homogeneous ellipsoid, 226, note. Legendre's 
functions, 271. 

Satcbn. Figure of Saturn, acted on by the ring, 310. Measurements by Herschel 
and Bessel, 310. 

ScBEENB. Electrical, 390. 



372 


INDEX TO ATTBA.CTIONS. 


The numbers refer to the articles. 

c 

SiKMENS. Instrament to find the depth of the sea under a ship. 

SiMiLAn BODIES. Thcii attractions and potentials compared, 94. 

Solenoids. Defined, 347. Potential, 848. Condition that magnetism is sole- 
noidal, 349. 

Solid angles. How measured, 36. Solid angle subtended by a triangle at any 
point, 362. Of a cone, 284. Normal attraction of a disc, 27. 

Solid of obeatebi atibaotion. Playfair’s theorem, 31. 

Solid of Beyolution. Expression for Oie potential (1) in Legendre’s functions,* 
300, (3) in a definite integral, 302. Potentials of a thin ring, solid anchor 
ring, oblate spheroid, &c., in Legendre’s functions, 303. 

Sfhebes. Potential of uniform shell, 64. Annulus, 74. Theorem of Cavendish, 
73. Discnssion'Of a discontinuity, 78. Attraction of a segment at the centre 
of the base, 76. Solid sphere, 78, 79. Attraction of a shell on an element of 
itself, 79. mutual pressure of two parts of a shell, 79. Potential of a shell 
near the rim, 79. Attraction for other laws of force, SO. Eccentric shells, 
81. Heterogeneous shells, V'=Vajt', 86. Stokes’ theorem, X+X'= - P/a, 
87. Find the law of force that the attraction may be the same as that of a 
single particle, 89. Laplace’s expressions for the potential of a thin shell 
with any law of density, 294. Also solid sphere, 296. Nearly spherical 
bodies, 297, 420. Potential of a magnetic sphere, 329. 

Sphebical Conduotobs. Two spheres joined by a wire, 374. Concentrifi spheres, 
392. Single sphere acted on by a point-charge, 397. Diagram, page 365, 
Lines of force and level surfaces, 406. Sphere in uniform field, 406. Sphere 
surrounded by a ring, 406, 422. Quantity on a segment and potential, 406, 
Nearly spherical bodies, 420, 421. Two orthogonal spheres, 423. Acted on 
by a point-charge, 426. Geometrical properties, 431. Spheres intersecting 
at an angle v/n, 433. Three orthogonal spheres, 436. Spherical bowl, 466, 
dec. Two separate spheres, 469—463. Examples, 464. 

Sfsebical H.moionics. Defined, 267. Zonal harmonics, 267. Tesseral surface 
harmonics, 286. Sectorial, dec., 286. 

Spheboids. Potential at an internal point, 219. Nearly spherical, first and second 
approximations, 220, 221. Potential of an oblate spheroid found in Legendre’s 
functions, 303. 

Stokes. Attraction of a spherical shell, 87. Theorems on potentials, 116, 117, 
111, note. Potential of a body in general, 283, note. Generalisation of 
Cluiiaut’s theorem, 304, note. 

Btbatcm. See Discs. Green's theorem X'-X=4»7?i, 142, 147. Attraction of a 
stratum on an element of itself X'+X=2F, 142. Green’s equivalent stratum, 
164. Linear and quadratic layers on an ellipsoid, 231. 

SuBFAOE. Condition that two surfaces equally attract the origin, 28. Surface of 
equiUbrium defined, 46. Surface integral. Note A, page 856. Bee Induoiton. 

SuscEPTiDiLiTY, MAGNF.Tio. Defined, 466. Belation to permeability, 469. 

Table-i-ind. Bouguer’s rule to find the attraction, 23. Other authors, 23. 

Tlbbdstelil magnetism. Gauss' investigation, 336, d:c. Dip, 324, Ex. 2. Horizontal 
force, 326. Biot and Hansteen, 335. 

Tetbaiiedeon. Potential in quadriplanar coordinates found in terms of the 
potentials of the faces, 262. Potentials of the triangular faces, 267 
262, Ex. 2. ’ 

Thomson, J. J. Magnetism, 314, note. Law of magnetic attraction, 322. Beferred 
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to, 363, note. Diaousaion of aome resnlta of Eixchhoil, 460, now. Diagram of 
permeabili^ referred to, 473. 

Tbia^tglev Attraetion of the aides, 16, Position of equilibrium when attracted by 
the sides produced indefinitely, 16. A particle at the centre of inscribed 
(urcle ia in unstable equilibrinm, 121, Ex. 5. 

Tuees oe force. Defined, 126. See Lieeb of fobce. 

Ueits, Theoretical and astronomical, 2. o.o.s. system, 3. Foot, pound and 
* second system, 4. Dimensions of k and m, 6. 

Veotob PoTEETiAif. Induction through a surface equal to an integral round the 
rim, 368, Note M, page 364. 

WoBK, Relation to potential, 44. Mutual work, 69, Ac., 439, &c. Potential 
‘ energy of conductors, with examples, 460. Potential energy of an electric 
system, 496- 


INDEX TO THE BENDING OF RODS. 

iEoloibofic. Defined, 6. 

Aim’s FBOBUEM. How a standard of length should be supported, 36. 

Ball, sA B. Notice of an error made by Poisson, 31, note. 

Bcni bow. Its equation and the tension, 27 — 30. 

Bejtt bod. Two methods of forming the equations of equilibrinm, 10, 11. The 
experimental law, 13. A heavy rod rests on n supports with weights, find 
the stresses, 21, 22. Inequality of pressures, 22, Ac. Altitudes of the supports 
to equalize the pleasures, 26. Problems on heavy rods, 24, Ac. 

Buitahhia Bbidqe. Problems on the bridge, 28. How the inequality of pressure 
was diminished, 23. 

Cl'Xibal axis. Defined, 1. 

CiBccLAB bods. Equations to find the deformation, 37. Extensible circular rods, 
38. Expressions for the tension, bending moment and work, 40 — 42. 
Limiting case when the rod is iuextensible, 42. 

CLAPnYBON. The equation of the three moments, 19, note. 

Columns. Theory of their flexure and Baler’s laws, 31. Hodgkinson’s experi- 
mental researches, 31. Greenhill's problems, 32. 

OosTKAOTioN. Fouud by theory (1) for a stretched rod, 7, (2) for a circular rod, 34. 

DEFLJ.orioN. A heavy rod rests on n supports, find the defiectiou, 17. 

Equations of equilibbium. Iu two dimensions, 10. 11. In three dimensions, 67. 

Eullb. His laws on columns Ac., 31. 

Exfebimcnt. Hooke’s law, 6. Bending of a rod, 13. 

Findlay. Euler’s laws, 31, note. 

Flbxubal bioidity. Defined, 13. Its magnitude fouud by experiment, 22 ; variable, 
26. Prinoipal flexural rigidity, 63. 

Helical twisted bods. A straight rod is bent into a helix, 64. 

Uepfel. History of the equation of the three moments, 19, note, 

Hookb’s law. Enunciation, 6. Corresponding contraction, 8, 34. 

IsoiBOFio. Defined, 6. 

Kelvin. See Thomson and Tah. Resilience, 16. 

KiBcnnoFF, His analogy, 69. 
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The numbere refer to the arUeUt. ^ 

Lagbakob. His memoir referred to, #1, note. j 

IiAu:^. His constants X, n, of elostiflity, 7. 

Likhs or elashoity. Defined, 14. ' 

Love. His treatise on elasticity, B. Stability of colnmns, 31, note. 

Misohin. Equations in three dimensions, 87. 

Moseiey. Problem on a rod compared with experiment, 34. 

Neotbai, tiNE. Defined, 38. If a straight rod is bent without tension the central 
line is neutral, 33. 

Peaeson. Yielding of the supports, 19, note. Correctness of the Bernoulli-Bulcrian 
theory, 38, note. 

Pojssoir. His treatise referred to, 31, note. 

BESiLmNOE. Defined, 16. ' * 

BEBonvEn cubvaiuee. Theory, 46. Eepresented by two constants, X, 47. 

Kotating Eon. Problem, 34, Ex, 5. 

Saint. Venant. His results on bending, 85. Spiral spring, 66. 

Seieai. bieinss. Theory, 66. 

SiANnAEDS OF LENGTH. HoW Supported, 36. 

Steess ANn BTEAiN. Their relations to each other in three dimensions, 61, 62. 
Principal axes of stress, 63. 

Xheoby. Stretching of rods, 7, 8. Bending of circular rods, 83. 

Thomson anb Tait. Equations in three dimensions, 67. Stress and Arain, 61. 
Spiral spring, 68. Figures of bending, 81, note. 

Tbbee moments. Equation or theorem, 19. Extension of the theorem, 20 
Method of use, 21. Corresponding theorem for three pressures, 24. 

Twist. In three dimensions defined and measured, 48. Twists of a rod placed 
on a sphere, a cylinder, any surface, 60. Principal torsion rigidity, 63. 

Veotoeb. Eule for resolving a variable vector at a moving point, 57, note. 

Vebe flexible bod. Theory of a light rod passing through several small rings 
not in a straight line, 24, Ex. 6, 7, 43. 

Webb. Equation of three moments with variable fiexural rigidity, 19, note ; 26. 

WOBX. The work of bending (1) a straight rod, 16, (2) a circular rod, 40. Ee- 
lations of stress to strain in three dimensions deduced &om work, 62. 

Yielding of the bupfobis. Bod supported by columns, 21. 


INDEX TO ASTATICS. 

Gentbal ELLipsoin. Definition and equation, 14; its discriminant, 17. Gom- 
parison of ellipsoids at different bases, 38. Locus of bases at which it is a 
surface of revolution, 37, Ex. 9. Other central ellipsoids, 22. 

Centbal plane. Definition and equation, 26. It is fixed in the body, 26. Equa- 
tion expressed in terms of the points of applications and mutual inclinations 
of the forces, 31. 

Working rule to find the central plane, 68. 

Centbal point. Definition and coordinates, 28. It lies in the central plane, 29. 
Not the same point as in two dimensions, 29. 

Working rule to find the central point, SO, 66. 



INDEX TO ASTATIC8. 


375 


The numbers refer to the arlielei. 

Gosi! OF EQtTAL ^'XATio uousNT. Itg ozoB ooincide vrith those of the central 
ellipsoid, A. 

CoNFOCAifi. The principal astatic axes are the normals, 34. The confocal conics, 
36. Belatiou to Poinsot’s axis, SI. 

CouFnxs. Conditions of eqnilibrinm, 3, ft. Astatic angle, 3. Working role to 
find resnltant couple, 6. 

Dabboux. His memoir, 1. His ellipsoids, 16, 22. Theorems, 22, 37. 

•Elemekis. The tvreive elements, lo. Interpretation (1) in rows, 10, (2) in 
columns, 69. 

EQumiBBinu. Equilibrium of three couples, 3, 8. General conditions of astatic 
equilibrium, 11, 12. If three forces balance three others, the six points of 

• application lie in a plane, 13. 

EocAii LIKES. Definition, 36. Distance from the centre, 37. Four focal lines can 
be drawn (1) through every point, 37, (2) parallel to a given line, 37. Locus 
of focal lines which pass through a point on a focal conic, 37. Minding’s 
theorem, 44. 

Eotm roBCES. Beduction of a system to four forces, 60. Working rule, 60. Trans- 
formation of tetrahedra, 70. Intersections of the central plane with the 
edges, 71. 

' lUAGiKABT coKic. Defined, 36, 64. Its centre, 67, &c. 

iKiTiAL^airioK. Definition, 19, 20. These are the only positions of equilibrium 
with the base fixed, 21. 

iKVABiAK'ts. Of astatic moments, 17; of astatic triangles, 65; of two forces, 79. 

Labmob. Proof of klinding’s theorem referred to, 1, note. 

:&Dkchik. Quaternions, 1, note. 

jMiKDtKo's TnEOBEB. Froof, 44. Further consideration, 43. klinding’s memoir, 1. 

Moebius. First studied Astatics, 1, note. 

Moioko. His treatise, 1, note. 

lUoiiEXTS or ixEBTiA. The analogy to astatic moments for all arms, 33. 

Foikboi’s axis. Its position in space as the body turns round R and locus in the 
body, 38, 40. Its equation referred (1) to the axes of the forces, 39; (2) to 
axes in the body, 44, 46. Three elliptic cylindcis, 46. Case in which the 
principal force acts along an asymptote of a focal conic, 44, 60. Its relation 
(1) to confocal surfaces, 61 ; (3) to the focal conics, 64. To place the body bo 
that a given straight lino may be (when possible) a Puinsot’s axis, 44. 

Foiksot's couble boiieki. Its magnitude referred (1) to the axes of the forces, 
39 ; (2) to axes in the body, 41, 46. Found by a quadratic, 47. Axis of no 
moment, 41, 44, 60. 

Poisrs ASTATIC. Definition, 67. 

Pbikcifal ast.vtic axes. Principal couples, 18. Friucipal axes at various points, 37. 

Pbikcipal roiicE. Definition, 9. 

Bebuction oe a svbtesi oe eobces. To three couples and a principal force, 9. 
To three rectangular couples and a force, 18. To two rectangular couples 
and a force, 27. To two rectangular couples, witli forces perpendicular to 
the principal force, 29. Summaiy, 32. Beduction to four forces, 60; 
three forces, 66; two forces, 73; one force, 79. 

SiKSLE BEBUin^AKT. To place B body BO that the forces are equivalent to a single 
resultant at a given point, 19, 37. 40, 44, dta, 

SoMOEE. His treatise referred to, 1, note. 
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The nvmbert refer to the artielee, 

Tbbbe fobosb. Bcdaotion to three poasible, S6. Working rale, 60. Aatatio points 
lie on the central plane, 18, 67. Position of the oentr J plane of three 
foroes, 68. Transformation of astatic triangles, 63. The imaginsry conic, 
66. The invariants, 66. The central point, 66; the central point is the 
centre of the conic, 67. Determination of the central lines and principal 
moments, 68. A reduction to fewer forces than three not generally possible, 
72. 

Tbianolb ASIATIC. Definition, 67. 

Two FOBOEs. Conditions that a reduction to two forces is possible, 73. The forces 
are parallel to a fixed plane, 76. Invariants of two forces, ?B> 
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